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The development of modeling approaches for the failure analysis of ceramic-based
material systems used in high temperature environments was the primary objective of this
research effort. These materials have the potential to support many key engineering technologies
related to the design of aeropropulsion systems. Monolithic ceramics exhibit a number of useful
properties such as retention of strength at high temperatures, chemical inertness, and low density.
However, the use of monolithic ceramics has been limited by their inherent brittleness and a
large variation in strength. This behavior has motivated material scientists to reinforce the
monolithic material with a ceramic fiber. The addition of a second ceramic phase with an
optimized interface increases toughness and marginally increases strength. The primary purpose
of the fiber is to arrest crack growth, not to increase strength. The material systems of interest in
this research effort were laminated ceramic matrix composites, as well as two- and three-
dimensional fabric reinforced ceramic composites. These emerging composite systems can
compete with metals in many demanding applications. However, the ongoing metamorphosis of
ceramic composite material systems, and the lack of standardized design data has in the past
tended to minimize research efforts related to structural analysis. Many structural components
fabricated from ceramic matrix composites (CMC) have been designed by "trial and error." The
justification for this approach lies in the fact that during the initial developmental phases for a
material system fabrication issues are paramount. Emphasis is placed on demonstrating
feasibility rather than fully understanding the processes controlling mechanical behavior. This is
understandable during periods of rapid improvements in material properties for any composite
system. But to avoid the ad hoe approach, the analytical methods developed under this effort can
be used to develop rational structural design protocols.
In regards to predicting composite failure behavior, there is a philosophical division that
separates analytical schools of thought into microstructural methods (usually based on principles
of fracture mechanics), and phenomenological methods. Analysts from the first school would
design the material in the sense that the constituents are distinct structural components, and the
composite ply (or lamina) is considered a structure in its own right. Rigorous fracture mechanics
criteria have been proposed that adopt the microstructural viewpoint, but all are deterministic
criteria. Mature reliability based design methods using fracture mechanics concepts will not
surface until a coherent mixed mode fracture criterion has been proposed and verified
experimentally.
Analysts from the latter school of thought would design with the material (i.e., analyze
structural components fabricated from the material). Here the ply (or lamina) is represented as a
homogenized material with strength properties that are determined from a number of well
planned phenomenological experiments. This philosophy was embraced in this research effort.
There are practical reasons for adopting this viewpoint. It is recognized that the failure
characteristics of laminated ceramic composites are controlled by a number of local phenomena
including matrix cracking, debonding and slipping between matrix and fibers, and fiber
breakage, all of which strongly interact. Understanding the analytical concepts associated with
the microstructural viewpoint provides insight and intuition prior to constructing multiaxial
failure theories that reflect certain aspects of local behavior. It is noted that future work could
extend reliability methods to the constituent level in a rational and practical manner. However, a
top-down approach, that is proposing failure criteria at the ply level (the approach adopted in this
research effort), established a viable and working design protocols. Adopting the bottom-up
approach allowed the possibility of becoming mired in detail (experimental and analytical) when
multiaxial reliability analyses were required.
There is a great deal of intrinsic variability in the strength of each brittle constituent of a
ceramic matrix composite, but depending on the composite system, the transverse matrix
cracking strength may either be deterministic or probabilistic. Experimental evidence has
appeared in the open literature that strongly indicates a large variation in the stress at which
transverse matrix cracking occurs in CMC material systems of interest in aerospace applications.
Statistical models are a necessity for those composite systems which exhibit scatter in strength.
For this research effort strength is treated in a probabilistic fashion, requiring that a deterministic
value for strength be a limiting case that is readily obtained from the proposed reliability model.
A number of macroscopic reliability theories existed at the start of this research effort that treat
unidirectional composites as homogenized, anisotropic materials. These methods use
phenomenological strength data directly without hypothesizing specific crack shapes or
distributions. Theories of this genre are generally termed noninteractive if individual stress
components are compared to their strengths separately. This modeling approach results in
component reliability computations that are quite tractable. Work by Duffy and Arnold (1990),
Duffy and Manderseheid(1990), and Duffy et al. (1990) are representativeof multiaxial
noninteractive reliability models for anisotropic materials. Alternatively, one can assume that for
multiaxial states of stress, failure depends on specific stochastic combinations of material
strengths (i.e., the random strength variables interact). An interactive failure criterion was
developed by the principal investigator and his colleagues (see Palko, 1992, for a complete
overview). This model was formulated for isotropic whisker-toughened ceramic composites,
where the probability of failure for a given stress state is computed using Monte Carlo methods.
It was demonstrated that models of this type can readily be extended to other composite
architectures in a manner outlined by and Duffy and Palko, 1992.
In the following sections a more detailed report of the work and accomplishments
associated with this research effort is presented in a chronological fashion.
C/CARES Algorithm (1993-1994 t
As in other types of structural analysis of components (e.g., deformation analysis,
stability analysis, etc.), the stress field must be characterized in order to perform reliability
computations. Several commercial finite element programs (e.g., MSC/NASTRAN, MARC,
ABAQUS, and ANSYS) have laminate analysis capabilities that allow the design engineer to
determine the structural response of components subjected to thermo-mechanical loads.
Coupling these finite element programs to an integrated probabilistic composite design program
that evaluates component reliability is an attractive analytical tool. The test-bed computer
program C/CARES (Composite Ceramics Analysis and Reliability Evaluation of Structures
preliminary details are outlined in Duffy and Gyekenyesi, 1990; Duff-y ¢t. al., 1991; and
Starlinger et. al., 1992) is representative of this type of integrated design program. The primary
function of the C/CARES program is the computation of quasi-static reliability of laminated
structural components subjected to multiaxial load conditions. Through the use of this computer
algorithm, design engineers can maximize component reliability by optimizing ply lay-ups,
component geometry, and applied loads. A preliminary version of the algorithm has been
completed and released to several American companies.
A preliminary version of the C/CARES program was completed and several
improvements were implemented under this research effort. Specifically, an interface for the
ANSYS finite element program was added to the algorithm. This program is operational with
ANSYS version 5.0. This interface supports the use of the subelement technique outlined in
Starlinger et. al., 1992. Several suggestions from users were also implemented in the code.
An article about the algorithm was written by the research associate and submitted to the
1993 International Gas Turbine Institute Technology Report. This article was included in the
report thus providing C/CARES with international exposure. This technology report targets a
key design community which is interested in the advancement of CMC material systems. Other
similar articles highlighting the algorithm have appeared in reports such as the 1993 NASA
Research and Technology Report, and branch brochures.
User support was provided for the code. This includes the presentation of the algorithm
in a workshop at NASA Lewis Research Center which showcased several codes developed under
the HITEMP program. A number of American industrial clients were invited to partake in the
interactive workshop. The workshop included a presentation highlighting the technical details of
the C/CARES algorithm, as well as a hands on example session where the participants
interactively used the algorithm in a simulated design analysis. As a result of this workshop and
continual effort on the part of the research associate sponsored by this grant, the C/CARES users
base grew moderately. A continuous and stable support system has also been established where
the research associate provides hot-line support for the user community.
The C/CARES code has also been presented to participants in the DOE sponsored
Continuous Fiber Ceramic Composite program. Meetings were held at NASA LeRC which were
attended by participants in this program. The details of C/CARES and example problems were
presented to the participants to make them aware of its capabilities. The intent was to include
C/CARES in the CFCC program as a design option for ceramic composite components. Along
these lines, the C/CARES algorithm was used in the design of a laminated CMC heat exchanger
for industrial furnace applications. The results of this design analysis were presented at the 6th
Annual HITEMP Review (see Palko and Duffy, 1993). This is another example of technology
transfer and support provided to American industry under the auspices of this grant.
Interactive Reliabilitp Models (1993-1994_
An interactive reliability criteria for laminated composite materials was developed during
this time period. To increase efficiency &the programs, steps have been taken to implement fast
probability integration in place of Monte Carlo simulation when implementing these interactive
routines. Along these lines a researchassociatesupportedby this grant attended"A Short
Courseof Modem Reliability Methods" at NASA Marshall SpaceFlight Centerin Huntsville,
Alabama. This classcoveredmethodsthat were neededto implementthealternativeintegration
schemesfor interactivefailure models.
Alternative Fiber Architecture (1993-1994)
Fabricating structural components from laminated ceramic composite materials
represents a progressive step forward in the utilization of advanced materials. However, in some
design applications this material is not suitable due to the lack of through thickness reinforcing
or poor transverse properties. For this reason, alternative fiber architectures were explored
which include two- and three- dimensional weaves. Several models have been developed to
predict the behavior of composites fabricated with these types of architectures (see Chou, 1992).
These models are based on a unit-cell approach, where certain mechanical properties such as
stiffness are evaluated for a single unit cell, and are then used to predict the structural response of
a component. These models were studied during this time period for potential use in the
C/CARES algorithm.
Publication (1993-I994)
1. "Parameter Estimation Based on Optimizing Goodness-of-Fit Statistics for Structural
Reliability," A. Starlinger, S.F. Duff-y, and J.L. Palko, Presented at the 10th Biennial
ASME Conference on Stress Analysis, Reliability, and Failure Prevention, Sept. 19-22,
1993, Albuquerque, NM. -
¢ 2. "Design of a Laminated CMC Heat Exchanger Using the C/CARES Algorithm," J.L.
Palko and S.F. Duff-y, Presented at the 6th Annual HITEMP Review, October 26-27,
1993, Westlake, OH.
/
3. "Interactive Reliability Model for Whisker-Toughened Ceramics," J.L. Palko, NASA CR
191948, 1993.
_/4. "Structural Reliability Analysis of Laminated CMC Components," S.F. Duffy, J.L. Palko,
and J.P. Gyekenyesi, Transactions of the ASME - Journal of Engineering for Gas
Turbines andPower, Vol. 115, No. 1, pp. 103-108, January, 1993 (also published as
NASA TM-103685).
: 5. "Reliability Analysis of Structural Components Fabricated from Ceramic Materials Using
a Three-Parameter Weibull Distribution," S.F. Duffy, L.M. Powers, and A. Starlinger,
Transactions of the ASME - Journal of Engineering for Gas Turbines and Power, Vol.
115, No. 1, pp. 109-116, January, 1993 (also published as NASA TM-105370).
C/CARES AIgorithm (1994-1995)
As in other types of structural analysis of components (e.g., deformation analysis,
stability analysis, etc.), the stress field must be characterized in order to perform reliability
computations. Several commercial finite element programs (e.g., MSC/NASTRAN, MARC,
ABAQUS, ANSYS and COSMOS/M) have laminate analysis capabilities that allow the design
engineer to determine the stress field of components subjected to thermo-mechanical loads.
Coupling these finite element programs to an integrated probabilistic composite design program
that evaluates component reliability is an attractive analytical tool. The test-bed computer
program C/CAKES (Composite Ceramics Analysis and Reliability Evaluation of Structures
preliminary details are outlined in Duffy and Gyekenyesi, 1990, Duffy et. al., 1991; and
Starlinger et. al., 1992) is representative of this type of integrated design program,
The primary function of the C/CARES program is the computation of quasi-static
reliability of laminated structural components subjected to multiaxial load conditions. Through
the use of this computer algorithm, design engineers can maximize component reliability by
optimizing ply lay-ups, component geometry, and applied loads. A preliminary version of the
algorithm has been completed and released to several American companies for beta testing.
Thus during the past year efforts by grant personnel include distribution of the algorithm to
American Industry, maintenance of the algorithm, and providing a users hot-line support. In
addition, an interface for the COSMOS/M (version 1.70) finite element program was added to
the algorithm in response to a request from the Department of Energy (DOE) Oak Ridge National
Laboratory (ORNL). This interface utilizes the sub-element technique implemented with other
C/CARES interfaces. This analytical technique is outlined in Starlinger et. al. (1992).
Several workshops on the use and implementation of the C/CARES program were
conducted. This included a workshop held in conjunction with the 6th Annual NASA HITEMP
Conference. Another workshop was held that preceded a biannual meeting reviewing the
progress of the DoE Continuous Fiber Ceramic Composite (CFCC) program. These workshops
provide American industries the basic reliability concepts and focus attention on the stochastic
tools available in the C/CARES algorithm.
Interactive ReliabilitF Model (1994-1995)
Details concerning the implementation of the Tsai-Hill interactive failure theory into a
reliability model were investigated. Other interactive failure criteria came under consideration
during this time period. These criteria focus on stochastic models for components fabricated
from intermetallic material systems. These material systems exhibit brittle failure characteristics
and a significant amount of scatter in failure strength. Additionally, the material strength varies
depending on material direction. It was anticipated that these failure patterns could be captured
through the use of models similar to that developed under this grant in previous years. A
summary of this approach covering material characterization through component reliability
analysis was presented at the 7th Annual HITEMP meeting (see Palko et. al., 1994).
Alternative Fiber Architectures (1994-1995)
A literature review was conducted that focused on design strategies for these material
with alternative fiber architectures, which included two- and three- dimensional weaves. The
information from the review proved essential as grant personnel become involved in a CMC
nozzle project being coordinated by the NASA Marshal Space Flight Center.
t/2.
Publications (1994-1995_
1 1. "Reliability Analysis of Single Crystal NiAI Turbine Blades," J.L. Palko, S.F. Duffy,
J.A. Salem, R.D. Noebe, D.R. Wheeler, and F. Holland, Presented at the 7th Annual
HITEMP Review, October 24-26, 1994, Westlake, OH.
- "Reporting Strength Data and Estimating Weibull Distribution Parameters for Advanced
Ceramics," S.F. Duff-y, G.D. Quinn and C.A. Johnson, ASTM Standard Practice C 1239 -
94.
3. "Composites Research at NASA Lewis Research Center," S.R. Levine, S.F. Duffy, A.
Vary, M.V. Nathal, R.V. Miner, S.M. Arnold, M.G. Castelli, D.A. Hopkins, and M.A.
Meador, Composites Engineering, Vol. 4, No. 8, pp. 787-810.
4. "An Overview of Engineering Concepts and Current Design Algorithms for Probabilistic
Structural Analysis," S.F. Duffy, J. Hu, and D.A. Hopkins, in Proceedings of the 1995
Design Engineering Technical Conferences - Volume 2, DE-Vol. 83, Boston,
Massachusetts, pp. 3-16, September, 1995.
Time Dependent Reliabili_ Anall, ses (1995-1998)
Expanding use of ceramic based material systems in high temperature applications has
increased the need for robust analytical tools that particularly focus on life. As processing
technologies advance, design methodologies must keep pace to provide the ceramics community
with the appropriate set of analytical tools.
Department of Energy (DOE) and NASA, have
this area. Several design tools have been made
that aid the design engineer in the analysis of
systems. One of the more popular algorithms
Reliability Evaluation of Structures) program
reliability for complex multiaxial stress states.
Historically, two government agencies, the
sponsored research and development efforts in
available to the engineering design community
components fabricated from ceramic material
is the NASA CAKES (Ceramic Analysis and
which enables the prediction of component
This algorithm has been released to over 100
industrial institutions world-wide. In addition, a derivative of the CARES program (referred to
earlier in this report as the C/CARES algorithm) has been developed for ceramic matrix
composites. These integrated design programs are of great use to the companies involved in the
fabrication of ceramic components or sub-systems such as segments of the automotive,
aerospace, biomedical and electronics industries. Given the fact that the composites segment of
the market is not a commercial success yet and the technologies needed to design components
are relatively new, these industries have relied heavily on the government for analytical support
when designing with these material systems. Specifically, several generations of the CARES
program and other derivatives of this algorithm have been widely accepted by the design
community. The original version of CARES addressed fast fracture of ceramic material systems.
Later versions have included parameter estimation capabilities, and one current derivative
concentrates on time dependent as well as cyclic loading issues (CARES/Life). During this time
period efforts focused on providing support to make this software user friendly and
computationally efficient. Specifically, work focused on error checking the CARES/Creep
algorithm which is in the beta release phase. Likewise, work began on developing a time
dependent version of the C/CARES algorithm. The CCARES/Life program is evolving, and
assistance in developing this algorithm continued to the end of this research effort.
One shortcoming of the subcritical crack growth and creep damage theories is the fact
that when implemented in a design analysis elastic stress fields are utilized. In addition, the
assumption that the material behaves the same in tension and compression presents another
possible area of improvement. A number of constitutive theories for materials that exhibit
sensitivity to the hydrostatic component of stress have been proposed that characterize
deformation using time-independent classical plasticity as a foundation. One such criterion for
concrete, proposed by Willam and Warnke (1975) admits a dependence on the hydrostatic
component 9f stress and explicitly allows different material responses in tension and
compression. Several formulations of their model exist, i.e., a three-parameter formulation and a
five-parameter formulation. For simplicity the work presented here builds on the three-parameter
formulation. The aforementioned theories are somewhat lacking in that they are unable to
capture creep, relaxation and rate-sensitive phenomena exhibited by ceramic materials at high
temperature. When subjected to elevated service temperatures, ceramic materials exhibit
complex thermo-mechanical behavior that is inherently time dependent, and hereditary in the
sense that current behavior depends not only on current conditions, but also on thermo-
mechanical history. This work presents the formulation of a macroscopic continuum theory that
captures these time dependent phenomena. Specifically, the overview contained in this paper
focuses on the complete multiaxial derivation of the constitutive model, and examines the
attending geometrical implications when the Willam-Warnke yield function is utilized as a scalar
threshold function. In response to this, efforts funded under this grant have focused on the
development of a multiaxial constitutive theory for deformation that addresses these critical
issues and can be applied to ceramic materials. This work has been published in a paper by
Janosik and Duffy (1998).
Publications (1995-1998_
"Comparison of Tension and Flexure to Determine Fatigue Life Prediction Parameters at
Elevated Temperatures," S.R. Choi, J.A. Salem, and J.L. Palko, in Life Prediction
Methodologies and Data for Ceramic Materials, ASTM STP 1201, C.R. Brinkman and
S.F. Duffy, Eds., American Society for Testing and Materials, 1994, pp. 98-111.
2. "A Viscoplastic Constitutive Theory for Monolithic Ceramics - I," L.A. Janosik and S.F.
Duffy, Transactions of the A_E - Journal of Engineering for Gas Turbines and Power,
Vol. 120, No. 1, pp. 155-161, January, 1998
3. "Design with Brittle Materials," S.F. Duffy and L.A. Janosik, in Engineered Materials
Handbook: Volume 20 Material Selection and Design, G. Dieter, volume chair, ASM
International, pp. 622-638, 1997.
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PARAMETER ESTIMATION TECHNIQUES BASED ON
OPTIMIZING GOODNESS-OF-FIT STATISTICS
FOR STRUCTURAL RELIABILITY
Alois Starlinger'
Structural Integrity Br.
NASA Lewis Research Center
Cleveland, Ohio
Stephen F. Duffy and Joseph L. Palko
Dept. of Civil Engineering
Cleveland State University
Cleveland, Ohio
ABSTRACT
New methods arc presentedthat utilize the optimization of
goodness.of.fitstatisticsin order to estimate Weibull parame-
ters from failuredata. Itisassumed thatthe underlying
population is characterized by a three-parameter Weibull
distribution. Goodness.of.fit tests are based on the empirical
distribution function (EDT'). The EDF is a step function,
calculated using failure data, and represents an approximation
of the cumulative distribution function for the underlying
population. Statistics (such as the Kolmogorov-Smirnov
statistic and the Anderson.Darling statistic) measure the
discrepancy between the EDF and the cumulative distribution
function (CDF). These statistics are minimized with respect to
the three Weibuli parameters. Due to nonlinearities encoun.
tered in the minimization process, Powelrs numerical optimiza-
tion procedure is applied to obtain the optimum value of the
EDF. Numerical examples show the applicability of these new
estimation methods. The results are compared to the esti-
mates obtained with Cooper's nonlinear regression algorithm.
INTRODUCTION
Typically, structural analysis techniques used to estimate
the reliability of components fabricated from ceramic material
systems (see Thomas and Wetherhold, 1991, and Palko ¢t ai.,
1993) assume that the random strength parameters are
t National ResearchCouncil; Currently with AJrcx Composite
Engineering
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characterizedbya WeibullprobabilitydensityfunctionOPDF).
TMs broad assumption,i.e.,theme ofa Weibulldistribution
as opposed to the use of otherdistributionssuch as a log-
normalprobabilitydistributionnecessitates some reflection. A
wealth of experience indicates the WeibuU distribution works
well for monolhhic ceramics. In fact, as Tracy et al. (1982)
point out, if a structural component can be adequately
modeled as a weakest link (or series) system, then the PDF of
choice is the WeibuU distribution. Alternatively, forparallel
systems the log-normal distribution is appropriate. The
structural analysis community has for the most part adopted
the viewpoint (based on supportingexperimental evidence)
that monolitldc ceramics behave in a weakest link fashion.
However, very little failure data exists for laminated ceramic
matrix composite (CMC) material systems, and definitely not
enough to justifythe use of a specificprobabilitydensity
function.
Accepting the use of a Weibull distribution for monolithic
ceramics, the authors point out that several researchers
0vtargetson and Cooper, 1984 Duffy et at., 1993 and Foley et
ah, 1993) have presented data indicating certain monolithic
ceramics exhibit threshold behavior. In addition, a threshold
in the fiber direction of ceramic composites is intuitively
plausible. The existence of a threshold for any type of ceramic
material system should be approached with an open mind until
a sufficient data base is assembled for a specific material
system. If a material clearly exhibits zero..threshold behavior,
and the underlying population can be characterized by the
Weibuli distribution, the very robust two parameter maximum
likelihood estimation algorithm is recommended (see AS'I'M
Standard Practice C-1239). Alternatively, if the failure data
suggests a threshold, then the estimation techniques presented
here may apply.
In general, the objective of parameter estimation is to
derive functions (or estimators) that yield, in some sense,
opdmized values of the underlying population parameters.
Here the functional value of an estimator is a point estimate
(in contrast to an interval estimate) of the true population
parameter. The estimated values must be dependent on
failure data. The values of point estimates computed from a
number of samples obtained from a single population will vary
from sample to sample. Thus the estimates can also be
considered statistic,. A sample is a collection (i.e, more than
one) of observations taken fi'om a well defined population,
where a populationrepresentsthe totalityof observations
about which statisticalinferencesare made. Here, the
observationsare the failurestrengthsof testspecimens
fabricatedfrom ceramicmaterialsystems(wherethesystem
may be monolithicorcompo_te).
As Stepbens(1986)pointsout,the empiricaldistribution
function0EDF) was originallydevelopedasan aidinmeasur-
ing the performanceofa givenparameterestimationtech-
nique.StatisticsdirectlyrelatedtotheEDF areappropriately
referredto asgoodness-of-fitstatistics.Inthisarticle,good-
hess-of-fitstatisticsareutilizedindirectlycomputingparameter
estimates,insteadofthe more traditionalroleofquantifying
the performanceof an estimator.Methods an) proposed
where parameterestimatesare obtainedby optimizingEDF
statistics._Specifically,the firstparameterestimationmethod
minimizestheKolmogorov-Smirnovgoodness.of-fits atistic
(D).A secondestimationmethod thatminimizestheAnder-
son-Darlinggoodness-of-fits atisticestimator(A=) isalso
presented.The effectivenessoftheseestimationmethodsare
studiedby comparingresultswith the least-squaresmethod
originallydevelopedby Cooper (1988),and latermodifiedby
Duffyetal.(1993).
thecumulativedistributionfunction(CDF),whichisidentified
asF(z).Thus adecisionregardingthetypeofCDF (orPDF)
must be made a prioriin order to calculateeitherEDF
statistic.Traditionally,theEDF statisticshavebeenemployed
toassessthe relativemeritsin choosinga particularCDF.
Focusingattentionon theWeibullPDF) thethreeparameter
functionhas theform
for a continuous random variable x, when 0 < y < x, and
_x) = 0 (2)
for x < y. The Weibull CDF is given by the expre,_on
IFlx)=1-=_ - O)
forx > y, and
F(=) - 0 (4)
for x • y. Here = is the Weibull modulus or shape parame-
ter, 13is the material scale parameter, and y is the threshold
parameter. 13can be described as the Weibull characteristic
strength of a specimen with unit wlume loaded in uniform
uniaxial tension. The parameter p has units of stress *
(volume) Cv.), a is dimensionless,and ¥has the units of stress.
The estimates for a and p arc restricted to non-negative
values, and estimates ofy are restricted to non-negative values.
The first goodness-of-fit statistic discussed isthe Kolmogorov-
Smirnov (KS) statistic. This goodness-of-fit statistic (denoted
as D) belongs to the supremum class of EDF statistics, and is
defined as
O = _p IF,,(x) - F(x)I (5)
= max(D'm')
GOODNESS-OF-FIT STATISTICS
The EDF is a step function, denoted here as F.(x),that is
dependent on the number and individual values of failure
observations within a sample. The function serves as an
approximation of the cumulative distribution function for the
underlying population. Statistics associated with the EDF, such
astheKolmogorov-Smimovstatisticand theAnderson-Darling
statisticaremeasuresofthediscrepancybetweentheEDF and
where
D" = _=p{Fix) - F(.)} (6)
D- = =p {F(x)- F.(x)} (D
Here D is a measure of the largest difference (i.e., the
supremum) in functional value between the EDF and the
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CDF. To facilitatecomputations,notationadopted by
Stephensisfollowedwhere
z,. F(x,) (s)
is used to denotethe valueof the CDF foran individual
failuredatum, zt. By arrangingthe Zt valuesinascending
order such that
_ <z,<.-<z. (9)
where IV is the numher of t4)ecimem in a sample, suitable
formulas for the KS statistic D" and D" can he derived using
Za, i.e..
D'---_.. __ /_'1 ,,,, (I0)
i t.'v- z,j
O'lmaX{Zi-_}, -forl ¢i_N (II)
When applying the concepts above to strength dataof ceramic
material insertion of Eq. 3 into Eq. 8 yields
(12)
Here o, (which replaces xI in Eq. 3) is the maximum stress at
failure for each test specimen. If estimated values of a, 15,and
¥ were available, the KS statistic would he obtained from Eqs.
10 and 11. Typically, maximum likelihood techniques and
linear regression methods have been employed to determine
estimated values of a, [$, and y. Alternatively, the authors
propose to directly minimize the KS statistic with respect to
the parameters a, 15,and y. Powell's optimization method
(discussed in the next section) is applied to obtain the mini-
mum value of this statistic. The results, which correspond to
the minimum value of D, are estimates of the three Weihull
parameters (i.e. i, _, and _). Utilizing Eqs. 3 and 8 assumes
that the test specimen geometry is a unit volume and the
specimen is subjected to a tmiaxlal tensile stress. To circum-
vent this restriction, the expression
is substituted for tensile specimens where all failures occur
within the volume (Wr) of the gage section. Here _, _, and
represent estimated values of the underlying population
parameters.
Two basic failure populations were admitted in the formula-
tiom presented here, Le. failures attributed to surface flaws
and thee due to volume flaws. This traditional approach of
grouping failure origins into volume and surface flaws is an
artifact from parameter estimation techniques developed for
monolithic ceramics. Due to the lack of experimental dam,
thisdivision(whichmust he basedon f3"actographicanalysis)
may, or may not be appropriate for ceramic composites. At
the present time, maintaining uniform densities throughout the
bulk of a ceramic composite material is a major impediment
that restricts the widespread commercialization of ceramic
comlx_tes. Therefore, it is anticipated that the majority of
failures will initiate within the volume of a ceramic composite.
However, this may change as processing techniques are
improved. If failures occur along the surface of the tensile
specimen, the expression
(14)
is used where A r is the surface area of the gage section for the
tensile specimen.
Since the individual failure data (%) represent the failure
strengthof a givenceramic test specimen, the estimators
presented here were formulated for two widely used test
configurations:the four-pointbend testand the unlaxlaltensile
test (which was discussedabove). Currently, the four.point
bend-bar is the more popular test geometry used in strength
tests of ceramic materials. When fail_.s occur within the
volume of a bend-bar specimen, the expression-for Zt takes
the form
{ZI'I"'w' 2(; ÷I) L % )
O5)
This express/oncorrespondsto pure bending. This isan
acceptable assumptionwhen failure ofalltest specimens within
a sample occurs between the inner loads depicted in Figure 1.
Ignoring ohservaUons that fail ouuide the gage section will
effectively censor the sample, and the methods presented here
will not he valid. In Eq. 15, Vj represents the volume of the
bend-bar specimen within the inner load span. Using this
expression for Z, the KS statistic D is once again minimized
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withrespectto the t_-ee Weibull parameters. Using Powell's
optimization method, the results are the _hree Weibull
parameters that minimize the statistic D for a given sample
(i.e. _, _, and _).
If failure of the bend specimens is due to surface fiaws, ZI
lakes the form
Zj=I [ 1 °
o,]
(I6)
The dimensions h and b are the height and thickness of the
bar, as identified in Hgure 1. Once again failure observations
must occur between the inner load span (i.e., the region of
pure bending) for reasons mentioned above.
The Anderson-Darling tAD) statistic (A 2) is the second
goodness-of-fit statisticconsidered.Thisstatisticbelongstothe
Cramer-vonMisesclassofquadraticstatisticsand isdefinedby
theexpression
A' • N f {F.(x)-/(x)}'IF(=) (I-_))]-'a_(_) (I"0
where the terms/(x), F,(x), F(=), and N have been previous-
lydefined.Using thenotationdevelopedfortheKS statistic,
theAD statistic can be expressedas
N
A=. -N - 0 - z,.,.,)]} (is)
As beforethesum ofZ_dependson thetestconfigurationa d
the failuremode (assumingthat the Weibull distribution
characterizestheunderlyingfailurepopulation).For thecase
where theuniaxialtensiletestisused,and failureistheresult
ofvolume flaws,Zt takesthe form giveninEq. 13. When
failuresofa uniaxialtensilespecimenaredue tosurfaceflaws,
Zl takestheform giveninEq. 14. For thecasewhere a four
pointbend configurationisused,and thefailures
arethe resultofvolume flaws,theZj functionisgivenby
Eq. 15. When failuresoffourpointbend testsaretheresult
ofsurfaceflaws,the form forZ, ksgivenbyEq. 16.
POWELL'S OPTIMIZATION METHOD
As noted previously, Powell's optimization method (see Press
et al., I986) minimizes the EDF statistics for each specimen
configuration presented above. This optimization method is an
iterative scheme, where the search for a minimum functional
valueisconductedalonga specifiedsetofdirectionvectors.
The number ofdirectionvectorscorrespondstothenumber of
parameters(constrainedorunconstrained)_ted withthe
function.The EDF statistics(i.e.,the functionbeingopti-
mized)willdepend on specimengeometry,individualfailure
observations,and the estimatedparameters_, p, and _.
However, thespecimengeometrywillnotchangefora given
sample, thus the EDF statistics are optimized with respect to
the parameters c, I_,and ¥. In essence this method locates, in
succession, an optimum point along each direction vector. An
arbitrary set of direction vectors can be utilized to
optimize a given function; however, Powell's method employs
noninterfering (or conjugate) directions in order to speed
convergence. Th/s alleviates dil_culties which arise when
optimizationalongone directionvectorisdisturbedby a
subsequentsearchalonga new directionvector.The method
formulatesand updatesnmutuallyconjugatedirections,where
n (forthiscaseequalsthreei.e.,,,,I_,and ,f)definesthesize
of the parameter space. The set of directionvectorsis
updated by discarding the direction vector that produced the
maximum change during an iteration. The average direction
defined by the initial and final point of an iteration is substitut-
ed, and becomes the initial direction vector for the next
iteration. Note that this method does not produce quadratic
convergence, but nevertheless is very robust.
As indicated above, the optimized parameter space is defined
by the estimatesof the Weibull parameters E, I1,and y. Since
a good choice of starting values (no, _o, and Yo) is essential
in quickly locating the optimum point, the resultsof Coopers
modified least-,squaresestimation method are used as the
initial vector for Poweil% method. Further restrictions are
imposedon the optim/zation process. Negative values for the
estimated Weibull parameters, and estimated threshold
parameters (_) larger than the smallest failure stress in a
given sample, are not physically meaningful. Thus directions
that produce these parameter values are discarded in the
updateofthedirectionvectors,and parameter valuesare reset
tothe minimum allowablevalues.
Example
SincefailuredataforCMC materialsystemsaresparse,only
failuredata for a monolithicsinteredsiliconitride(grade
SNW.1000, GTE Wesco Division)are usedto illustratehe
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relativemeritsof theproposedestimationtechniques.This
datawas publishedbyChao and Shetty(1991)and isreprinted
in Table 1. These values represent the maximum _ at
failure for 27 four-point bend specimens. The outer support
spanforthetestfixturewas 40.4ram,and theinnerloadspan
was 19.6 ram. The cross sections of the test specimens were
4.0 mm wide, and 3.1 mm in height. All failures occurred
within the 19.6 mm inner load span, thus it was assumed that
each specimenwas subjected to purebending.
_ao and Sherry performed a fractogeaphic analy_ ofeach
specimen using optical and scanning electron microscopy.
These studies indicated that all failures were initiated at
subsmface pores (i.e, volume defects). Hence, equations for
bending associated with volume defects are used for parameter
estimation. Hve methods were used to estimate the Weibuli
parameters from this set of failure data. These were Cooper's
three parameter least squares method, the three parameter
modified least squares method outlined by Dully et aL (1993),
minimizing the KS statistic, minimizing the AD statistic, and a
two parameter estimation using the maximum likelihood
estimation technique outlined in the ASTM Standard Practice
C_1239. The Kolmogorov-Smirnov statistic (D) and Anderson.
Darling statistic (A z) were computed for each set of parame-
ter estimates. The values of these EDF statistics, and the
estimated parameters for each method are listed in Table 2.
A comparison of estimates obtained by both least-squares
methods shows small differences in the estimated Weibuli
threshold parameter "_. Larger differences are present
between the two methods in the estimates of the other
parameters. Specifically, the modified least squares method
provided a higher estimate for _ than did Cooper's method,
and a lower estimate for _ Furthermore, both goodness-of-
fitstatistics(D and A z)aresmallerforCoopers method than
forthcmodifiedleast-squaresmethod. Duffyetal.(1993)
demonstrated that the modified least squares method is
theoretically more rigorous than Cooper's original work since
the modified method attempts to minimize a true residual.
However, it is apparent from this example that Cooper's
original approach yields better goodness-of-fit statistics. This
discrepancy in part motivated the development of estimators
based on minimizinggoodness-of-fitstatistics.
EstimatesoftheWeibullparametersobtainedbyminimizing
theKS statisticresultinthesmallestvalueofD, which is not
surprising.Sim/lariy,estimatesoftheparametersobtainedby
minimizing the AD statistic resultin the smallest valueold2
incomparisontotheotherestimationmethods.However,the
Weibullparametersobtainedbyoptimizingthegoodness-of-fit
startles differ considerably from the estimates obtained using
the least-squares techniques. Specifically, the value of _ from
minimizing the goodness-of-fit statistics is nearly twice the
value obtained with the kast,equares techniques. As an
additional comparbon, parameter eUimates from using a
maximum fikelihood estimator assuming a two-parameter
Weibull distribution are included in Table 2. These estimates
produce the highest values for both goodness.of-fit statistics.
Finally, cumulative distribution functiom for all of the
parameter estimates are plotted on a single Weibull diagram
(see _gure 2). AJI of the failure data fall relatively close to all
four of the three-parameter eta'vet This type of visual
assessment (along with its highly subjective interpretation)
shouldprovidethe motivationfor the use of quantitative
measuresindeterminingthegoodness-of-fiL
CONCt.USION
New methods of parameter estimation are proposed that are
based on the minimization of goodness.of-fit statistics. These
mcthods are used to estimate Wcibull parameters from failure
dam whose population is a.uumed to be characterized by a
three-parameter Wcibull distribution.As an example, the
proposed methods were compared with other parameter
estimation methods, using failure data from a monolithic
ceramic material. The proposed methods provided a better fit
to the failure data in terms of the EDF statistics. However,
to completely test the proposed methods, performance criteria
like bias and invarianee have to be evaluated throughthe use
of Monte Carlo _imulatior_-
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FIGURE 1
1[-7 h"['=tS_¢i=¢0 _L
I--b--'{
GEOMETRY AND NOTATION FOR A FOUR-
POINT BEND TEST SPECIMEN.
TABLE 1 FOUR-POINT BEND FAILURE DATA FOR
SlUCON NITRIDF_
s_ No. str=o_ O_a)
1 613.9
2 623.4
3 6393
4 642.1
5 653_
6 662.4
7 669_5
8 672.8
9 681_3
10 682-0
11 699.0
12 7i4_5
13 717.4
14 72.55
15 741.6
16 744.9
17 751.0
18 761.7
19 763.9
2O 774_
21 791.6
22 795.2
23 829.8
24 838.4
25 856.4
26 8683
27 8819
7O
TABLE 2 PARAMETER ESTIMATES OBTAINED FROM FOUR-POINT BEND FAILURE DATA
Estimation Method
Coopf's least Squatm
Modified _ Squaru
I_ Esttmato¢
AD Estlmetor
Two-Parameter MLE
i 1_(MPa"_=H<_=)) _ 01_Pa) D (x 10"=) Az (x 10-I)
i
1.625 89?-37 560,84 9.404 1.749
1.677 861.93 55&08 9.538 1.798
1.375 1298.44 558.08 6,080 1.963
1.168 1537.03 581.09 7.676 1.406
10,119 974.09 0.00 11.20 5.394
,//"
!
#
600 ;oo 8'oo ;oo
I_RACI"URE STRESS (MPa)
FIGURE 2 WEIBULL DIAGRAM FOR FIVE PARAMETER ESTIMATES
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INTRODUCTION
Ceramic matrix composites (CMC) are under consideration in a number of commercial
applications where components are exposed to severe service environments. However, before design
engineers are willing to utiliTe a component fabricated from a ceramic composite they must have
confidence in their ability to predict the response of the component prior to placing it in service. This need
to predict component behavior initially arises from a desire to achieve a certain level of product function,
and continues through the product life cycle with design upgrades. Thus commercialization of ceramic
matrix composites (which has been an objective of a number of federally funded research programs
including HITEMP) requires sound predictive capabilities predicated on coherent design methodologies.
The C/CARES (Composite Ceramics Analysis and Reliability Evaluation of Structures) algorithm was
specifically developed to contribute towards achieving this objective.
The ongoing metamorphosis of CMC systems and the lack of standardized design data has in the
past tended to minimize the emphasis on modeling a component based on sound engineering principles.
Prototypes were fabricated and designed by trial and error, since demonstrating feas_ility to_.k precedent
over characterizing component behavior. This is understandable during periods of rapid improvements in
material properties. The research effort that spawned the C/CARES algorithm required the development
and implementation of a rational structural design protocol. In order to ascertain the utility of the
C/CARES algorithm, a joint feasibility study of an advanced heat exchanger (AHX) was undertaken. The
heat exchanger is a prototype being developed by Babcock & Wilcox under a project funded by the
Department of Energy. The AHX is a critical component of a waste heat recovery system placed in the
exhaust path of an industrial furnace (ref. 1) that produces highly corrosive flue gases. Due to this
corrosive environment a ceramic composite was selected for the AHX.
Research engineers at_Babcock & Wilcox have generally recognized that the scatter in strength
associated with ceramic material systems poses a unique design constraint. They have also recognized the
need to utilize current technology available in all sectors of the ceramic community. The C/CARES
algorithm (developed under the auspices of the NASA HITEMP program) represents unique design
technology that is able to account for variability in material strength by utilizing a stochastic failure criterion
which also reflects the anisotropic nature of ceramic composites. The authors (who are resident research
associates at NASA Lewis Research Center) were invited to join the design project team in an advisory
capacity. This type of partnership allows for an immediate transfer of state-of-the-art technology from
government to industry. It also permits federally sponsored researchers to gain valuable insight into key
issues that drive commercial application of research concepts. American industries benefit from this
technology transfer since they obtain a high level of technical insight from individual researchers who have
spent years studying certain aspects of a research concept. In turn the government receives valuable input
regarding applications that either validate or redirect research efforts. Also under certain limited
conditions, performance data (some of which is proprietary) is made available to federal researchers who
participate in the design project. This type of open interaction (where industry is protected by proprietary
and/or space act agreements) is essential in making the partnership a success and has a tendency to shorten
the research innovation cycle.
THE C/CARES ALOO_
C/CARES is a computer algorithm based on probabilistic design philosophies (ref. 2 and 3), and
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was developed specifically for laminated composites. A macroscopic approach is taken where a material is
treated as an homogenized continuum; hence, the individual properties of the constituents are not
accounted for explicitly. A weakest link formulation is used at the ply level. The failure function currently
used in C/C.ARES accounts for five failure modes in each ply. These include failure in the fiber direction
due to tension and compression, failure due to tension and compression in the direction transverse to the
fiber, and an in-plane shear failure. Each failure mode is characterized by a three-parameter We_ull
distn'bution.
The recently completed ABAQUS interface is used to import information pertaining to the stress
analysis and component geometry generated by ABAQUS to the C/CARES algorithm. This interface
supports the subelement technique described in ref. 3. The stresses are provided at the integration points
of each finite element; thus reliability is evaluated within a subelement that is defined by an integration
point. The use of the subelement technique refines a reliability prediction for a component since the stress
field is more accurately characterized. The reliability of each ply is computed using the following
expression
(1)
where V_ is the failure function per unit volume given by the expression
where
(2)
x> 0 (3)
and Vl is the volume of the ply. The term a_, is the stress in the fiber direction, a r is the stress in the
direction transverse to the fiber, and x is the in-plane shear stress. The _'s, [l's and i's are the We_ull
parameters for the individual failure modes. The component reliability (P,_) is the product of the
individual ply reliabilities, Le.,
R_, - ]-[ & (4)
i-i
where n is the number of plies in the t'mite element model. A flow chart of the C/CARES algorithm is
shown in Figure 2.
DESIGN APPLICATION
The HX is a key component of an innovative waste heat recovery system that will be placed in
an industrial furnace downstream of the flue exhaust. A schematic of the system and the CIVIC tube are
shown in Figure 3. The proposed waste heat system is an array of nine bayonet-type heat exchangers,
where each bayonet consists of two concentric tubes. The outer tube is fabricated from a ceramic
composite that consists of a zirconla matrix and an alumina-zirconia fiber. Ceramic insulation surrounds
the top of the outer tube and serves as an expansion joint between the tube and the plenum. The inner
tube, which is not exposed to process flue gases, is fabricated from kanthal. The stainless steel tube
connects to an upper plenum, which serves as the inlet for clean supply air which is recirculated. The clean
supply air enters the upper plenum, proceeds down the inner tube, exits the base of the inner tube,
reverses direction and moves up between the stainless stcel and ceramic composite tubes. As the clean air
travels up the bayonet, it is heated from the flue gas passing along the outside of the ceramic composite
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tube. The heated air collects in the lower plenum located at the top of the ceramic section of the bayonet.
At this point, the preheated air begins the return path back to the combustion section of the process.
Discussions here regarding the design application will focus on the CMC portion Of the AHX.
During the feas_ility study a stress analysis for the AHX was conducted using the ABAQUS finite
element program. PATRAN was used for the pre- and post- processing of the l'mite element model The
C/CARES algorithm maintains interfaces for both of these commercially available codes (as well as others,
see ref. 2). A schematic of the finite element mesh is depicted in Figure 4. A total of 1656 elements was
used to model the outer CMC tube and the surrounding insulation. Of these 1656 elements 1296 QUAD/8
elements were used to model the laminated CMC tube, and 360 HEX/20 elements were used to model the
insulation surrounding the tube, and the built-up flange of the tube (which is hidden in this particular view).
The built-up flange was fabricated from several unidirectional plies where the fibers in each ply were
wound in the hoop direction (0°). It was determined during preliminary design analyses that the flange
section of the bayonet and the insulation were not critical subcomponents. The insulation, which is
relatively more compliant, was modeled as an isotropic material.
The temperature distr_ution depicted in Figure 5 was applied along the length of the tube. This
temperature distribution was obtained from a thermal analysis which was conducted as part of the
feas_ility study. The resulting thermal stresses were three orders of magnitude larger than any stresses
resulting from internal pressure or dead load (19 psi (0.13 MPa) and 42 psi (0.29 MPa), respectively).
Hence mechanical loads were neglected during preliminary analyses. An initial design guideline suggested
that allowable stresses in the fiber direction would be maintained at or below 12,000 psi (82.73 MPa). For
the thermal distr_ution presented here, this particular design condition was met. Figure 6 depicts the hoop
stress distn_oution ( o, ; i.e., stress in the fiber direction) in the inner layer resulting from the applied
temperature distribution shown in Figure 5. Note that a maximum tensile stress of 11,927 psi (82.18 MPa)
is present in the inner layer, and a maximum compressive stress of-12,432 psi (-85.66 MPa) is present in
the outer layer of the tube (both of which occur in the fiber direction).
The reliability analysis of the four-ply laminate outer tube begins with the specification of the
Weibull parameters. The parameters used in the analysis of the AHX are listed in Table 1. These
parameters were chosen arbitrarily since failure data was not available at the time of this analysis. A data
base for each failure mode must be assembled in order to uniquely characterize the materiaL Note that a
conservative assumption was made by taking the threshold parameter equal to zero for each failure mode.
This implies that a finite probability of failure exists for each failure mode at all stress levels. The overall
component reliability of the AHX was 99.97%. The least reliable ply was the inner ply with a reliability of
99.97%. The other plies had a reliability of 100%.
During the course of the design analysis, it was determined that the critical design parameter from
a reliability standpoint is the shape parameter for the tensile strength in the direction transverse to the
fiber (a:,). In the initial reliability analysis, a value of 15 was used for this parameter. Table 2 shows the
effect that variations of this parameter have on the reliability analysis while all other Weibull parameters
remain the same. Note that for values of a 2 below 7, reliability drops off significantly. This indicates that
the shape parameter for this failure mode must be at this level or higher for this component to maintain a
reliability of 90% for this given load.
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TABLEI: We_ullParameters
F_er- Tensile
Transverse- Tensile
In-Plane Shear
Fiber - Compressive
Transverse - Compressive
¥
25.0 17,500 0.0
15.0 12,500 o.o
22.0 7,5OO 0.0
30.0 50,000 0.0
30.0 40,000 0.0
TABLE 2:Reliabilityasa FunctionoftheTransverseTensile
Shape Parameter
_2
15.0
12.5
10.0
7.5
7.0
6.5
6.0
5.5
5.0
Reliability,%
99.97
99.83
99.00
94.19
91.78
88.42
83.80
77.56
69.36
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OBJECTIVE
Incorporate a reliability analysis into the design of
a laminated ceramic composite heat exchanger
APPROACH
Utilize the C/CARES algorithm and the recently completed
ABAQUS interface to conduct the reliability analysis
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DSUMMARY
• Reliability study of the AHX was conducted
Preliminary reliability analysis focused on a single
critical parameter
All parties involved benefit from Government/Industry
interaction
FUTURE DIRECTION
Parameter estimates for each failure mode must be
obtained from experimental data base
Time dependent failure behavior must be addressed
II CD-93-66.167
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ABSTRACT
Wider use of ceramic matrix composites (CIVIC) will require the development of advanced structural
analysis technologies. This report focuses on the use of an interactive model to predict the time-independent
reliability of a component subjected to multiaxial loads. The deterministic, three-parameter WiUam-Warnke
failure criterion serves as the theoretical basis for the reliability model. The strength parameters defining the
model are assumed to be random variables, thereby transforming the deterministic failure criterion into a proba-
bilistic criterion. The ability of the model to account for multiaxial stress states with the same unified theory is
an improvement over existing models. The new model has been coupled with a public-domain finite element
program through an integrated design program. This allows a design engineer to predict the probability of
failure of a component. A simple structural problem is analyzed using the new model, and the results are com-"
pared to existing models.
CHA.VI'ER I
INTRODUCTION
The ability of structural components, fabricated from-both monolithic and composite ceramic material
systems, to maintain their structural integrity while subjected to thermomechanical loads is beginning to capture
the attention of many design engineers. Attractive properties such as low density, high strength, high stiffness,
creep resistance, and corrosion resistance are allowing ceramic materials to supplant metal alloys in numerous
applications. Current applications include heat exchangers, cutting tools, and wear parts. Larsen and Vyas
(1988), Buljan, Pasto, and Kim (1989), and Clarke (1990) present commercial data regarding the expanding use
of ceramic components for these rigorous applications. Unlike some metal alloys used in demanding service
conditions (notably the superalloys), ceramic components are fabricated from nonstrategic materials. This has
helped spur research efforts in both processing technology and structural analysis. This report focuses on issues
related to the field of structural analysis, where design protocols are replacing the ad hoe trial-and-error method
of developing and testing structural prototypes.
In the field of material science, efforts to improve the structural performance of ceramic materials include
adding a second ceramic phase to the matrix. This second phase can take the form of whiskers, short (usually
chopped) fibers, continuous fiber reinforcement, and woven fabrics. This report will focus on ceramic com-
posites that incorporate whisker reinforcement (and under certain conditions, particulate reinforcement). The
addition of whiskers improves the failure behavior of the material system by arresting crack growth in the
matrix by pinning, bridging, and deflecting cracks. The improvement of fracture toughness, usually in certain
material directions, is dependent on processing. As a result, this material can extfibit anlsotropic behavior. How-
ever, if the whiskers are homogeneously distributed and randomly oriented, the isotropic nature of the matrix
material is preserved. The work presented here will deal exclusively with the isotropic whisker-toughened
material system. Analytical efforts that allow for material anisotropy are mentioned in chapter V.
Even though the second phase enhances the failure behavior of the material, whisker-toughened ceramics
still fail in a brittle fashion. In addition, there is a great deal of intrinsic variability in the strength of this
material. Failure of structural components fabricated from whisker-toughened ceramics is governed by random
flaw populations inherent to the material's microstructure. Usually these material imperfections are generated
during processing. It is assumed that the location and orientation of the flaws are randomly distributed
throughouta component. The resulting scatter in failure strength of these materials requires a departure from
traditional design philosophies. The random nature of the microstructural flaws forces the design engineer to
rethink the design- philosophy that treats material strength as a single-valued design parameter. For monolithic
ceramics, the factor of safety approach (a deterministic design procedure commonly used for metal alloys) has
been abandoned in favor of a reliability-based approach. Work by Gyekenyesi (1986), Cooper, Margetson, and
Humble (1986), and Lamon (1990) are representative of the reliability design philosophy used in analyzing
structural components fabricated from monolithic ceramics.
Adopting a similar probabilistic philosophy for the structural analysis of a component fabricated from
whisker-toughened material allows the design engineer to account for brittle behavior, variability in strength,
and decreasing bulk strength with increasing component volume lithe so-called size effect). Using probabilistic
methods, the component is discretized using finite element techniques, and each discrete element is treated as a
link in a chain. Philosophically, this means that when one element fails, the component fails. Thus the com-
ponent is only as strong as the weakest link in the chain. From the standpoint of reliability theory, the compo-
nent is treated as a series system, where failure of the system occurs when one of the subsystems fails.
Alternatively, in a parallel system, failure of a single subsystem does not cause the system to fail since the
remaining elements of the system may sustain load through redistribution. Models that use the analogy of a
parallel system lead to what has been referred to in the literature as bundle theories. The basic principles under-
lying bundle theories were originally discussed by Daniels (1945) and Coleman (1958). Bundle theories have
been applied exclusively to long-fiber ceramic composites. Thus, further discussion of these theories will not be
pursued here. See the work of Harlow and Phoenix (1981), and Phoenix (1974, 1979) for an in-depth treatment
of the bundle theory.
In general, two categories of weakest link theories have emerged. One group is based on the principles of
fracture mechanics. The other group adopts a phenomenological viewpoint. The fracture mechanics approach
assumes that the stress state in the near vicinity of the critical crack and the orientation of the crack are the con-
trolling design variables. Material strength and crack orientation are treated as random variables. All other
design variables (e.g., load, geometry, stiffness, etc.) are treated in a deterministic fashion. In contrast, phenom-
enological reliability models take a more global approach. Only material strength is treated as a random variable
since attention is not focused on a critical flaw. Phenomenological models can be either interactive or noninter-
active. Interactive models allow functional forms that include terms that are products of different material
strengths. Noninteractive theories allow material strength parameters to appear only as separate and distinct
terms. Throughout this report, the fracture mechanics and the phenomenological criterion will be discussed for
the purpose of comparison, but the attention will be focused mainly on interactive models. In chapter II, a litera-
ture survey is presented that outlines different methods of modeling reliability.
With the exception of the work by Adams and Sines (1978), Alpa (1984), and Powers (1989), reliability
theories for ceramic components have neglected compressive stress states and the effect of hydrostatic stress in
particular. Models such as the principle of independent action (PIA), which was originally proposed by Barnett
et al. (1967) and Freudenthal (1968), and the familiar Batdorf theory (Batdorf and Crose, 1974) do not allow
compressive states of stress to influence component reliability. Since the compressive strength of ceramic
materials is often an order of magnitude larger than the tensile strength, compressive stress states were assumed
not to contribute to failure, or treated in an ad hoc fashion in a manner similar to Gyekenyesi (1986). Although
data in the open literature are limited, experimental evidence by Adams (1975), Ikeda and Igaki (1984) and
Ikeda. Igaki, and Kuroda (1986) clearly indicates that compressive stress states have a decided effect on ceramic
materials. The phenomenological criterion that is discussed later allows for multiaxial states of stress, and
specifically treats compressive stress in a rational manner as outlined in chapter IV. The criterion (and the
reliability model that is derived from this criterion) is unified in the sense that ad hoc rules are not used to
model different regions in the stress state. The analytical details of the parent deterministic failure model are
givenin chapter III. Failure surfaces projected into various stress spaces are presented to illustrate different
mechanistic aspects of the theory. Finally, the tests necessary to determine the parameters are outlined.
Casting the deterministic failure theory into a reliability model using Monte Carlo methods is presented in
chapter IV. Numerical aspects of the Monte Carlo simulation are discussed. Features of the interactive reliability
model are compared with existing models. The reliability model is incorporated into a test-bed software program
given the acronym TCARES (Toughened Ceramics Analysis and Reliability Evaluation of Structures), which
was originally discussed by Duffy et al. (1989). Coupling the reliability algorithm with a general-purpose finite
element program (i.e., MSC/NASTRAN) enables one to predict the time-independent reliability of a structural
component. A structural component is analyzed that illustrates the interactive model highlighted in this report.
These results are compared with an analysis made using previous models that did not allow compressive stress
states to affect component reliability. It is shown that these previous models yield unconservative results in cer-
tain situations.
Chapter V summarizes this effort and indicates future research. Future direction includes improving
numerical efficiency through the use of fast probability integration techniques proposed by Wu (1984). Applying
this type of analysis to anisotropic whisker-toughened ceramics is outlined.
CHAPTER II
SURVEY OF RELIABILITY THEORIES
Traditional failure analyses of structural components have used deterministic approaches where failure is
assumed to occur when some allowable stress level, or equivalent quantity, is exceeded. This assumes that
deformation is not controlling component design. Since structural ceramics maintain high stiffness, even at
elevated temperatures, deformation has not played a significant role in component design. Certain design
methods have attempted to incorporate the relevant physics of failure using fracture mechanics. Here the critical
design parameter is the stress intensity factor, which takes into account load and component geometry. In this
approach the stress intensity factor is compared to a fracture toughness value that is a characteristic property of
the material. However, for most structural ceramics the combination of ultimate strength and fracture toughness
(quantified by K1C) yields flaw sizes so small that current nondestructive evaluation (/fiDE) methods are unabJe
to detect the critical defect. On the other hand, phenomenological failure theories make use of macroscopic
strength parameters that do not focus on a critical microstructural defect. Multiaxial failure theories can be sys-
tematically formulated using this approach if the material is homogeneous, with strength properties that can be
deduced from well chosen phenomenological experiments. Failure theories such as the maximum normal stress,
the maximum normal strain, the maximum shear stress, and the maximum distortional energy criteria are
examples of phenomenological models that are successful in predicting the onset of brittle failure or yielding.
However, for reasons mentioned in the introduction, these deterministic techniques are not relevant when
analyzing structural components fabricated from ceramic-based material systems.
Weibull (1939, 1951 ) proposed the first probabilistic model that accounted for scatter in failure strength
and the size effect encountered in brittle materials. His approach is based on the weakest link theory (WLT)
attributed to Midgley and Pierce (1926). This earlier research (sponsored by the textile industry) focused on
modeling yarn strength. Unlike Midgley and Pierce, who assumed a Gaussian distribution for yam strength,
Weibull proposed a unique probability density function for failure strength that now bears his name. Weibull's
two-parameter probability density function has the following form:
(2.1)
for a continuous random variable x, when x > 0, and
f(x)- o (2.2)
for x <_0. The cumulative distribution function is given by the expression
for x > 0, and
(2.3)
(2.4)
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for x < 0. Here a (> 0) is the Weibull modulus (or the shape parameter), and _3(> 0) is the scale parameter.
Reliability theories with theoretical frameworks based on Weibull's original concepts are presented in this
chapter. Theories based on phenomenological principles and fracture mechanics theories are discussed. Initially,
Weibvll's (1939) normal stress averaging technique is presented. This is followed by a discussion of the PIA
model, and recent extensions of the PIA model to composite materials. Next, a reliability model developed by
Batdorf and Crose (1974), founded on principles of fracture mechanics, is presented. Finally, a model that
accounts for compressive states of stress (Powers, 1989) is discussed.
Weibull's Normal Stress Averaging Method
Weibull adopted the weakest link theory where a brittle material is considered a chain with links connected
in series. The overall strength of a brittle component is then governed by the strength of its weakest link.
Focusing on a single link, the failure probability of an individual link can be expressed as
pf = _AV (2.5)
where AV is the volume of the link, and
as the reliability of a single link, then
is a failure function per unit volume of material. By defining r
r = 1 - tpAV (2.6)
The failure of an individual link is assumed to be an independent statistical event, implying that the events lead-
ing to failure of an individual link are not influenced by other links in the chain. As a result, the reliability of
the component, denoted as R, becomes
imrN] F'E.-I II 1I x,>VN Lx- N- 'Lx-I x
where N is the number of links in the component, _(oi), xi) is the failure function per unit volume at position
x/ within the component, ,and cro is the Cauchy stress tensor at x/. Unless noted otherwise, lowercase Roman
letter subscripts in italics aenote tensor indices with an implied range from I to 3, and Greek letter subscripts
are associated with products or summations with ranges that are explicit in each expression. By adopting the
argument originally proposed by Weibull, the reliability of the component takes the integral form
(2.8)
where V is the volume of the component. Similarly, the probability of failure for the component takes the form
(2.9)
The state of stress in every link of the chain must be characterized to conduct a reliability analysis using
equation (2.8). This approach lends itself to analytical techniques that use finite element methods. If a
component is modeled as a chain with individual links connected in series, then each link would correspond to
an element within a mesh. The reliability models that are discussed in this section, and in later sections, adopt
this theoretical framework (eqs. (2.5) to (2.9)) in computing component reliability, and all are amenable to finite
element methods. The differences between various reliability models occur in the formulation of the failure
function tp.
Weibull assumed that the failure strength of a specimen subjected to a uniaxial state of stress is a random
variable. Application of equation (2.9) for a uniaxial tensile stress field in a homogeneous isotropic material
yields
(2.10)
where o is the applied tensile stress, and V is the volume of the specimen. For this case Weibull took the fail-
ure function (¢) as
(2.11)
Here k is referred to in the literature as Weibull's coefficient for a uniaxial state of stress. Weibull extended
this uniaxial model to multiaxial states of stress by defining an average tensile stress. He defined this average
tensile stress by considering the stress traction on an arbitrary plane (see fig. 2.1). Specifically the shear
component of the stress traction "_ is ignored, and it is assumed that only the normal component 5 causes
failure. To gain a clear understanding of this method, consider-a sphere centered at the origin of the coordinate
axis (xl, x2, x3) associated with the principal directions ol, 02, and 03. The normal component of stress
traction acting on an arbitrary plane is given by the expression
- sin 2 O(o"1 cos 2 0 + 0 2 sin 2 O) + o 3 cos 2 O (2.12)
Here 0 and 0 are the polar and azimuthal angles of the unit vector normal to the arbitrary plane in stress
space. These angles and their relationship to tl_ coordinate axes (xt, x2, x3) are shown in figure 2.2. Since the
normal stress component varies with each planar orientation defined by 0 and 0, Weibull defined the follow-
ing weighted average
8 ['n/2 ['_+O_.a sin 0 dO dO
= d0 .10 (2.13)
2 dA
Here A is the area of the unit sphere, and the limits of 0 coincide with those orientations where _ changes
from a tensile stress to a compressive stress. For the limiting case where _ is tensile over the entire sphere, 0
takes the value of _/2. Both limits are zero if _r is compressive over the entire unit sphere, and this results in
(_)ct., 0. The general convention analyzes this integral over one octant of the unit sphere, which accounts for
the limits of integration for 0 (i.e., 0 and _r2), and the factor 8 in the numerator.
Thequantity(_)_givenby equation(2.13)is equatedto crain equation(2.11)such that
to = k(_) tx (2.14)
where k is Weibull's coefficient for a multiaxial stress state. This coefficient is the multiaxial extension of the
parameter k defined in equation (2.11), and must be defined in a consistent fashion such that equation (2.14)
yields equation (2.1 I) for a uniaxial state of stress. Equating Weibull's multiaxial formulation of tO defined in
equation (2.14) to the uniaxial case defined in equation (2.1 L) results in the following relationship (see
Gyekenyesi (1986) for details):
k - k(2a + 1) = (2a + I) (2.15)
Be
Thus for the multiaxial state of stress,
Pf= I-exp[-fv k(_) adV] (2.16)
from which the uniaxial form expressed in equation (2.10) can be obtained. Although the extension to mukiaxial
states of stress described here is intuitively plausible, it is somewhat arbitrary because it disregards the shear
component of the stress traction. Iia addition, since the method lacks a closed-form solution, use of this model
requires computationaUy intensive numerical methods.
Principle of Independent Action Method
Barnett et al. (1967) and Freudenthal (I968) proposed an alternative to Weibull's normal stress averaging
approach for multiaxial states of stress. Here only principal stresses are considered, and the basic assumption is
that each acts independently in reducing the survival probability of an element (hence the name principal of in- -
dependent action). The failure function for this theory takes the form
(2.17)
where o 1 > o 2 > o 3 > 0. Since the principal stresses appear in separate terms (i.e., they do not interact) in the
formulation of ¢, this model is classified as a noninteractive reliability model. Qualitatively, the PIA theory is
equivalent in a probabilistic sense to the maximum stress failure theory.
Extensions of the PIA Method
Duffy and Arnold (1990) formulated an extension of the PIA model for transversely isotropic materials. A
unit vector was used to identify the local material orientation, and, subsequently, to define stress invariants. The
unit vector di was introduced to define the direction normal to the plane of isotropy. Here the failure function
to depends on the stress state and local material orientation such that
Since tp is ascalarvaluedfunction,it mustremainforminvariant.To ensurethis,an integritybasiswas
developedfor ¢ thatcontainedcertaincombinationsof invariantsof theCauchystress tensor and an orienta-
tion tensor defined as d.d.. The invariants formed an integrity basis and were used to construct other invariantsI j"
that correspond to specific components of the state of stress in an element. This approach yields the following
functional dependence
= tp(ll, 12, 13, 14) (2.19)
Here 11 corresponds to the magnitude of the stress vector oijd 1 projected onto the material orientation vector
d i. The invariant 12 represents the magnitude of the shear component of the stress traction. The invariants i3
and 14 represent the magnitudes of the maximum and minimum principal stresses in the plane of isotropy.
Thus each invariant corresponds to a strength in a well-defined material direction, and because of this the
invariants can be treated as random variables with underlying Weibull distributions. Analogous to the principle
of independent action, it is assumed that the different invariants are statistically independent such that the failure
function takes the form
, J L03J L J
(2.20)
where the individual a's and 13's are the Weibull parameters associated with a strength variable in a particular
material direction. It should be noted that compressive stresses associated with (11), (i3), and _4 ) are assumed
not to contribute to a reduction in reliability such that
(2.21 )
(2.22)
and
fl 14 > 014<0
(2.23)
Duffy and Manderscheid (1990) formulated an extension of the PIA model for orthotropic materials. Here
two mutually orthogonal unit vectors (a i and bi) were used to define local material directions. An integrity basis
was developed from the functional dependence
(2.24)
where aibj serves as a direction tensor. Like the transversely isotropic case, the failure function depends on
certain invarlants that correspond to components of the local stress tensor; that is,
(2.25)
Here the invariants I'1 and I'3 represent themagnitude of the normal stress components in the directions of a i
and bi, respectively. The invariants 12 and 14 represent the shear stresses across the directions a/and bi
respectively. The invariant i"s represents the normal stress in the direction defined by the cross product of the
vectors ai and bi. Once again, it is assumed that the invariants are statistically independent such that
(2.26)
where the individual ct's and
The invariants Ii, I3, and
compressive; that is,
lYs are again associated with strength variables in particular material directions.
are normal stresses, and do not contribute to a reduction in reliability if they are
33-<o
(2.27)
(2.28)
and
(2.29)
The reliability models for both the transversely isotropic and orthotropic materials allow the material orien-
tation to vary along a family of curves within the component. Thus the material is locally anisotropic. The
models were constructed using invariant formulations which indicate the maximum number and forms of the
stress invariants necessary to define the failure function tp. In both eases, a subset of the integrity basis for
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wasconstructed, re.suiting in reliability models that are similar in nature to the PIA reliability model for mono-
lithic ceramics.
Batdorf's Theo_-Surface Flaw Analysis
Reliability theories based on fracture mechanics assume that failure of a component emanates from a single
flaw with a critical size and orientation. This flaw belongs to a population that in general contains surface flaws
and volume flaws. Either type of flaw is assumed to be uniformly distributed and randomly oriented. Surface
flaws are imperfections that are the result of machining, grinding, or other surface finishing operations. Volume
flaws are the direct result of processing. Both types of flaw populations exhibit different failure behavior charac-
terized by distinct strength distribution parameters. For surface flaws, the presence of a traction-free surface
reduces a three-<timensional state of stress to a state of plane stress. Because of this simplifying condition, the
details of a surface flaw analysis are presented. In general, the surface flaw analysis can be viewed as a special
case of volume flaw analysis.
Batdorf and Heinisch (1978) proposed a surface flaw model which is an extension of an earlier volume
flaw analysis proposed by Batdorf and Crose (1974). This two-dimensional theory is based on weakest link prin-
ciples, and accommodates mode I, mode II, or mixed mode fracture criteria. For the following discussion, the
coplanar strain energy release rate, a mixed mode criterion, is used. This criterion allows for mode I and
mode II behavior, and takes the form
where KI and KII. are the mode I and mode II stress intensity factors, respectively. These stress intensity
factors are functions of the applied far-field stress state and the crack geometry. For a Griffith crack (a sharp
through-crack of length 2a), the stress intensity factors for a two-dimensional infinite plate are
K I = a _" (2.31)
and
KI 1 . x nV/'_" (2.32)
Here cr is the far-field normal stress, and 1" is the far-field shear stress. Substituting equations (2.3 I)
and (2.32) into equation (2.30) yields the following expression:
2 11/2
K'c[ ,¢_sz+ r 2 (2.33)
At this point, index notation is briefly suspended in order to use notation that has been widely accepted in dis-
cussing Batdorf's theory. By defining
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F 21J/2
o K,c/
% J
(2.34)
as a critical stress, then equation (2.33) (together with eq. (2.34)) defines a failure envelope which is dependent
on the material's fracture toughness and crack size. This failure envelope is shown in figure 2.3. Since the size
(denoted as "a" in the denominator of eq. (2.34)) and orientation of the critical crack will vary, tycr represents a
random variable. Thus there is a family of failure envelopes corresponding to each value of the random variable
act. Batdorf used this concept to transform a deterministic fracture criterion into a reliability model.
The Batdorftheory sfipulatesthatthe probability of failure of a single link is the product of two probabili-
ties; that is,
Pf = Pl P2 (2.35)
Here Pl is the probability that a crack exists such that the applied stress is in the range of Oct to (oer + doer).
This probability is defined by the expression
Pl
[dN/oc l
= AAI- -m/./dOer
L doer J
(2.36)
where AA is the differential area of the link, and N(oer) is a crack density function (i.e., N has units of cracks
per unit area). The crack density function is defined as
) a (2.37)NOer " kBocr
and quantifies the number of cracks per unit area with an applied far-field stress that is greater than or equal to
oer. Here k B is the Batdorf constant (which is functionally dependent on the Weibull scale parameter) and ct
is the Weibull modulus of the material. Both parameters can be determined experimentally by using the para-
meter estimation techniques outlined in Pai and Gyekenyesi (1988).
The quantity P2 is the probability that a crack is oriented such that the critical stress is exceeded by an
applied far-field stress. To illustrate this point, consider a state of plane stress using Mohr's circle where
0 < o 2 < cr t (see fig. 2.3). Define the angle to as the initial orientation of the crack where the critical stress is
exceeded. Note that the crack orientation varies between 0 and 2rr radians, and there may be more than one
orientation where the critical stress is exceeded. Next, overlay the fracture envelope expressed in equation (2.33)
on the same set of axes. The angle between the o axis and the line OA defines 2to. Here point O is the
center of Mohr's circle defined by the in-plane principal stresses o I and o 2. Point A is the intersection of the
failure envelope given by equation (2.33) and Mohr's circle and defines the initial orientation of a crack where
the critical stress is exceeded. Any point on Mohr's circle outside the failure envdope represents a possible
failure stress state. Thus the probability that a crack is oriented such that the critical stress is exceeded by the
applied far-field stress is
12
to (2.38)
P2 " rr'-_
where 0 £ P2 -< 1.
The geometry in figure 2.3 is used to established the form of equation (2.38). The applied far-field stress is
equal to trcr at point A; thus
_! 0 -
to = cos ..-_ . (2.39)
L°I °2J
Hence,
when cr2 _.<0.cr___<ol, and
2 211/2
2 -lI0.cr - t:r2
I, _ COS I_ (2.40)
P2 = 1 _ - (12.41)
when 0.¢r -< °'2" For the case where 0"2 < U 1 <O'cr,
P2 " 0 (2.42)
Following the argument outlined in equations (2.5) to (2.7), with the results of equations (2.36) and (2.40),
then the reliability of a component is given as
L J-*-
(2.43)
Similarly, the probability of failure of a component becomes
(2.44)
Note that the limit of integration defined by A is the area of the Component, and the limits of integration for
C;¢r assume that cr1 is the largest principal stress. In the context of the preceding discussion concerning reli-
ability models, the failure function for Batdorf's model is defined by the integral
13
(2.45)
The above analysis assumes that compressive stresses do not contribute to failure. For discussion on Batdorf's
model for a volume analysis, see Batdorf and Crose (1974).
Power's Extension of Batdorf's Theory
The Powers model (Powers, 1989) represents a hybrid approach to reliability analysis in the sense that
Batdorf's approach is adopted to predict reliability of a single link when both of its principal stresses are tensile.
and the Mohr-Coulomb failure theory is used when both are compressive. When one principal stress is tensile
and the other is compressive, a transition from the phenomenological criterion to the fracture criterion is neces-
sary. The details concerning the transition are rather complex and will not be reviewed here. Thus the remainder
of this section outlines the details of how Powers uses Mohr-Couiomb theory to predict reliability of monolithic
ceramic components. Mohr-Coulomb theory defines failure when the shear stress on an unspecified failure plane
reaches a critical value. Thus the shear stress at failure is a function of the coefficient of internal friction (_), a
compressive stress acting normal to the failure plane, and Oer (which was defined previously). The failure
criterion takes the form
IT[ + _ff ,, tycr (2.46)
Powers assumes that the envelope for the Mohr-Coulomb failure criterion coincides with the envelope from
Batdorf's fracture criterion at cr ,- 0, which results in a" = crcr at this point. This represents a major drawback
and is discussed later. When viewed in Mohr's stress space, the Mohr-Coulomb failure envelope is linear', hence
a slope and a point completely define the envelope. In her analysis, Powers specifies the slope as the material
parameter /a. This quantity is defined as a single valued deterministic parameter. The associated point is the
quantity oct from Batdorf's analysis. This quantity is the only random variable in the analysis.
Powers defines an additional quantity Crmax in her analysis. When viewing a state of stress in Mohr's
stress space, this represents the point where the failure envelope becomes tangent to Mohr's circle. In terms of
the principal stresses and the parameter I.t, Omax takes the form
.Jl + p2 0.1 - 0"2 0"1 + 0"2= + _ (2.47)(_max 2 2
Again, index notation is briefly suspended in order to use the notation as it appears in Powers' original work.
This quantity is referred to as a "maximum" because it defines the limit of relevance from a reliability stand-
point; that is, no reduction in reliability occurs if the failure envelope lies above this point.
The significance of °max is easily seen when deriving the failure function. Since plane stress conditions
simplify the analysis, again only the details of a surface flaw analysis are presented. In a manner similar to
Batdorf's approach, a critical stress and orientation of a failure plane must be defined in order to formulate the
failure function. However, it must be emphasized that the Mohr-Coulomb theory makes no allowance for infor-
mation concerning the physics of a crack (i.e., it is not a fracture criterion). Powers expresses the failure
function as
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a 1
akBOmax:.)O - a-I_Scr dScrLp (2.48)
where Scr is a ratio of the critical stress (trer) to the maximum stress (irma x) for a given state of stress; i.e.,
Scr = _°cr (2.49_
(Ymax
The ratio Set facilitates the numerical integration of equation (2.48). By varying this ratio from 0 to 1. oct is
varied from 0 to Crmax. This guarantees that all relevant stress states are considered in the reliability prediction.
Also note that co is similar in nature to the angle to defined in equation (2.39) (the details will be discussed
shortly), and the other terms in equation (2.48) have been defined in previous sections.
Several combinations of the failure envelope and Molar's circle must be studied. Figure 2.4 shows that the
failure envelope may not intersect Mohr's circle, the envelope may be tangent to the circle, or the envelope may
intersect the circle at no more than two points. To determine the location of the intersection points and the por-
tion of the circumference of Mohr's circle intersected, Powers formulates equation (2.46) in terms of the princi-
pal stresses, the ratio Set, and cos 2 _. Here ¢ locates the intersection points on the circle. The equation now
becomes quadratic in terms of cos 2 _, and thus _b has two values, _ t and qb2. The quantity _, which appears
in equation (2.48), is functionally dependent on the two angles _1 and _b2 in the following manner:
r_
The angles _I and 02 vary depending on the stress state. When there is no contact between the failure enve-
lope and Mohr's circle (see fig. 2.4(a)), et = _b2 " 0, and _ = 0. When the failure envelope and Molar's circle
are tangent at a point (fig. 2.4(b)), _1 " _b2 _ 0, and once again _ ", 0. When the failure envelope intercepts
Mohr's circle twice (fig. 2.4(c)), _ represents the portion of Mohr's circle that lie,s outside of the failure enve-
lope. With this interpretation of t_, and the definition of _ given by equation (2.48), Powers" model yields the
following expression
B Ct (2.51 )
for component reliability when both principal stresses are negative.
The Mohr-Coulomb theory is a two-parameter failure theor) that represents a straight line in the Mohr
circle stress space. The slope and a point of intersection on the a" axis are used to define the linear envelope.
Broad assumptions are made that la is deterministic and tScr is a random variable. The effects of these
assumptions are evident when comparing compression reliability predictions to tensile reliability predictions.
Since gt is not treated as a random variable, the predicted scatter in strength (quantified by the Weibull
modulus) is the same for simple compression and tensile tests using Powers' model. This result has never been
supported by experimental data for a given material. In fact, intuition says that the scatter should be greatly
reduced in compression. Thus the Weibull modulus for compression data should be substantially higher than the
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Weibullmodulusfor tensiledata.Accommodatingthis typeof behavioris notaproblemwith thereliability
modelpresentedin chapterIV.
Thefollowingchapterpresentsthedetailsof a three-parameter phenomenoiogical failure model (the
Mohr-Coulomb failure model is a two-parameter model). The method of transforming this deterministic phe-
nomenological failure criterion into a reliability model is discussed in chapter IV. Basically, each of the three
model parameters are treated as random variables with separate Weibull distributions. This leads to much greater
flexibility" in modeling reliability for multiaxial states of stress.
x3
"r X2
or3
Xl
Figure 2.1 .--Stress traction on an arbitrary plane.
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Figure 2.2.--4Jnit sphere in three-dimensional space.
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Figure 2.3.--Intersection of Mohr's circle and Batdorf's failure
envelope.
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(a) No intersection between failure
envelope and Mohr's circle.
or2 o"1 Crcr'_
Co)Envelope tangent to circle at a point.
y
or2 _1 _rcr cr
(c) Failure envelope cuts through Mohr's circle.
Figure 2.4.mPower's failure envelope and
Moh#s circle.
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CHAPTER Ill
WILLAM-WARNKE FAILURE CRITERION
A failure criterion defines a limit state. Within this limit state, a structural component will perform its
design application in some acceptable fashion. A primary function of the design engineer is to define what is
acceptable performance. Performance standards depend on the design variables used to define the limit state.
Design variables, which may include strength parameters, cyclic load limits, and allowable deformation, can be
assembled in an n-dimensional vector
(3.1)
and the limit state function, which stipulates how the design variables interact, is expressed in general as
g(aja) = 0 (3.2)
This function defines a surface in the n-dimensional design variable state. If a d_ign point (i.e., im operational
state where each design variable has a specified value) lies within the surface, then the design point represents a
successful operational state. If the design point falls on the surface, the component fails. For deterministic
analyses, points outside of the failure surface are inaccessible, since failure results once the surface is reached.
In this report, the design variable space, defined by the vector afta, is limited to strength parameters for
ceramic material systems. Since strength parameters are associated with components of the Cauchy stress tensor,
the general functional dependence of a limit state function is expressed as
g " g(_'a' (:tO) (3.3)
where crq represents the Cauchy stress tensor. A three_-parameter strength criterion developed by Willam and
Warnke (1975) will serve as the limit state function of primary_ interest here. The Willam-Warnke failure
criterion (developed for isotropic materials) is a unified failure criterion in the sense that one limit state function
defines failure for all regions of the stress space. As a comparison, Powers' model adopted Batdorf's theory for
tensile regions of the stress space and Mohr-Coulomb theory for compressive regions of the stress space. The
Willam-Warnke criterion uses stress invariants to define the functional dependence on the Cauchy stress oij,
specifically
g(q/a, I1, J2, J3)" 0 (3.4)
This guarantees that the function is form invariant under all proper orthogonal transformations. Here I I is the
first invariant of the Cauchy stress _ri., J2 is the second invariant of the deviatoric stress Sij, and J3 is the
thtrd mvariant of the deviatoric stress. These quantities are defined as
1 bi)o._ (3.5)So = o O - ._
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I 1 I, akk (3.6)
(3.7)
1
J3" sus:s (3.8)
where oq is the identity tensor. Admitting I t to the function allows for a dependence on hydrostatic stress.
The invanant J3 allows different behavior in tension and compression since this invariant changes sign when
the direction of a stress component is reversed.
Willam and Warnke defined the limit state function with the following expression
J;. (3.9)
where
.
and
X- _(_a, J3) (3.11)
The functions B and _. will be defined momentarily. The strength parameters that comprise the design vector
q/ct include the uniaxial tensile strength of the material Yt the equal biaxial compressive strength Ybe, and the
uniaxial compressive strength Ye" This model is referred to as a three-parameter model, since three strength
parameters, wd'ct= (Yt, Yc, Ybe)" are used to define the limit state function. Failure occurs when g = 0 and the
multiaxial criterion is completely defined in all regions of the six-dimensional stress space.
Since the limit state function is dependent on the six components of the Cauchy stress tensor, a design
point and its relative position to the failure surface can be depicted in various stress spaces. Graphical
representations can take place in a two- or three-dimensional stress space, using the components of the Cauchy
stress tensor as coordinate axes. However, the function and the physical implications associated with the func-
tion can be viewed completely in the three-dimensional stress space where the principal stresses serve as ortho-
gonai coordinate axes (see fig. 3.1(a)). This space is known as the Haigh-Westergard stress space. In this
coordinate system, a given stress state, that is, a design point P(ol, 02, 03), can be readily decomposed into
hydrostatic and deviatoric components. This decomposition is shown in figure 3.1(b). Line d in figure 3. l(b)
represents the hydrostatic axis where 01 = 02 .- 03. Point P in this stress space represents an arbitrary state of
stress. The vector NP represents the deviatoric component of the arbitrary stress state, and the vector ON
represents the hydrostatic component.
2O
Theplanepassingthroughtheorigin normal to the hydrostatic line is called the n-plane. For an isotropic
material, a failure surface projected onto the rr-plane must exhibit a sixfold symmetry. In the most general case
where the isotropic" material possesses equal strengths in tension and compression, the failure surface in the
7t-plane can be represented by two limiting eases (see fig. 3.2). The first ease is represented by a circular failure
surface, and the second is represented by a polygon inscribed within the circular failure surface. Any failure sur-
face that does not fall within these two surfaces permits nonconvex regions to exist along the failure surface.
However, proof of convexity also implies that level surfaces of a function are closed surfaces. An open region
of the failure surface allows the existence of a load path along which failure will never occur. Thus for a con-
vex surface, load paths cannot be traversed towards open regions of the failure surface, since open regions will
not exist.
A failure surface projected onto the n-plane can be described conveniently with polar coordinates (r, 01.
Here 0 is defined as an angle measured clockwise from the al-axis , and r(0) is the distance from the hydro-
static axis to the failure surface (see fig. 3.2). Note that r(0) is a function of 0 for the inscribed polygon, and
a constant for the circular failure surface. Physically, r(0) represents the deviatoric component of a stress state,
since this vector lies in the n-plane. In figure 3.2, the distance from the hydrostatic axis to the failure surface
along a compressive principal axis re is equal to the distance along a tensile principal axis r t for both limiting
cases. However, ceramic material systems exhibit very different strengths in tension and compression. Failure
models must account for this behavior, and this can be done simply by constructing the function r(0) such that
the intercepts along the tensile and compressive principal axes are different. The Willam-Warnke criterion
accounts for this type of behavior by taking re • r t (see fig. 3.3).
As mentioned previously, isotropic materials must exhibit a sixfold symmetry in the n-plane. Willam and
Warnke postulated that a single sector-(0 < 0 < rr/3) of the failure surface in the rr-plane could be represented
as a segment of an ellipse. The major and minor axes of the ellipse were formulated as functions of the inter-
cepts re and rt (see fig. 3.4). Note that the minor axis of the ellipse is assumed to coincide with a tensile axis.
However, the center of the ellipse does not necessarily coincide with the hydrostatic axis. The intercepts rt and
re depend on the strength parameters Yt, Y¢, and Ybc" Equations are given later that detail the interrelation-
ships. In general the distance r(0) is defined as
>I4( , 1'"
r(0) = 2rc(r ) --rt2)cos0 ÷ re(2r t- re r)- rt2)eos20+ 5t -4rtr e (3.12)
where 0 < 0 < mr3. A detailed derivation of this expression can be found in Chen (1982). Note that equa-
tion (3.12) yields r(0) = rt for the special case of 0 '- 0. Similarly r(0) = re for 0 = 7r/3.
With the definition of r(0) given in equation (3.12), ;k from equation (3.9) can be expressed as
(3.13)
Here ;k is implicitly dependent on J3 through the angle 0. The dependence of 0 on J3 results from the
similarities between the trigonometric identity
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cos O--cosO--cos(30) =0
4 4
(3.14)
and the cubic equation used to find the deviatoric invariants
$3 _ J2S - J3 "= 0 (3.15)
where the roots (Sp S2, S3) are the eigenvalues of the deviatoric stress matrix. Substituting
equation (3.15) yields
cos3 0 - J2 cos 0 _ __J3= 0
y2 y3
S = i' cos 0 into
(3.16)
By comparing this expression with equation (3.14), it becomes apparent that
(3.17)
and
cos (3 O) 3¢_" J3
= (3.18)
The angle 0 was first defined by Lode (1926), and the relationship between this angle and the deviatoric invar-
iants was given by Nayak and Zienkiewicz (1972).
Details of the derivation for the Willam-Warnke criterion have been discussed in the context of the
n-plane. Since the criterion is represented by a conic surface in the three-dimensional Haigh-Westergard stress
space, and the function is sensitive to the hydrostatic component of the stressstate, details obtained from the
two-dimensional n-plane are not sufficient to completely describe the criterion. To gain a complete view of the
criterion, a cutting plane is passed through the conic surface such that the entire length of the hydrostatic axis is
contained in the cutting plane. This plane will intersect the surface along two lines. By definition, these lines are
termed meridians.
Meridians define the profile of the conic failure surface in the Haigh-Westergard stress space. The relative
position of each meridian is defined by the angle 0. For the tensile meridian 0 " 0, and for the compressive
meridian 0 " _/3. In the n-plane, a compressive meridian is represented by point Q in figure 3.3, and a tensile
meridian is represented by point T. For the Willam-Warnke criterion the meridians are linear, which is evident
from the I t - _ stress space in figure 3.5 and equation (3.9). Since the meridians are linear, two points on
a meridian will define its position. For the tensile meridian the two points used to determine its position are
defined by a uniaxial tensile load path, an equal biaxial compressive load-path, and their intersection with the
meridian. For both load paths equation (3.18) yields a value of 0 = 0. Considering a uniaxial tensile load case,
failure results when a 1 (a 1 = cr) reaches Yt (with cr2 = a 3 = 0). The load path for this case is defined by the ratio
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I 1
= 1.73 (3.19)
The value of I l (= o) and
similar fashion, the ratio
J_2 (--" °/¢ r:_') at failure will fix the position of one point on the meridian. In a
(3.20)
defines the load path for equal biaxial compression where o] = o"2 (I o) and 03 = 0. This load path fixes the
position of a second point on the meridian. Here I l = 20 and _ = o _. Failure results when o I = 02
= Ybe" Both load paths are shown in figure 3.5. To clearly illustrate the load paths, the figure is not drawn to
scale. The meridian is then defined by the line connecting these two points on the failure surface.
Similarly two points are used to determine the position of the compressive meridian. The points are
defined by a uniaxial compressive load path and the intersection of the tensile meridian with the IFaxis. The
load path for the uniaxial compressive case is defined by the ratio
[1
•, 1.73 (3.21)
where Ii= o and _ = (l/v/3 ") o. This path is shown in figure 3.5, and equation (3.18) yields a value of
-- I II0 = _r3. Failure results when 01 = Yc with 02 03 0. The second point on the compression meridian is the
tip of the failure cone. Since the tensile meridian is completely defined by the parameters Yt and Ybe, the
intersection of this line with the 11 axis provides a second point for the location of the compressive meridian.
This point is shown in figure 3.5 as point V. The distance p from point V to the origin represents the hydro-
static tensile stress at failure. Physically, this stress state is not easily produced in an experiment. However, this
parameter is used to define B in equation (3.9). The parameter B is related to p by the simple expression
!
B - ._. 1_ (3.22)
As noted previously, the WiUam-Warnke criterion is a three-parameter model. The parameters p, re, and
r t may be used to define the criterion in lieu of the strength parameters Ye, Y_, and Yr The relationships
are
Ybc Yt
Ybc - Y_
(3.23)
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and
Here the expressions
(6)1/2[ Ybc-Yt ]
rc " _,'5") L3YbeYt + )'be - Yt J
(3.24)
(3.25)
(3.26)
and
Vt
Yt "_c
(3.27)
are used to simplify equations (3.23) to (3.25). Once again, the derivations of these expressions were given by
Chen (1982).
To gain further insight regarding physical implications of the criterion, consider the failure envelope pro-
jected onto the a I - o 2 stress plane, which is depicted in figure 3.6. Again this is a cutting plane that passes
through the conic surface in the Haigh-Westergard stress space. Note that, in this figure, the function defines a
smooth failure surface for any combination of the principal stresses. Also, the differences between the tensile
strength and compressive strength of a material are readily apparent. The ratio of the intercepts along the tensile
and the compressive axes is equal to the ratio of Yt to Yc" This stress space is encountered again in the next
chapter, where reliability concepts are described.
Finally, the Willam-Warnke failure criterion degenerates to simpler models under special conditions. For
the case of re = r t -, ro, where ro is the same for any angle 0, the surface degenerates to a circle in the
_r-plane and to a cone in the three-dimensional Haigh-Westergard stress space. This is the Drucker-Prager failure
criterion, which is a two-parameter formulation. For the special ease where rc = r t - ro and p = 0% the model
reduces to the single-parameter Von Mises criterion. For this case, the failure surface again becomes a circle in
the 7r-plane, but a right circular cylinder in the three-dimensional Haigh-Westergard stress space. Since this
criterion exhibits no dependence on hydrostatic stress, its meridians never intersect the Ii-axis in the I 1 - J_2
stress space.
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Figure 3.1 .--PrincipaJ stress space.
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Figure 3.3.--Willam-Wamke failure surface depicted in
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Figure 3.4.--A 60° sector of Wiilam-Wamke failure surface depicted
in =-plane.
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Figure 3.5,--Tensile and compressive meridians viewed in IIJJ 2
stress space.
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Figure 3.6. mwHlam-Wamke failure surface depicted in o'1--or2
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CHAPTER IV
INTERACTIVE RELIABILITY MODEL
In this chapter the details of transforming the Willam-Warnke failure function into an interactive proba-
bilistic model are presented. Rather than predicting a faiVno fail design condition, this stochastic approach pre-
dicts the probability of failure of a component. The design issues discussed here are similar to those outlined in
chapter II. The interactive reliability model accounts for a reduction in reliability due to compressive stresses,
and also accounts for decreased scatter in failure for compressive stress states in comparison to tensile stress
states. Note that the strength parameters used in the Willam-Warnke failure criterion are treated as random vari-
ables. Other quantities such as stiffness and loads can be treated in a probabilistic fashion (see Cruse et al.,
1988), but since the strength of ceramic-based material systems commonly varies by 100 percent or more, only
the strength parameters are treated as random variables.
Reliability is calculated under the assumption that the three strength parameters (Yc, Yt, and Ybe) are
independent random variables. It is assumed that each parameter is characterized by a two-parameter Weibull
distribution (eqs. (2.1) to (2.4)); however, other distributions can be used with this approach. Using separate
probability density functions for each random variable is versatile since other statistical distributions such as a
three-parameter Weibull distribution or a log-normal distribution can be used to characterize the random vari-
ables. The selection of the distribution is always dictated by the failure data. However, for the purpose of
simplicity and illustration, only the two-parameter WeibuU distribution is considered here. To define the prob-
ability density distributions for each strength parameter, a WeibulI modulus a and a scale parameter 15 must
be determined experimentally. In general, a significant number of failure tests (a quantity which is dependent on
the precision required for the parameter estimates of a and 15)are necessary to characterize the probability
density function for each random variable. See Pai and Gyekenyesi (1988) for methods of parameter estimation.
Here the functional dependence of the failure function g(_/a, °U) is given by equation (3.9). In general the
reliability of a unit volume is computed from the expression
where _ represents the reliability. It is assumed that the element is homogeneous in stress; that is, no stress
gradients exist throughout the element. Initially, the reliability calculations are based on unit volumes. Later,
adjustments that account for arbitrary volumes are introduced. To calculate the reliability for an element of unit
volume, the joint density must be integrated over the design space defined by the failure function. This integra-
tion takes the form
gt" f f f  (Yc, Yt, Y c yc dyt
o,
(4.2)
where _ (Yc, Yt, Yb¢) is the joint density function of the random variables that correspond to the material
strength parameters, and 0s is the design space. By definition, the design space is that portion of the
stress space bounded by the failure surface. Under the assumption that the random variables appearing in
equation (4.2) are statistically independent, the reliability expression takes the form
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f f f dy, (4.3)
where Pt(Yc), P2(Yt) , and P3(Ylx) are the marginal probability density functions. These density functions are
characterized by the two-parameter Weibull distribution.
The integration defined by equation (4.3) yields the reliability of a unit volume. This type of integration,
and the technique for defining the limits of integration were outlined in Sun and Yamada (1978), and
Wetherhold (1983). To illustrate the approach, one of the simpler models presented in these references (i.e., the
Tsai-Wu criterion) is used as an example since a closed-form solution can be obtained. Application of this type
of criterion has been proposed for the analysis of laminate composites, since each ply is analyzed by assuming
that the ply is an orthotropic plate subject to plane stress conditions. Here the failure function takes the form
o[j_Io,.1.o[j. 0 (4.4)
where a t and a 2 are in the in-plane normal stresses, and a 6 is the in-plane shear stress. The strengths YI,
Y2, and Y6 are the random variables associated with the strength in the primary material direction (Y1), trans-
verse to the primary material direction (Y2), and an in-plane shear strength (Y6)" The reliability calculation
follows the format outlined in equations (4.1) to (4.3), specifically,
R= _w,_v(Y_)j_u(Y@Y z) P(Yl)P(Y2)P(Y6)dYl dY2 dY6 (4.5)
Here P_Yl), P(Y2), and P(Y6) are the marginal probability density functions for the respective strength variables,
and the limits of integration are defined by systematically solving equation (4.4) for each random variable, and
then suppressing the random variable. Thus the first limit of integration is defined by the expression
0.1 - t_10.2 / (4.6)
Next, terms containing the random variable YI are suppressed in equation (4.4), and the remainder of the
equation is solved for Y2 resulting in
[ 0.2 (4.7)
To solve for the limits of Y6, terms containing both YI and Y2 are suppressed in equation (4.4), hence
w = 0-6 (4.8)
3O
Note that each term in this particular failure function (eq. 4.4) contains one strength variable. However, for the
Willam-Warnke model each term in the interactive formulation contains all three strength parameters. Deriving
the limits would require substitution of equations (3.12), (3.23), (3.24), and (3.25) into equation (3.9), and
solving for each of the strength parameters explicitly to obtain expressions similar to equations (4.6) to (4.8).
Developing closed-form expressions is intractable because of the definition of r(0). For this reason, the triple
integral was evaluated using Monte Carlo methods.
The Monte Carlo technique involves generating a uniform random sample of size K for each random vari-
able. A value is selected for each strength parameter via a random number generator. This random number is
used with the assumed marginal probability density function (i.e., two-parameter Weibull, three-parameter
Weibull, log normal, etc.) to obtain values for the random strength variables. Details of this computational pro-
cedure are outlined in Wetherhold (1983). For a given stress state, the failure function is evaluated for each
sample of random variables. Initially an element of unit volume subject to a homogeneous stress state is con-
sidered. If g(q/a, oq) < 0 for a given trial, then that trial is recorded as a success. By repeating this process a
suitable number of times for a given state of stress, the reliability (or cumulative distribution) of the element is
generated. In essence, the Monte Carlo method provides a means of simulating failure experiments on a com-
puter. This assumes that the marginal probability density functions have been suitably characterized; that is, the
values of the a's and the _'s are known a priori. For a sufficiently large simulation sample size, reliability is
computed by the simple expression
,_-_ n : (4.9)
K
where n is the number of successful trials (i.e., the number of trials where g(e2/a, tsij) < 0).
Figure 4.1 shows a comparison of the Monte Carlo calculations with the underlying Weibull distribution
assumed for the tensile strength random variable. This is a plot of probability of failure versus failure strength.
For this case, the reliability of an element of unit volume is given by
(4.10)
where o is the applied tensile stress. For graphical purposes the natural logarithm of both sides of the
expression is taken twice. By introducing a constant C defined as
(4.11)
then the form of equation (4.10) is
In C + a In cr (4.12)
Here the Weibull shape parameter for tensile strength defines the slope of the line depicted in figure 4.1. For
this illustration a *" 5 and _ * 0.2. The three points represent estimates using the Monte Carlo method for the
,uniaxiai failure strength where the specified reliabilities are 5, 50, and 95 percent. A computer algorithm which
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numericallyevaluatesequation(4.5)usingtheMonte Carlo technique was used. For this example the desired re-
liability, the Weibull parameters defining the marginal probability density functions for the strength parameters,
and the desired nuhlber of Monte Carlo simulations are specified. The simulated tensile load path is described in
chapter III. The stress state is increased incrementally along the specified load path until the desired reliabil-
ity is found to within some predetermined error bound. The data points in figure 4.1 were generated using 100
Monte Carlo trials. As a comparison, figures 4.2 to 4.4 show Monte Carlo estimates for different sample sizes.
Figure 4.2 depicts predictions for 500 Monte Carlo trials; figure 4.3, 1000 trials; and figure 4.4, 10 000 trials.
Note that as the number of trials increases, the points converge to the line representing the underlying
Weibull distribution for the parameter "ft" This indicates that the numerical approach for evaluating equation (4.5_
asymptotically converges to the underlying distribution as the sample size K increases.
To illustrate behavior along other load paths, simulations were conducted for the strength parameters Yc
and Ybc" Figure 4.5 shows the relations for the strength parameter Yc, and figure 4.6 shows the relations for
the parameter Ybe" The Weibull parameters were arbitrarily stipulated. For the uniaxial compressive case,
a = 35 and 15= 2.0, and for the biaxial compressive case, a = 35 and 15= 2.32. Note that the a's were
assigned higher values for the compressive strength variables than for the tensile strength variable. Although
strength data for isotropic whisker-toughened ceramics are not available, there are sufficient experimental data
for monolithic ceramics to indicate that compressive failure modes generally do not exhibit as much scatter as
tensile failure modes. It is believed that similar behavior will be exhibited by isotropic whisker-toughened
materials. As in the uniaxial tensile case, estimates of reliability for 5, 50, and 95 percent were compared to the
linear form of the Weibull equation associated with each load path. Again, all points converged with the line for
l0 000 trials.
This technique was also used in calculating the reliability contours shown in figure 4.7. This figure
represents the 0"1-O 2 Stress space. The reliability contours represent a homogeneously stressed material ele-
ment of unit volume. Here the Weibull parameters associated with the tensile strength random variable are arbi-
trarily chosen to coincide with the example cited in the preceding paragraph, specifically at "-5 and 15t= 0.2.
Similarly, the WeibuU parameters associated with the compressive strength random variable are arbitrarily
specified, with a e ,, 35 and _e " 2. Finally the Weibull parameters associated with the equal biaxial com-
pressive strength random variable are cxbe = 35 and 15be= 2.32. The three surfaces depicted in figure 4.7
correspond to _ = 5, 50, and 95 percent. Note that the reliability contours retain the general behavior of the
deterministic failure surface. In general, as the a's increase, the spacing between contours diminishes.
Eventually with increasing a the contours would not be distinct and they would effectively map out a deter-
ministic failure surface. An increase in the 15's shifts the relative position of the contours in an outward
direction indicating an increase in strength. Also note that the a's for the tensile and compressive load paths
are different and can be specified independently of each other. This is a distinct advantage relative to the
Powers model discussed in chapter II. Since only a tensile Weibull modulus is specified in the Powers model,
the same scatter would occur for both tensile and compressive load paths.
The details for computing the reliability of a single element have been presented assuming a homogeneous
state of stress and a unit volume. To design a structural component with a varying stress field, the component is
discretized and the stress field is characterized using finite element methods. Since component failure may
initiate in any of the discrete elements (which typically do not have unit volumes or areas), it is useful to con-
sider a component from a systems viewpoint. A discretized component is a series system if it fails when one of
the discrete elements fails. This approach gives rise to weakest-link reliability theories. In a parallel system,
failure of a single element does not necessarily cause the component to fail, since the remaining elements may
sustain the load through redistribution. Parallel systems lead to what have been referred to in the literature as
bundle theories. Since it is assumed that qualitatively the failure behavior of whisker-toughened ceramics
mimics monolithic ceramics, a weakest-link reliability theory is adopted for designing structural components.
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If thefailureof an individual element is considered a statistical event, and these events are assumed to be
independent, then the probability of failure of a discretized component is given as
N
Pf- 1 - H Ri (4.13)
i=!
where N is the number of discrete finite elements for a given component, and Ri is the reliability of the ith
discrete element. This reliability" is computed in the following manner. Recall that _ (the reliability based on a
unit volume) is defined by equations (4.1) to (4.3), but calculated using the Monte Carlo techniques described
previously. These same techniques can be used to compute R i if the Weibull scale parameters are adjusted to
reflect the size of the element. In general each scale parameter (l_v I_¢, and _be) is adjusted by using the
following transformation
(4.14)
Here V i is the volume of the i _h element and 13" is the adjusted scale paramete/. No adjustment is necessary
for the Weibull moduli. The preceding discussion on the reliability model implied that failure of whisker-
toughened CIVIC originates from volume flaws. It is quite possible that component failure is caused by surface
and/or volume flaws; that is, competing failure modes may exist. These competing failure modes usually have
distinctly different Weibull parameters that characterize the marginal probability density functions. Accordingly,
equation (4.14) can be used for surface flaw analyses if Vi is replaced by the area of the ith element, A i.
However, for brevity, only volume flaw analysis is considered here.
This numericalprocedure has been incorporated in a public domain test bed computer algorithm given the
acronym TCARES (Toughened Ceramics Analysis and Reliability Evaluation of Structures). Currently this
algorithm is coupled to the MSC_/NASTRAN finite element code. For a complete description of the TCARES
algorithm, see Duff-y, Manderscheid, and Paiko (1989). Before using TCARES, the proposed interactive
reliability model that has been implemented into TCARES must be characterized using an extensive data base
that includes multiaxial experiments. It is not sufficient to simply characterize the Weibull parameters for each
random strength variable. Multiaxial experiments should be conducted to assess the accuracy of the interactive
modeling approach. However, once the Weibull parameters have been characterized for each random strength
variable, the algorithm allows a design engineer to predict the reliability of a structural component subject to
quasi-static multiaxial loads. Isothermal conditions are considered for the application that follows. However, the
algorithm is capable of nonisothermal analyses if the Weibull parameters are specified at a sufficient and appro-
priate number of temperature values. To illustrate certain aspects of the interactive model and the TCARES
algorithm, a reliability analysis is performed on a test specimen which is known as the Brazilian disk.
The Brazilian disk is used to circumvent the alignment difficulties encountered in tensile testing brittle
materials. In addition the Brazilian disk has been used to determine tensile strengths of brittle materials that
exhibit reduced tensile strengths relative to the compressive strength (e.g., concrete and rock). The analytical
details concerning the stress field of the Brazilian disk have been discussed by a number of authors including
Hondros (1959), Vardar and Finnie (1975), Chong, Smith, and Borgman (1982), and Fessler and Fricker (19847.
Most researchers assume that tensile failure usually occurs along the diameter directly beneath the applied load
(see fig. 4.8), splitting the disk. However, the region of the disk directly beneath the load experiences very large
compressive stress states that dissipate slowly. The interactive model presented here allows for a reduction in
reliability when compressive stress states are present. Thus the Brazilian disk can be used to compare the
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interactivemodel with other widely used reliability models that do not account for compressive stress states. For
simplicity, the interactive model is compared with the Principle of Independent Action (PIA) reliability model.
It is assumed that the disk is fabricated from an isotropic whisker-toughened CMC material with a Young's
modulus of 300 GPa and a Poisson ratio of 0.2. A compressive pressure load of 1000 MPa was applied to the
disk, and the subtended angle q for this example is 0.039 tad. The Weibull parameters associated with
each random strength variable were arbitrarily chosen. Specifically the Weibull parameters associated with the
tensile strength random variable are at = 15 and l_t = 250. The Weibull parameters associated with the com-
pressive strength random variable are ct¢ = 35 and 1_¢= 2500. Similarly the Weibull parameters associated with
the equal biaxial strength random variable are 0_, = 35 and flb¢ = 2900. Note that the [3 parameters have
units of MPa{mm) 3/a. The disk has a radius of 50 cm and a thickness of 5.0 cm, and was modeled using 1/8
symmetry with 1044 finite elements (see fig. 4.9). The elements used in the structural analysis were 8-node
brick elements (MSC/NASTRAN HEX/8). The tensile stress in the x-direction near the center of the disk was
24.8 MPa. This stress remains fairly constant along the vertical diameter, except in the near vicinity of the load,
where this stress component changes sign and becomes compressive (see fig. 4.10). The elements near the loads
experience large compressive stresses (-997 MPa) in the y-direction that dissipate slowly down the diameter
(see fig. 4.11). The stresses in this direction are compressive throughout the disk.
When this particular diseretized component was analyzed using the PIA model (with a = 15 and
I_ " 250) the component reliability was 99.9 percent. Note that compressive stress states (specifically compres-
sive principal stresses) do not affect component reliability when using the PIA model. This assumption is
similarly adopted for other reliability theories such as Batdorf's reliability model. This lack of accounting for
compressive stress states may be a nonconservative assumption depending on the values of the Weibull para-
meter that characterize the compressive strength random variables. Analyzing the disk using the interactive
reliability model presented here resulted in a component reliability of 77.7 percent. Again the Weibull para-
meters for the compressive strength random variables were arbitrarily specified. However, a values of 35 begin
to approach values for metals which have deterministic strength parameters, and an increase in the 13values of
over an order of magnitude relative to I_t represent conservative estimates of these Weibull parameters. Thus in
comparing the component reliability from the PIA model and the interactive reliability model, it is evident that
accounting for compressive stress states may play an important role in the analysis of structural components.
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CHAPTER V
CONCLUDING REMARKS AND FUTURE DIRECTION
The basic features of conducting a reliability analysis by deriving an interactive reliability model have been
illustrated. The deterministic Willam-Warnke failure criterion serves as the theoretical foundation on which the
reliability model was constructed. Fundamental to the work presented here is the assumption that the strength
parameters associated with a deterministic failure criterion can be treated as random variables. As a result, the
proposed reliability model retains the phenomenological behavior that was present in the deterministic failure
criterion, such as sensitivity to hydrostatic stress and reduced tensile strength. The predictive capabilities
of the interactive model were examined assuming that the two-parameter Weibull distributions characterized the
marginal probability density functions for each random strength variable. This included both uniaxial and multi-
axial load paths. The interactive reliability model was implemented into TCARES, a test-bed software program.
Since this algorithm has been coupled with a general-purpose finite element program, design engineers are now
able to use the code as a postprocessor in order to predict the reliability of a structural component subject to
quasi-static muitiaxial load conditions. A simple structural problem was presented to illustrate the reliability
model and the computer algorithm.
In addition, this type of reliability model can be extended to account for material anisotropy. Using ortho-
tropic materials as an example, the parent deterministic failure function must reflect tJie stress state (as was done
in this report) and the appropriate material symmetry. For orthotropy this requires :that
g*' g(_', o/j, ai, bi) (5.1)
where a/and bi are orthogonal unit vectors that represent the local orthotropic material directions. Because g
is a scalar function, .it must remain form invariant under arbitrary proper orthogonal transformations. Work by
Reiner (1945), Rivlin and Smith (1969), Spencer (1971) and others demonstrated that by applying the Cayley-
Hamilton theorem and the elementary properties of tensors, a finite set of invariants (known as an integity
basis) can be derived for scalar functions that a_ dependent on first- and second-order tensor quantities. See
Duffy (1987) for the details regarding the application of the Cayley-Hamilton theorem for this purpose. Form
invariance of the scalar functions is ensured if the functions depend on invariants that constitute either the
integrity basis, or any subset thereof. A number of authors (Lance and Robinson (1971), Boehler and Sawczuk
(1977), Arnold (1989), and Robinson and Duffy (1990)) have used this methodology to develop scalar valued
functions that are dependent on stress (a second-order tensor) and material directions (usually characterized by'
first-order tensors as in eq. (5.1)). Clearly, the future direction alluded to here (i.e., incorporating material
symmetry using direction tensors) is not without precedent. However, for anisotropic whisker-toughened ceramic
composites the failure function must not only reflect the material anisotropy, but also account for reduced tensile
strength, and a dependence on the hydrostatic component of stress, if this behavior is exhibited experimentally.
Recall that the proposed model calculates reliability using the Monte Carlo method. For each stress state
10 000 trials are used to compute reliability. Since this approach is used in conjunction with finite element
methods, it could easily challenge the computational capacity of even a supercomputer as the number of discrete
finite elements increases. In order to optimize computational efficiency, future work will also concentrate on
using numerical schemes referred to as Fast Probability Integration (F'PI) techniques. Wu (1984) outlined several
fast probability integrators, including the methods of Rackwitz and Fiessler (1978) and Chen and Lind (1982).
These are first-order methods since it is assumed that the limit state is linear at the design point. Quadratic
methods have been proposed, but the added complexity is not justified by dramatic increases in accuracy. In his
work, Wu proposed an improvement to the Rackwitz-Fiessler method. This method uses a least squares
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techniqueto fit an approximated cumulative distribution function for each random variable to the true
cumulative distribution. This approach increases accuracy with a minimal increase in computational efforts.
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StructuralReliabilityAnalysisof
Laminated CMC Components
For laminated ceramic matrix composite ( CMC) materials to realize their full po-
tential in aerospace applications design, methods and protocols are a necessity. This
paper focuses on the time-independent failure response of these materials and pre-
sents a reliability analysis associated with the initiation of matrix cracking. It high-
lights a public domain computer algorithm that has been coupled with the laminate
analysis of a finite element code and which serves as a design aid to analyze structural
components made from laminated CMC materials. Issues relevant to the effect of
the size of the component are discussed, and a parameter estimation procedure is
presented. The estimation procedure allows three parameters to be calculated from
a failure population that has an underlying Weibull distribution.
Introduction
Structural components produced from laminated ceramic
matrix composite (CMC) materials are being considered for a
broad range of aerospace applications that include propulsion
subsystems in the national aerospace plane, the space shuttle
main engine, and advanced gas turbine engines. Specifically,
composite ceramics may be used as segmented engine liners,
small missile engine turbine rotors, and exhaust nozzles. These
materials will improve fuel efficiency by increasing engine tem-
peratures and pressures, which will, in turn, generate more
power and thrust. Furthermore, these materials have signifi-
cant potential for raising the thrust-to-weight ratio of gas tur-
bine engines by tailoring directions of high specific reliability.
The emerging composite systems, particularly those with a
silicon nitride or silicon carbide matrix, can compete with
metals in many demanding applications. The capabilities of
laminated CMC prototypes have already been demonstrated
at temperatures approaching 1400*C, well beyond the oper-
ational limits of most metallic materials.
Adding a second ceramic phase with an optimized interface
to a brittle matrix improves fracture toughness, decreases the
sensitivity of the brittle ceramic matrix to microscopic flaws,
and could also improve strength. The presence of fibers in the
vicinity of the crack tip modifies fracture behavior by increas-
ing the required crack driving force by several mechanisms.
These mechanisms include crack pinning, fiber bridging, fiber
debonding, and fiber pull.out. This increase in fracture tough-
ness allows for "graceful" rather than catastrophic failure. A
unidirectional ply loaded in the fiber direction retains sub-
stantial strength capacity beyond the initiation o f matrix crack-
ing despite the fact that neither of the constituents would
exhibit such behavior if tested alone. First matrix cracking
consistently occurs at strains greater than in the monolithic
matrix material. As additional load is applied, the matrix tends
to break in a series of cracks bridged by the ceramic fibers,
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until the ultimate strength of the composite is reached. The
region of a typical stress-strain curve between the first matrix
cracking and the ultimate tensile strength illustrates an intrinsic
damage tolerance not present in monolithic ceramics.
Laminated CMC material systems have several mechanical
characteristics that must be considered in the design of struc-
tural components. In regard to an individual ply, the most
deleterious of these characteristics are low strain tolerance, low
fracture toughness, and a large variation in failure strength in
the material orientation transverse to the fiber direction. Thus
analyses of components fabricated from ceramic materials re-
quire a departure from the usual deterministic philosophy of
designing metallic structural components (i.e., the factor-of-
safety approach). Although the so-called size effect has been
reported to be non-existent in the fiber direction (see DiCarlo,
1989), the bulk strength of unidirectional-reinforced ply will
decrease transverse to the fiber direction as the component
volume increases. Since failure in the transverse direction will
be dominated by the scatter in strength, statistical design ap-
proaches must be employed. These approaches must, on the
one hand, allow for elevated strength, reduced variability in
strength, and a diminished effect of bulk specimen size in the
fiber direction, and, on the other hand, increased scatter in
strength and effects of bulk size in the transverse direction.
Simply stated, a reliability analysis must rationally account for
material symmetry imposed by the reinforcement. Computa-
tional structural mechanics philosophies must emerge that ad-
dress the issues of scatter in strength, size effect, and material
anisotropy. There is a need for test-bed software programs
that incorporate stochastic design protocols, that are user
friendly, that are computationaUy efficient, and that have flex-
ible architectures that can readily incorporate changes in design
philosophy. The C/CARES (Composite Ceramics Analysis and
Reliability Evaluation of Structures) program, which will be
highlighted in this article, was developed to fulfill this need.
C/CARES is a public domain computer algorithm, coupled
to a general purpose finite element program, which predicts
the fast fractfJre reliability of a laminated structural component
under multiaxial loading conditions.
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Stochastic Design Issues
For a number of composite material systems, several authors
(see for example Batdorf and Ghaffarian, 1984; Wu, 1989)
have reported a diminished size effect in the fiber direction;
and DiCarlo (1989) has reported this effect for ceramic com-
posites, in particular. This phenomenon is an important feature
that must be addressed by any reliability model. How it is
addressed depends on whether the material is modeled as a
series system, a parallel system, or a combination. Current
analytical practice uses finite element methods to determine
the state of stress throughout the component. It is assumed
that failure depends on the stress state in a component, such
that deformations are not controlling design. Since failure may
initiate in any of the discrete volumes (elements), it is useful
to consider a component from a systems viewpoint. A com-
ponent comprised of discrete volumes is a series system if it
fails when one of the discrete volumes fail. This approach gives
rise to weakest-llnk theories. In a parallel system, failure of a
single element does not necessarily cause the component to
fail, since the remaining elements may be able to sustain the
load through redistribution. The parallel system approach leads
to what has been referred to in the literature as "bundle"
theories.
The basic principles underlying these bundle theories were
originally discussed by Daniels (1945) and Coleman (1958).
Their work was extended to polymer matrix composites by
Rosen (1964) and Zweben (1968). Here, a relatively soft matrix
serves to transfer stress between fibers and contributes little
to the composite tensile strength. Hence, when a fiber breaks,
the load is transferred only to neighboring fibers. Their analysis
is rather complex and limited to establishing bounds on the
stress at which the first fiber breaks and the stress at which
all the fibers are broken. Harlow and Phoenix (1978) proposed
a rather abstract approach that established a closed-form so-
lution for all the intermediate stress levels in a two-dimensional
problem, and Batdorf (1982) used an approximate solution to
establish the solutions for the three-dimensional problem. Bat-
dort_s model includes the two-dimensional model as a special
case. In both of the latter two models, the authors proposed
that the effective Weibull modulus increases with increasing
component volume. This implies a diminished size effect. How-
ever, these current bundle theories are predicated on the fact
that fibers are inherently much stronger and stiffer than the
matrix. In laminated CMC materials this is not always the
case. The strength and stiffness of both the fiber and matrix
are usually closer in magnitude. For this reason bundle theories
will not be considered in this paper.
We advocate the use of a weakest-link reliability theory for
designing components manufactured from laminated CMC
materials that do not exhibit strong size effects in specific
directions. Assuming that a laminated structure behaves in a
weakest-link manner allows a conservative estimate of struc-
tural reliability to be calculated. Thomas and Wetherhold (1990)
point out that this assumption is equivalent to predicting the
probability of the first matrix crack occurring in an individual
ply. For most applications the design failure stress for a lam-
inated material is assumed to coincide with this first ply matrix
cracking because matrix cracking usually allows the fibers to
oxidize at high temperatures, embrittling the composite.
Next, we address the righteousness of applying weakest-link
theory to a material that in some sense does not exhibit size
effects. In general, the mean strength of a sample population
representing uniaxial tension test specimens can be obtained
by integrating the probability of survival P, with respect to the
applied tensile stress; that is,
I: Psda (1)
Here _ is the mean tensile strength, o is the applied tensile
stress, and P, is the probability of survival. The form of P,
depends on the probability density function that best represents
the failure data, which in turn depends on whether the struc-
turai component acts as a parallel or series system. Adopting
a three-parameter Weibull cumulative distribution function,
and assuming a weakest-link system (a conservative assump-
tion) gives the following form to Eq. (1):
= "exp
Here Vis the volume of the tensile test specimen, 0 is the scale
parameter, a is the Weibull shape parameter, and 3' is the
threshold stress. This integral has the following closed-form
solution (see DeSalvo, 1970):
which depends on volume, the Weibull parameters, and the
gamma function I'. When an argument originally outlined by
Jayatilaka (1979) is followed, two uniaxial tensile specimen
populations with distinctly different specimen volumes will
yield different mean strengths. Associating _t with VI gives
at=3'+[_]I'(l+ 1) (4)
Similarly associating _z with V2 gives
If the effective mean is defined as
_),ff=_-3' (6)
then the ratio of the effective mean strengths depends only on
the specimen volume and the Weibull modulus; that is,
('0"1)eft 01--3' (._ll.) t/a.... (7)('_2)¢ff O2--3'
As the Weibull modulus of a particular material increases, the
ratio of the effective mean strengths approaches unity. In this
situation the material exhibits no size effect (even though the
distribution of failure strength may be represented by a Weibull
probability density function). From a practical standpoint,
doubling the specimen size of a material whose Weibull mod-
ulus is -- 15 would yield less than a 5 percent difference in the
effective mean failure strengths of the two populations. We
expect an elevated Weibull modulus to be associated with the
strength of CMC materials in the fiber direction. Reports of
an apparent lack of size effect associated with the strength in
the fiber direction (see DiCarlo, 1989) could easily be an artifact
of an increasing shape parameter (or small sample size). How-
ever, at this time there is an insufficient quantity of CMC
failure data from which to estimate the Weibull parameters.
In general, the weakest-link theory allows for diminishing size
effects as the Weibull modulus increases.
Reliability Model
The ongoing metamorphosis of ceramic material systems
and the lack of standardized design data have in the past tended
to minimize the emphasis on modeling. Many structural com-
ponents fabricated from ceramic materials were designed by
"trial and error," since emphasis was placed on demonstrating
feasibility rather than on fully understanding the processes
controlling behavior. (This is understandable during periods
of rapid improvements in material properties for any system.)
In predicting failure behavior, there is a philosophical division
that separates analytical schools of thought into microstruc-
rural methods (usually based on principles of fracture me-
chanics) and phenomenological methods. Blass and Ruggles
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(1990) point out that analysts from the first school would design
the material assuming that the constituents are distinct struc-
tural components and would consider the composite ply (or
lamina) a structure in its own right. Analysts from the latter
school of thought would design with the material (i.e., they
would analyze struclural components fabricated from the ma-
terial). Rigorous fracture mechanics criteria have been pro-
posed (e.g., Budiansky et al., 1986; Marshall et al., 1985) that
adopt the microstructural viewpoint, but since they are all
deterministic criteria, they will not be considered here. Fracture
mechanics has been combined with a probabilistic Weibull
analysis of failure location to determine the stress-strain be-
havior and subsequent work of fracture for unidirectional com-
posites (e.g., Thouless and Evans, 1988; Sutcu, 1989). However,
the focus here is first matrix cracking, and we note that mature
reliability-based design methods using fracture mechanics con-
cepts will not surface until a coherent mixed-mode fracture
criterion has been proposed.
The aforementioned second school of thought represents the
ply (or lamina) as a homogenized material with strength prop-
erties that are determined from a number of well-planned phe-
nomenological experiments. The authors currently embrace
this philosophy, and there are practical reasons for initially
adopting this viewpoint. We fully recognize that the failure
characteristics of these composites are controlled by a number
of local phenomena, including matrix cracking, debonding and
slipping between matrix and fibers, and fiber breakage, all of
which interact strongly. Understanding the underlying ana-
lytical concepts associated with the microstructural viewpoint
allows one to gain insight and intuition prior to constructing
multiaxial failure theories that in some respect reflect the local
behavior. Tensile failure in the fiber direction is dependent on
these local mechanisms, and the future intent is to extend
reliability methods to the constituent level in a rational and
practical manner. However, a top-down approach, that is first
proposing design models at the ply level, will establish viable
and working design protocols. Initially adopting the bottom-
up approach allows for the possibility of becoming mired in
detail (experimental and analytical) when muitiaxial reliability
analyses are conducted at the constituent level.
There is a great deal of intrinsic variability in the strength
of each brittle constituent of a ceramic matrix composite, but
depending on the composite system, the transverse matrix
cracking strength may either be deterministic or probabilistic.
Statistical modeLs are a necessity for those composite systems
that exhibit any scatter in the initiation of first matrix cracking.
We treat it in a probabilistic fashion, requiting that determin-
istic strength be a limiting case that is readily obtainable from
the proposed reliability model. Predicting the reduction in
reliability due to loads in the fiber direction addresses an upper
bound for ply reliability in a structural design problem. Con-
versely, a tensile load applied transverse to the fiber direction
results in failure behavior similar to a monolithic ceramic,
which corresponds to the lower bound of ply reliability. Thus
multiaxial design methods must be capable of predicting these
two bounds as well as account for the reduction in reliability
due to an in-plane shear stress, and compressive stresses in the
fiber direction and transverse to the fiber direction.
A number of macroscopic theories exist that treat unidirec-
tional composites as homogenized, anisotropic materials. These
methods use phenomenological strength data directly without
hypothesizing specific crack shapes or distributions. Theories
of this genre generally are termed noninteractive if individual
stress components are compared to their strengths separately.
In essence, failure mechanisms are assumed not to interact,
and this results in component reliability computations that are
quite tractable. Work by Thomas and Wetherhold (1990),
Duffy and Arnold (1990), Duffy and Manderscheid (1990),
and Dully et al. 0990) is representative of multiaxial nonin-
teractive reliability models for anisotropic materials. In a_l-
dition Wu (1989), and Hu and Goetschel (1989) have proposed
simpler unidirectional reliability modeLs for laminated com-
posites that can be classified as noninteractive. Alternatively,
one can assume that for multiaxial states of stress, failure
mechanisms interact and depend on specific stochastic com-
binations of material strengths. Usually a failure criterion is
adapted from existing polymer matrix design technologies. The
probability that the criterion has been violated for a given
stress state is computed using Monte Carlo methods (de Roo
and Paluch, 1985) or first-order-second-moment (FOSM)
methods (Yang, 1989; Miki et al., 1989). The interactive ap-
proach often results in computationally intensive reliability
predictions.
In this paper a noninteractive phenomenological approach
has been chosen such that a unidirectional ply is considered a
two-dimensional structure, assumed to have five basic strengths
(or failure modes). They include a tensile and compressive
strength in the fiber direction, a tensile and compressive strength
in the direction transverse to the fiber direction, and an in-
plane shear strength. In addition each ply is discretized into
individual sub-ply volumes. For reasons discussed in the pre-
vious section we assume that failure of a ply is governed by
its weakest link (or sub-ply volume). Under this assumption,
events leading to failure of a given link do not affect other
links (see, for example, Batdorf and Heinisch, 1978; Weth-
erhold, 1983; Cassenti, 1984); thus the reliability of the/th ply
is given by the following expression:
R,=exp(- Iv_V ) (8)
where V is the component volume. Here, _i(xj) is the failure
function per unit volume at position xj within the ply, given
by
+ Lr<(- + L[<(- + " (9)
The a's associated with each term in Eq. (9) correspond to the
Weibull shape parameters, the O's correspond to Weibull scale
parameters, and the 7's correspond to the Weibuil threshold
stresses. In addition, at and % represent the in-plane normal
stresses that are aligned with and transverse to the fiber di-
rection, respectively. Also, r,2 is the in-plane shear stress. The
normal stresses appear twice, and this allows for different
failure modes to emerge in tension and compression. Note that
the brackets indicate a unit step function; i.e.,
(x> _x.u[x] = I0
x>O (1o)
x_:O
Inserting Eq. (9) into the volume integration given by Eq. (8)
yields the reliability of the/th ply, and the probability of first
ply failure for the laminate is given by the expression
P:#I=I- _-_ Ri (II)
1
l-I
where n isthenumber of plies.
Thisreliabilitymodel can bereadilyintegratedwithlaminate
analysisoptionsavailableinseveralcommercialfinitelement
codes.A preliminaryversionof a publicdomain computer
algorithm(C/CARES) thatiscoupledwithMSCINASTRAN
has been developedatNASA Lewis ResearchCentertoper-
form thisanalysis.A simplebenchmark applicationillustrates
the approach.A thin-walltube issubjectedto an internal
pr&sure and an axialcompressiveload.The component is
fabricatedfrom a three-plylaminate,witha 90"/0/90"layup.
Here angle0 ismeasured relativetothe longitudinalaxisof
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Fig. 1 Finite element mesh of thin-wall tube with three-ply (90"M/90")
leyup; Internal pressure, 4.25 MPe; axial compressive stress, 87.5 MPe
Table 1 Composite Weibull parameters for thin-wall tube [Wsibull
threshold stress, "t_m O]
Index a Type and direction of stress
I Normal tensile stress in fiber" direction
2 In-plane shear stress
3 Nor|el tecsi le stress transverse to
fiber direction
4 Norm[ compressive stress in fiber
direction
S Norse! compressive stress transverse to
tiber direction
elndices correspond to subscripts in r,q. (g).
leibul I parameters
Shape, Scale,
25 450
22 420
tO 35,0
35 4500
30 35O0
the tube (see Fig. 1). An arbitrary internal pressure of 4.25
MPa and an axial compressive stress of 87.5 MPa were applied
to the tube. The Weibull parameters were also arbitrarily cho-
sen (see Table 1). Note that the threshold stresses are taken as
zero for simplicity. In design, setting the threshold stresses
equal to zero would represent a conservative assumption. The
overall component reliability is depicted as a function of the
midply orientation angle (0) in Fig. 2. The ply orientation has
a decided effect on component reliability, as expected. Similar
studies could demonstrate the effects of component geometry,
ply thickness, load, and/or Weibull parameters on component
reliability. Hence, the C/CARES code allows the design en-
gineer a wide latitude to optimize a component relative to a
number of design parameters.
Parameter Estimation
We anticipate that laminated CMC materials will exhibit
threshold behavior, at least in the fiber direction. Hence, a
three-parameter WeibuU distribution is used in the stochastic
failure analysis of the components. The threshold stress pa-
rameter is included to allow for zero probability of failure
when the load is below a predetermined level. The three-pa-
rameter distribution has been somewhat ignored due to dif-
ficulties encountered in extracting the parameters from
experimental data. Several authors (including WeibuU, 1939;
Weil and Daniel, 1964; Schneider and Palazotto, 1979) have
proposed estimation methods for the three-parameter distri-
bution. For various reasons, these techniques have not been
widely accepted. However, Cooper (1988) recently proposed
a nonlinear regression method to estimate parameters. Regres-
sion analysis postulates a relationship between two variables.
In an experiment, typically one variable can be controlled (the
independent variable) while the response variable (or de-
pendent variable) is uncontrolled. In simple failure experiments
the material dictates the strength at failure, indicating that the
failure stress is the response variable. The ranked probability
of failure 6'_ can be controlled by the experimentalist since it
is functionally dependent on the sample size N. If the observed
failure stresses (_, 02, a3 ..... aN) are placed in ascending order,
then
1.0 -- k
:_ .8
---'- .6
AD
t¢
e-
ra .4
c-
O
to
l---
m .2
0 15 30 45 60 75 90
Midply orientation angle
Fig. 2 Component reliability versus mldply orientation angle for thin
wall tube
i-0.3
{P,(o.,)= (12)N+0.4
Clearly one can influence the ranked probability for a given
stress level by increasing or decreasing the sample size. Coop-
er's procedure adopts this philosophy, and the specimen failure
stress is treated as the dependent variable. The assodated ranked
probability of failure then becomes the independent variable.
The basic three-parameter Weibull expression for probability
of failure can be expressed as
F / 1 \'l '_
(13)
where ai is an estimate of the dependent variable, and +, _,
and & are estimates of the threshold parameter, the charac-
teristic strength, and the shape parameter, respectively. De-
fining
_ = _+- a_ 04)
as the/th residual, where as before o_is the/th failure stress,
then
N N
(+,),=N ' (15)
lint i_l
where we adopt Cooper's notation and take
W_= In (1_-_10_) (16)
Setting the partial derivatives of the sum of the squares of the
residuals with respect to _, _, and & equal to zero yields the
following three expressions:
_= (17)
(18)
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Speci-
men
number
-1
2
3
4
5
6
7
8
9
Table 2
Stress, Speci-
MPa men
number
307 10
3O8 11
322 12
328 13
328 14
329 15
331 16
332 17
335 18
aFor specimen shown in Fig. 3.
Monolithic alumina failure data"
337
343
345
347
350
352
353
355
356
Speci- Stress,
men gPa
number
19 357
20 364
21 371
22 373
23 374
24 375
25 376
26 376
27 381
Speci-
men
number
Stress,
MPa
28 385
29 388
30 395
31 402
32 411
33 413
34 415
35 456
I
0
I-
_-------- 20 mm = I
o o
40ram -_
-I
Fig.3 Monolithicalumina=l_Clman geometry
Number Weibull parameters
of Shape, Scale, Threshold stress,
parameters a p Y
3 1.15 803.41 298.48
2 13.2 376.0
Data (35 points)
90
8o
50
N 20
lO
6
2
1 I I I I
300 350 400 450 500
Failure stress, MPa
Fig. 4 Two-parameter and three-parameter distribution- dalarmlned
from the alumina failure
and
N N
1=1 iw!
N
+_ E ( W')z/aln(IV,-) (19)
in terms of the parameter estimates. The solution of this system
of equations is iterative. One assumes an initial value for & (a
small value, usually equal to 1), computes _ from Eq. (17) and
_, from Eq. (18). These values of the parameter estimates are
then inserted into Eq. (19), and this expression is checked to
see if it satisfies some predetermined tolerance. If Eq. (19) is
not satisfied, & is increased and a new iteration is conducted.
This procedure continues until a set of parameter estimates
are determined that satisfy Eqs. (17)-(19).
Currently we do not have enough CMC failure data to es-
timate Weibull parameters for a given material orientation.
So to illustrate the technique, parameter estimates were de-
termined for two-parameter and three-parameter distributions
from a failure population representing a monolithic ceramic
(alumina) reported by Quinn (1989). The failure data and spec-
imen geometry are shown in Table 2 and Fig. 3. Figure 4 is a
plot of probability of failure versus failure stress for the data.
The straight line represents the two-parameter fit to the data,
using Quinn's (1989) values for the shape and scale parameters.
The nonlinear curve represents the three-parameter fit to the
data. Note that the three-parameter distribution is more ef-
ficient in predicting the failure data in the high reliability re-
gion.
Summary and Future Directions
In this paper we discuss stochastic issues related to size effects
in the fiber direction of a unidirectional CMC material. In
addition, we present a reliability model along with a simple
application that highlighted the C/CARES computer algo-
rithm. (This public domain algorithm is capable of predicting
component reliability from the state of stress and temperature
distribution within the component.) The authors anticipate that
CMC materials will exhibit threshold behavior; hence a non-
linear regression analysis was outlined to determine three pa-
rameters for a Weibull distribution from failure data.
Ceramic material systems will play a significant role in future
elevated-temperature applications. To this end, there are a
number of issues that must be addressed by the structural
mechanics research community. We begin by pointing out that
total failure of an individual ply effectively reduces the overall
laminate stiffness. This causes local redistribution of the load
to adjacent layers. In addition, delamination between plies
relaxes the constraining effects among layers, allowing in-plane
strains to vary in a stepwise fashion within a laminate. These
effects require the development of rational load redistribution
schemes. It is also apparent that before ceramics are used as
structural components in harsh service environments, thought-
ful consideration should be given to reliability degradation due
to time-dependent phenomena. Thus, issues germane to com-
ponent life, such as cyclic fatigue and creep behavior, must be
addressed analytically. Computational strategies are needed to
extend current methods of analysis from subcritical crack
growth and creep rupture to laminated CMC materials that
are subject to multiaxial states of stress.
An important aspect that has not been addressed in detail
is the effect of a rising R-curve behavior, where fracture tough-
ness is a function of crack size. Clearly fiber-toughened ma-
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trices have process zones around the crack tip. Within this
zone, energy dissipates locally, which develops a damage tol-
erance by increasing the resistance to crack growth with crack
extension. Failure of materials exhibiting R.curve behavior
would depend on the rate at which resistance increases with
crack growth. During crack extension this behavior would
modify the strength distribution. Modeling efforts by Kendall
et al. (1986) and others have accounted for this behavior in
monolithic ceramics, and it is reasonable to extend their work
to ceramic composite material systems. Furthermore, if ce-
ramic materials mimic ductile failure locally, cyclic fatigue may
become a design issue. Under cyclic loads, the process zone
advances as the crack tip extends; therefore, brittle fracture
mechanics may need to be modified to account for pseudo-
ductile fracture. Hence, application of modified metallic fa-
tigue analyses may be a distinct possibility.
In addition, recent progress in processing ceramic material
systems has not been matched by mechanical testing efforts.
There is a definite need for experiments that support the de-
velopment of reliability models. Initially this effort should
include experiments that test the fundamental concepts (e.g.,
quantifying the size effect in the fiber direction) within the
framework of current stochastic models. For example, probing
experiments could be conducted along various biaxial load
paths to establish level surfaces of reliability in a particular
two-dimensional stress space (similar to probing yield surfaces
in metals). One could then verify such concepts as the maxi-
mum stress response, which is often assumed in the noninter-
active reliability models proposed for these materials. After
establishing a theoretical framework, characterization tests
should then be conducted to provide the functional dependence
of model parameters with respect to temperature and envi-
ronment. Finally data from structural tests that are multiaxial
(and possibly nonisothermal) would be used to challenge the
predictive capabilities of modelsthrough comparison to bench-
mark response data. These tests involve nonhomogeneous fields
of stress, deformation, and temperature, and would include
two-bar tests as well as plate and shell structures. Results from
structural testing provide feedback for subsequent modifica-
tion, but ad hoc models result in the absence of structured
interaction between the experimentalist and the theoretician.
The validity of these models is then forever open to question.
Furthermore, we cannot overemphasize that this kind of testing
supports methods for designing components, not the materials.
Currently this effort is hampered by the quality and scarcity
of data (note the lack of failure data necessary to estimate
composite Weibull parameters). Finally, ceramic properties
pertinent to structural design (which include stochastic param-
eters) vary with test methods. The mechanics research com-
munity is beginning to realize this, and a consensus is beginning
to form regarding standards. However, we wish to underscore
the fundamental need for experimental programs that are rel-
evant to structural mechanics issues.
In closing, we recognize that when failure is less sensitive to
imperfections in the material, stochastic methods may not be
as essential. Yet, trends in design protocols are moving in the
direction of probabilistic analyses (even for metals) and away
from the simplistic safety-factor approach. In this sense, brittle
ceramics will serve as prototypical materials in the study and
development of reliability models that will act as the basis of
future design codes.
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ReliabilityAnalysisof Structural
CeramicComponentsUsinga
Three-ParameterWeibull
Distribution
This paper describes nonlinear regression estimators for the three-parameter Weibull
distribution. Issues relating to the bias and in_ariance associated with these estimators
are examined numerically using Monte Carlo simulation methods. The estimators
were used to extract parameters from sintered silicon nitride failure data. A reliability
analysis was performed on a turbopump blade utilizing the three-parameter Weibull
distribution and the estimates from the sintered silicon nitride data.
Introduction
To date, most reliability analyses performed on structural
components fabricated from ceramic materials have utilized
the two-parameter form of the Weibull distribution. The use
of a two-parameter Weibull distribution to characterize the
random nature of material strength implies a nonzero prob-
ability of failure for the full range of applied stress. This
represents a conservative design assumption when analyzing
structural components. A three-parameter form of the WeibuU
distribution is available. The additional parameter is a thresh-
old stress that allows for zero probability of failure when
applied stress is at or below the threshold value. By employing
the concept of a threshold stress, design engineers can effec-
tively tailor the design of a component to optimize structural
reliability.
Difficulties in estimating parameters as well as a lack of
strength data with corresponding fractographic analysis has
limited the use of this distribution. Several authors (including
Weibuli, 1939; Well and Daniel, 1964; Schneider and Pala-
zotto, 1979) have proposed estimation methods for the three-
parameter distribution. For various reasons these techniques
have not been widely utilized. The nonlinear regression method
proposed by Margetson and Cooper (1984) is adopted here to
establish estimators for the three-parameter Weibull formu-
lation. Estimators are applied using failure data obtained from
the open literature. Specifically, Weibull parameters are esti-
mated from failure data reported by Chao and Sherry (1991).
The data were generated from test specimens fabricated from
a monolithic silicon nitride. Strength tests were conducted on
this material using three-point bend, four-point bend, and
pressurized-disk specimen geometries. Here the Weibull pa-
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rameters are estimated from the four-point bend test data, and
failure data from the three-point bend tests and pressurized-
disk tests are subsequently used to challenge structural relia-
bility predictions made for these latter two geometries. To
conduct structural reliability analyses, the three-parameter
Weibull distribution was embedded in a reliability model known
as the principle of independent action (PIA). We point out
that the three-parameter form of the Weibull distribution can
be extended to Batdorf's (1974, 1978) model and reliability
models proposed for ceramic matrix composites (see Duffy et
ai., 1993; or Thomas and Wetberhold, 1991). All reliability
computations presented here were made utilizing the integrated
design program CARES (Ceramic Analysis and Reliability
Evaluation of Structures) (Nemeth et ai., 1990).
In general, the objective of parameter estimation is the der-
ivation of functions (or estimators) that are dependent on the
failure data and that yield, in some sense, optimum estimates
of the underlying population parameters. Various performance
criteria can be applied to ensure that optimized estimates are
obtained consistently. Two important performance criteria are
estimate invariance and estimate bias. An estimator is invariant
if the bias associated with the estimated value is independent
of the true parameters that characterize the underlying pop-
ulation. Bias is a measure of deviation of the estimated pa-
rameter from the true population parameter. Here the
functional value of an estimator is a point estimate (in contrast
to an interval estimate) of the true population parameter. The
values of the point estimates computed from a number of
samples obtained from a population will vary from sample to
sample. A sample is defined as a collection (i.e., more than
one) of observations taken from a specified population, and
a population represents the totality of all possible observations
about which statistical inferences could be made. In this paper,
the observations are the failure strengths of test specimens
fabricated from ceramic materials. The issues of bias and in-
variance and their relationship to the functions proposed by
Journal of Engineering for Gas Turbines and Power JANUARY 1993, Vol. 115 I 109
Margetson and Cooper (1984) are explored numerically. In the
numerical studies, distributions of the point estimates are ob-
tained by taking numerous samples from the population and
computing point estimates as a function of sample size. If the
mean of a distribution of such estimates is equal to the value
of the true parameter for a given sample size, the associated
estimator is said to be unbiased. If an estimator yields biased
results, the value of the individual estimates can be corrected
if the estimators are invariant (see Thoman et al., 1969, for
the procedure associated with two-parameter maximum-like-
lihood estimators). The Monte Carolo simulations that are
presented later demonstrate that the functions are neither in-
variant nor unbiased•
Estimating Weibuli Distribution Parameters
Weibu[l (1939, 1951) proposed the first probabilistic model
that accounted for scatter in failure strength and the size effect
encountered in structural components fabricated from brittle
materials. His approach is based on the weakest link theory
(WLT) attributed to Midgley and Pierce (1926). This earlier
research (sponsored by the textile industry) focused on mod-
eling yarn strength• Unlike Midgely and Pierce, who assumed
a Gaussian distribution for yarn strength, Weibull proposed
a unique probability density function for failure strength that
now bears his name. Weibult's three-parameter probability
density function has the following form:
(:) ,.
for a continuous random variable x, when 0 _< k < x, and
f(x) = 0 (2)
for x _< X. The cumulative distribution function is given by
the expression
F(x) = 1 - exp - (3)
forx> X, and
F(x) = 0 (4)
for x _< X. Here eK>0) is the Weibull modulus (or the shape
parameter), ,I(>0) is the scale parameter, and h(>0) is the
threshold parameter. When applied to analyses of structural
components, the random variable x usually represents a com-
ponent of the Cauchy stress tensor or an invariant of this
tensor. For a uniaxial stress field in a homogeneous isotropic
material, application of Weibull's theory yields the following
expression for the probability of failure
where
and
6'=l-exp(-B) o>3'
6"=0 a_<3"
(5)
(6)
(7)
Note that _, /3, and 3' are material parameters and will not
depend on the geometry of the test specimen. In this context
B has the dimension of (stress)-(volume) w_, 3"has the dimen-
sion of stress, and o_ is dimensionless.
Certain monolithic ceramics have exhibited threshold be-
havior (e.g., Quinn, 1989; Chao and Shetty, 1991). It is an-
ticipated that ceramic matrix composites will similarly exhibit
this behavior (Dully et al., 1993). Threshold behavior is dem--': I_
onstrated if the failure data display a nonlinear behavior when i _',
the ranked probability of failure (6"i) is represented as a rune- . _:
tion of the corresponding failure values. Careful fractography _ [?
must yield clear evidence that only one type of defect is causing i
failure. Thus, the fraetographic analysis must demonstrate that 'i
the nonlinear behavior of the failure data is not the result of i [
competing failure mechanisms. When experimental data in- i _.
dicate the existence of a threshold stress, a three-parameter : _-
Weibuli distribution should be employed in the stochastic fail- : _i
ure analysis of structural components. However, the three- _
parameter form of the Weibull distribution has been somewhat _i
ignored as a result of difficulties encountered in extracting '_._
esumates of the parameters from experimental data. Marget- -_'.
son and Cooper (1984) proposed a relatively simple nonlinear
regression method to estimate the three distribution parame- _:
ters. Regression analysis postulates a relationship between two
variables. In an experiment, typically one variable can be con-
trolled (the independent variable) while the response variable :_
(or dependent variable) is uncontrolled. In simple failure ex- "
periments the material dictates the strength at failure, indi-
cating that the failure stress is the response variable. The ranked 3._
probability of failure (6"3 can be controlled by the experi- :e
mentalist since it is functionally dependent on the sample size _
(N). After numbering the observed failure stresses (o_, a2, a3, : _'--V
• . • , aN) in ascending order, and specifying "::; "
r_
&,(a;)= (i-0.5)/N (8) i:_. i
then clearly the ranked probability of failure for a given stress ._level can be influenced by increasing or decreasing the sample
size. The procedure proposed by Margetson and Cooper (1984)
adopts this philosophy. They assume that the specimen failure
stress is the dependent variable, and the associate ranked prob-
ability of failure becomes the independent variable. _-
Using Eq. (5), an expression can be obtained relating the ¢_"
ranked probability of failure (6"3 to an estimate of the failure _'
strength (_;). Assuming uniaxial stress conditions in a test spec- _.
imen with a unit volume, Eq. (5) yields _,
_ = -y+ _[ln(l / 1 - 6"_)]i/& (9) -,_-:
where _ is an estimate of the ranked failure stress. In addition, :'L
&, _, and _ are estimates of the shape parameter (a), the scale _-
parameter (3), and the threshold parameter (3'), respectively. ::
Defining the residual as _;._
8i= _i - oi (1O) i":,
. -c
where a; is the ith ranked failure stress obtained from actual :,_
test data, then the sum of the squared residuals is expressed 7_
as
N N
Z (11)
i-I i_l ,¢
Here the notation of Margetson and Cooper (1984) is adopted
where
W;= ln(1/1-6",) (12) !
Note that the forms of _i and Wi change with specimen ge-
ometry (see the discussion in a later section relating to the four-
point bend specimen geometry). It should be apparent that the ;
objective of this method is to obtain parameter estimates that
minimize the sum of the squared residuals. Setting the partial
derivatives of the sum of the squares of the residuals with
respect to &, _, and 5' equal to zero yields the following three
expressions:
N _o, " _' W;) ':_)
= N N (13)
/
i=l
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r"
÷=
N (W_)2/_- (W_)t/; (W_)t/a
/-I
(14)
and
ai( Wi)'/aln (IV/) -'} (Wi) '/'_ In(W,)
i-I
I- I
in terms of the parameter estimates. The solution of this system
of equations is iterative. The third expression is used to check
convergence of the iterative solution. The initial solution vector
for this system is determined after assuming & = 1. Then
is computed from Eq. (13) and _ is calculated from Eq. (14).
The values of these parameter estimates are then inserted into
Eq. (15) to determine if the convergence criterion is satisfied
to within some predetermined tolerance (s<o,,). If this expres-
sion is not satisfied, & is updated and a new iteration is con-
ducted. This procedure continues until a set of parameter
estimates are determined that satisfy Eq. (15).
Bias and Invarance
Issues relating to estimate bias and invariance are examined
numerically using Monte Carlo simulation methods. In this
study uniform random numbers are generated in groups of N
(which characterizes the sample size), and this is repeated 10,000
times for each value N. Each group of uniform random num-
bers is generated on the interval 0 to 1 using the Cray random
number function RANGET. The uniform random number is
converted to a strength observation by employing the inverse
of the three-parameter Weibull distribution for failure strength
given in Eq. (9). Defining (Si)t_ as the/th random number on
the interval 0 to 1 in a sample of size N, then the _h failure
strength is
- 1 t/a
where c_, _, and 7 are the true distribution parameters of an
infinite population characterized by a three.parameter Weibull
distribution. Again, uniaxial stress conditions are imposed on
a specimen of unit volume. However, this method can be
extended to other specimen geometries as well.
Once a sample of N random numbers is generated and con-
verted to failure strength observations, the estimators described
by Eqs. (13)-(15) are used to obtain the point estimates &, _,
and -_. Percentile distributions of the point estimates, as well
as a mean value of the point estimates, can be constructed by
repeating this sampling procedure for each value of At'. Here
the Monte Carlo simulations are carried out 10,000 times for
each N. The arithmetic mean of each estimated parameter is
a measure of the bias associated with the estimator in deter-
mining that parameter, and is usually characterized as a func-
tion of the sample size (N). This is depicted graphically in
Fig. 1. In this figure the vertical axes represent a ratio of the
point estimate value to the parameter true value used to gen-
erate the failure observations. The true population parameters
are arbitrarily chosen, with cc = 1.75, _ ffi 10130, and ;_ ffi
300. The horizontal axes represent the sample size N. Note
that for all three estimators the mean value of the ratio ap-
proaches 1 for large values of N. Thus, each estimator exhibits
the attractive property of decreasing bias with increasing sam-
ple size. However, the arithmetic mean associated with each
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Fig. 1 Arithmetic mean values and percentile distributions of the ratio
of the pointestimate to the thai population parameter lot each estimator
(a = 1.75..8 =, 1000. "y==300)
parameter is not invariant with respect to the underlying pop-
ulation parameter. This is evident in Fig. 2, which depicts the
arithmetic mean values of the parameter estimates from the
previous example along with arithmetic mean values from a
second example. For the second sample, the true population
parameter c_ has been increased such that c_ ffi 2.75, and the
other values of the true parameters are unchanged. Clearly the
arithmetic means associated with the Weibull modulus (c_), the
scale parameter _), and threshold stress ('r) change for sample
sizes of less than 100. If the mean values remained invariant,
then the three curves in each graph in Fig. 2 would coincide
regardless of the values assumed for the true population pa-
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Fig. 2 Arithmetic mean values ol the ratio of the point estimate to the
true population parameter for each estimator _ = 1000, 3' = 300)
rameters. This lack of invariance precludes unbiasing the point
estimates obtained using this method. If the estimators were
invariant, the bias could be removed in a systematic fashion
using the method outlined by Thoman et ai. (1969) for the
maximum-likelihood estimate of the Weibull modulus. The
authors indicate that the ratio associated with the two-param-
eter maximum-likelihood estimator for the scale parameter is
also not invariant with respect to the underlying population
parameters. However, Thoman et al. (1969) were able to con-
struct a function that contained the ratio associated with the
scale parameter and the estimate of the Weibull modulus, but
was not dependent on the true population parameters. This
function enabled Thoman et al. (1969) to establish unbiasing
factors and confidence bounds for the maximum-likelihood
estimate of the two-parameter scale parameter. Similar func-
tions for the nonlinear regression estimators discussed in this
paper have not been developed. Thus, removing the bias as-
sociated with these estimators is not possible, and the design
engineer should recognize that the amount of bias may be
significant for small sample sizes.
Along with the mean value, the 10th and 90th percentile
distributions are depicted for each estimator in Fig. 1. These
percentile distributions are related to confidence bounds for a
point estimate. The percentile distributions are obtained by
ranking in order (from lowest to highest value) the ratios of
point estimates to the true value of the distribution parameter.
In this case the 10th percentile distribution represents the ratio
associated with the 1000tb ranked value. Hence, 999 ratios
had lesser values. Similarly, the 90th percentile distribution
represents the ratio associated with the 9000th ranked value.
If the number of samples was increased from 10,000 to infinity,
then these ranked values would yield the exact confidence
bounds for the estimators. Note that for these estimators the
confidence bounds narrow with increasing sample size (N).
This is indicated by the decreasing separation in the percentile
distributions. However, the percentile distributions are not
invariant with respect to the true population parameters. Again,
increasing ¢_ from 1.75 to 2.75 affected the percentile distri-
butions (Fig. 3). This precludes the computation of confidence
bounds on parameter estimates since the value of the true
population parameter (the quantity being estimated) would
have to be known a priori.
ApplicationmParameter Estimation and Reliability
Analysis
In this section, parameters from the sintered silicon nitride
(grade SNW-1000, GTE Wesgo Division) data presented by
Chao and Shetty (1991) are estimated. The four-point bend,
the three-point bend, and the pressurized-disk data are listed
in Table 1. Focusing on the four-point bend specimen, the
support span for this text fixture was 40.373 mm and the inner
load span was 19.622 ram. The cross sections of the test spec-
imens were 4.0138 mm in width and 3.1106 mm in height.= All
failures occurred within the 19.6-ram gage section. Thus, each
specimen is assumed to be subjected to pure bending. Under
this assumption, Eq. (6) becomes (see Weibull and Daniel,
1964)
B = (_) (_-) (a--_) ° (17,
where
V= bhl= 243.0 mm _ (18)
and cr (=Me/l) is the outer fiber stress, assuming that the
material behaves in a linear elastic fashion. Chao and Shetty
examined the fracture surfaces of failed specimens using optical
and scanning electron microscopy. These studies indicate that
failures were initiated at subsurface pores (i.e., a volume de-
fect). This type of fracture site consistently occurred in all
three specimen geometries.
Once again, Eq. (5) can be used to express the functional
relationship between the ranked probability of failure (_P_) and
the estimate of the failure strength (hi). Using the definition
of B given in Eq. (17), then the following relationship exists
between (Pi and b,:
b/= _,* +_*[b, ln(l/I - (9i)] I/;'* (19)
tall specimen dimensions and failure stresses in Table I (including the Ihree-
poim and the pressurized-disk geometries) were obtained from a personal com-
munication with Chao and Sherry.
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Fig. 3 Percentile distributions of the ratio of the point estimate to the
true population parameter for each estimator {8 ,, 1000, 7 " 300)
for pure bending conditions. Here
&'=;,+l
and
(20)
(21)
"_"= "_ (22)
are introduced. At this point the residual defined by Eq. (10)
cannot be formulated since Eq. (19) cannot be solved explicitly
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Table 1 Estimated parametera for silicon nitdde
Specimen Swength, MPi
number "'
Three-point bend Four-point bend Pressurized disk
!
2
3
4
5
6
7
8
9
10
II
12
i3
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
3O
31
32
715.6
729.6
741.0
758.6
771.4
773. l
824.2
830.4
832.8
863.2
868.2
870.9
878.3
881.!
899.4
900.6
905.0
913.8
016.8
928.0
931.0
934.6
935. I
941.1
94 ].6
949.1
95 ! .6
953.8
956.5
979.9
613.9
623.4
6,19.3
642.1
&S3.8
662.4
669.5
672.8
681.3
682.0
699.0
714.5
717.4
725.5
741.6
744,9
75 I,O
761.7
763.9
774.2
79 !.6
795.2
829.8
838.4
856.4
868.3
882.9
549.7
575.5
587.4
622.0
636.7
639.3
642.6
646.3
659.3
659.6
660.4
661.4
667.8
668.9
670.8
684.8
686,2
691.3
693.8
698.1
706.9
718.1
718.8
726.4
732.3
738. I
748.2
771.5
780.7
786.3
796.2
811,6
for the estimated ranked failure stress (_i). However, several
alternatives can be pursued to effect a solution. Margetson
and Cooper (1984) indicate that the actual ranked failure stress
(¢q) should be substituted for 6i on the right-hand side of Eq.
(19). Defining
W_= o;ln(l/1 - @,) (23)
then Eqs. (13)-(15) can be solved for&', _*, and _*. Estimated
values of the material parameters c=,/_, and 3' would then be
computed from Eq. (20)-(22). However, once the substitution
of
_ = o_ (24)
is made, Eq. (1 l) no longer defines the sum of the squared
residuals. Exactly what is being minimized is difficult to define
(an approximate residual, perhaps). However, this approxi-
mate method yields fairly good results (Duffy etal., [993).
This becomes evident in the following discussion in which
results of the approximate method are compared to a more
rigorous solution.
Note that Eqs. (13)-(15) and Eq. (i9) represent N + 3
equations in terms of N + 3 unknowns (&', _', _,*, and _#).
The alternative solution involves finding an initial estimate of
the Weibull parameters using the approach where the estimated
failure strengths are substituted with the actual strength data.
After computing an initial estimate of the parameters, Eq. (19)
is solved numerically (N times) for b#.With Eq. (12) redefined
as
w_= a_ln(t/ l - <P_) (25)
then Eqs. (13) and (14) are solved for undated values of _*
and -_" (using the previous value of &'). The convergence
criterion given by Eq. (15) is checked. If the criterion is not
satisfied, &* is updated, and Eq. (19) is again solved numer-
ically for b_. This itcrative process is repeated until the con-
vergence criterion is satisfied.
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Fig. 4 Comparison of the probability of failure for the four-point spec-
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Both procedures are used to estimate parameters from the
four-point bend test data listed in Table 1. The approximate
method produces estimates of & = 1.55, _ = 988.6, and -_ =
559.67. The procedure that includes the solution for _ yields
parameter estimates of & = 1.68, _ = 861.6, and _ -- 558.1.
In addition, maximum-likelihood estimators are used to obtain
point estimates for a two-parameter Weibull distribution. This
technique gives estimated parameter values of &-= 10.2 and
= 978. l (with -_ - 0). The values obtained from the two-
parameter maximum-likelihood estimators differ from the val-
ues reported by Chao and Shetty (1991). They used an aver-
aging technique proposed by Batdorf and Sines (1980) that
combines data from several test specimens. The pooled data
are used to compute estimates from the three and four-point
bend data. The estimated scale parameters from both config-
urations are averaged and, if the method of Batdorf and Sines
(1980) is strictly adhered to, then the residuals from two data
points are minimized. The authors feel that for this method
to yield meaningful results, more than two specimen geometries
are needed. The results of the maximum-likelihood estimators
and both nonlinear regression methods are presented in Fig.
4, where the probability of failure is plotted as a function of
the failure stress; that is, Eq. (5) is graphed using the different
parameter estimates. The failure data are included using Eq.
(8) to establish the vertical position of each data point. The
straight line represents the two-parameter fit to the data. The
nonlinear curves represent the three-parameter fit to the data.
It is evident that the estimated three-parameter distributions
are more efficient in predicting the failure data in the high-
reliability region. Also note that there is very little difference
between the two procedures used to establish the three-param-
eter estimates.
With the estimated Weibull parameters obtained using the
procedure that includes the solution for _, reliability predic-
tions are made for the three-point bend and the pressurized-
disk geometries used in the experimental study by Chao and
Shetty 0991). Both specimen geometries are depicted in Fig.
5. The geometries are modeled using MSC/NASTRAN to de-
termine the structural response of the specimens to mechanical
loads. The three-point bend geometry is modeled with 136
eight-node elements (MSC/NASTRAN CQUADS). The mesh
for this specimen is shown in Fig. 6. The stress distribution
obtained from the finite element analysis is subsequently used
as input for the integrated design program CARES (Nemeth
P
I .,3,,om
t t
_2 _2
3.9887
mm
30.2 mm
(a) Three-point bend specimen.
p (pressure)
3.185mmIJ ½ Jt ' _' ' ; ' ' i
t f
t- .l
50.8 mm
I" '1
49.53 mm
(b) Pressurizeddiskspecimen.
Fig. 5 Geometry of the three.point bend specimen Ind the pressudzed
disk specimen
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Fig. 6 Flnlle element dlseretlzatlon
et al., 1990). A volume flaw analysis is performed where the
volume of a shell element is determined by calculating the
midplane area and multiplying this value by the thickness of
the element. The probability of failure curve is obtained by
scaling (i.e., linearly increasing and decreasing) a single stress
distribution a number of times. For each stress distribution a
reliability analysis is performed with the CARES algorithm.
An appropriate number of reliability computations are made
to produce the nonlinear curve in Fig. 7. The linear (two-
parameter) curve is established by determining the probability
of failui'e at a single point on the curve and drawing a straight
line through this point using the estimated Weibuli modulus,
:',
J
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which coincides with the slope of the linear curve. The data
clearly indicate nonlinear behavior; however, both the two.
and the three-parameter formulations yield conservative esti-
mates in the high-reliability regions, but nonconservative es-
timates in the high probability of failure region. Both follow
the trend of the data in the 5 to 60 percent probability of failure
range of the graph.
The pressurized-disk geometry is modeled with 260 six-node
elements (MSC/NASTRAN CTRIAX6). The axisymmetric
mesh for this specimen is also shown in Fig. 6. The probability
of failure curves are depicted in Fig. 7. All probability of failure
curves are generated by computing component reliability from
numerous stress distributions that are obtained, once again,
by linearly increasing and decreasing a single stress distribu-
tion. Here the three-parameter formulation clearly yields a
better fit to the data. The two-parameter formulation is dis-
tinctly conservative at all stress levels which can lead to over-
designedstructural components. To demonstrate this, the pa-
rameter estimates obtained from the four-point bend data are
used to compute the probability of failure of an aerospace
component. Specifically, the component analyzed is a space
shuttle main engine (SSME) high-pressure turbopump blade.
The finite element mesh used to analyze this turbopump blade
is depicted in Fig. 8. Moss and Smith (1987) used this mesh
to analyze the dynamic characteristics of the blade. The mesh
consists of 1025 brick elements (MSC/NASTRAN CHEXA).
X
Fig.8 Finiteelementdlscretizatlonot turbopumpblade
The shank of the blade is fully constrained. For the purpose
of demonstration, it is assumed that the blade is fabricated
from the monolithic silicon nitride material discussed in Chao
and Shetty (1991). In the analysis Young's modulus is taken
as 285.0 GPa and the Poisson ratio is 0.23. The specific load
case studied represents a rotational speed of 40,000 rpm at
room temperature. At this rotational speed the two-parameter
formulation (using the PIA model) results in a component
failure probability (P/) of 75.2 percent. The three-parameter
formulation results in a failure probability (Ps) of 0.04 per-
cent. Utilization of the monolithic material would be sum-
madly rejected based on the limited data available and the
results of the two-parameter estimates. However, the results
from the three-parameter formulation could prompt further
consideration. The notable difference in the probability of
failure does not indicate conclusively that the underlying pop-
ulation is characterized by a three-parameter Weibull distri-
bution. Additional test data may clearly demonstrate whether
the underlying population is characterized by a two- or three-
parameter WeibuU distribution. In addition, possible design
studies could result in a further reduction in the component
failure probability. Whether or not further redesign would
bring the component failure probability within the stringent
limits established for various shuttle components is not the
issue here. The authors do not advocate using monolithic sil-
icon nitride in the fabrication of SSME turbopump blades.
Rather, this aerospace example emphasizes that the common
use of the two-parameter formulation can lead to extremely
conservative design decisions.
Conclusions
Enough experimental data exists to suggest threshold be-
havior (indicated by a nonlinear behavior similar to that dis-
played in Fig. 4) in certain monolithics. However, whether
nonlinear behavior can be attributed to the existence of a
threshold stress or competing failure mechanisms is open to
question because of the lack of careful fractographic analysis
for most data sets (except for the Chao and Sherry data dis-
cussed previously and obtained through personal communi-
cation). This paper has reviewed a number of aspects related
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to the simple nonlinear regression technique proposed by Mar-
getson and Cooper (1984). From limited numerical studies it
is concluded that the estimators are well-behaved in the sense
that bias is minimized, and confidence bounds tighten as the
sample size is increased. However, the estimators are not in-
variant with respect to the underlying parameters that char-
acterize a population. This precludes establishing exact
confidence bounds and unbiasing factors.
The estimators perform reasonably well in comparison to
the two-parameter maximum-likelihood estimators when both
are applied to the silicon nitride data of Chao and $hetty (1991).
Using an improved estimator based on the method proposed
by Margetson and Cooper (1984), the three-parameter Weibull
distribution easily captures the nonlinear trend of the failure
data. All reliability computationsare made using the simplified
PIA model but better correlation to the failure data might be
obtained if other more rigorous reliability models were em-
ployed. The authors are currently pursuing this analytical ap-
proach.
Although the three-parameter formulation obviously pro-
vides a better fit to the pressurized-disk data, this may not be
readily evident with the three and four-point bend data. Good-
ness-of-fit statistics such as the Kolmogoroff-Smirnoff statistic
and the Anderson-Darling statistic should be used to establish
which form of the Weibull distribution would best fit the
experimental data. These approaches are currently being stud-
ied by the authors.
Finally an aerospace component is analyzed, and the results
may indicate the conservativeness of the two-parameter for-
mulation. The authors advocate the use of the three-parameter
formulation of the Weibull distribution when experimental
data exhibits threshold behavior. Even though the estimates
proposed by Margetson and Cooper (1984) are not invariant,
additional testing can be conducted to minimize the bias as-
sociated with the parameter estimates. As the reliability anal-
ysis of the SSME turbopump blade indicates, the costs from
additional tests may be well worth the dramatic decrease in a
component probability of failure.
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Introduction
As part of a co-operative agreement with General Electric AircraR Engines (GEAE), NASA LeRC is
modifying and validating the Ceramic Analysis and Reliability Evaluation of Structures (CARES tel 1)
algorithm for use in design of components made of high strength NiAI based intermetallic materials.
NiA1 single crystal alloys are being actively investigated by GEAE as a replacement for Ni-based single
crystal super-alloys for use in high pressure turbine blades and _anes. The driving forte for this research
lies in the numerous property advantages offered by NiAI alloys (ref. 2) over their superalloy counterparts.
These include a reduction of density by as much as a third without significantly sacrificing strength, higher
melting point, greater thermal conductivity, better oxidation resistance, and a better response to thermal
barrier coatings. The current drawback to high strength NiAI single crystals is their limited ductility.
Consequently, significant efforts including the work agreement with GEAE are underway to develop testing
and design methodologies for these materials.
The approach to validation and component analysis involves the following steps (Fig. 2): determination of
the statistical nature and source of fracture in a high strength, NiA1 single crystal turbine blade material;
measurement of the failure strength envelope of the material; coding of statistically based reliability models;
verification of the code and model; and modeling of turbine blades and vanes for rig testing.
Material Testine and Seecimen Design
Brittle materials frequently fail from a single, strength limiting origin due to low toughness. The strength
of such a system is thus governed by the weakest-link within the system and is therefore dependent on the
surface area and volume stressed during testing. WeibuU statistics (ref. 5) are commonly used for reli-
ability analysis of components fabricated from such materials. The calculated failure probability is
dependent on the stress state and the material properties of the component.
Several isotropic theories applicable to ceramics and glasses have been incorporated into the public domain
CARES (ref. 1) code developed at NASA Lewis. This post-processor code, when combined with a finite
element stress analysis, calculates fast fracture probability of a brittle, monolithic structural component. As
part of the cooperative agreement with GEAE the code will be modified to model anisotropic materials,
such as single crystal NiK1.
The material being considered has limited ductility, is highly anisotropic ('Young's modulus varies 95 to 271
GPa; 13.78 E3 ksi to 39.305 E3 ksi) and made in relatively small bUlets (25 x 50 x 1130mm; 0.98 x 1.96 x
3.94 in.) that will be used individually to produce a vane or blade. Therefore, the statistical nature and
i Resident research associate at NASA LeRC.
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source of fracture is being studied via flexural testing of beam specimens (ref. 3), with statistical analysis
of the data and fractography performed on all of the post-tested samples (ref. 4). Fiexural testing allows
many samples to be removed from a particular region of a given billet, thereby allowing determination of
bUlet-to-billet and within billet consistency. These factors will cause a variation in component reliability.
Furthermorel in contrast to tensile testing, flexural testing allows the location of failure to be readily identi-
fied because the asymmetry of flexural loading results in a specific fracture pattern.
Two basic types of faws are typically encountered in brittle materials such as ceramics or glasses: surface
defects and volumetric defects. Volumetric defects include large grains, pores, agglomerates and inclu-
sions, while surface defects include exposed volume defects (e.g. a pore machined open) and machining or
handling damage that occurs during specimen/component fabrication (ref. 4).
Flexural strength results for the single crystal NiAl indicate the material to exhibit a wide dispersion in
strength (Fig. 3) that can be characterized via normal or Weibull statistics. Failure origins were identified
in 27 of 29 specimens tested. In all cases failure originated from regions of interdendritio precipitation
(Fig. 4). These interdendritic regions always contained a Ni-Al-Hf rich phase (Fig. 5) that was confirmed
by x-ray analysis to be the Heusler phase Ni2AlHf. Roughly half of the initiation sites also contained HfC
dendrites within the interdendritic Heusler phase (Fig 6). The HfC phase was identified by Auger electron
spectroscopy and confirmed by the shape of the carbon peak (Fig. 7).
Other strength tests planned for verification work include flexure (_ and 4-point), pure tension, pure
compression, torsion and biaxial flexure. To date, uniaxial and bi_xial flexural tests (Fig. 3) have been
conducted, and a torsion specimen is being designed and verified relative to handbook solutions.
Verification of a failure theory can be accomplished via measurement of points on the failure envelope and
comparison to predictions by the model and code (Fig. 8). Each point on the failure envelope represents a
stress state and thus can be measured experimentally for a given material via strength testing with various
geometries. As the material exhibits elastic anisotropy and variation in fracture toughness with orientation
(tel 7), several orientations will be considered in strength testing.
For the torsion specimen design, in an effort to conserve time, materials and machining costs, finite
element analysis was used to characterize the stress response of several specimens. A baseline mo_lel and
several variations were analyzed using the ANSYS 5.0 finite element package. The intent was to optimize
the stress response of the specimen such that highest stresses would occur in the gage section of the
specimen, thus concentrating failure within this section. Upon completion of the stress analysis, a CARES
analysis was conducted for each specimen as well.
Each model consisted of three parts: the specimen, a three jaw chuck assembly used to grip the specimen,
and a sleeve of surface elements around the volume of the specimen (see Fig. 9). Note that only half of the
length of the specimen was modeled to take advantage of symmetry. A desired maximum principal stress
of 800 MPa (116.0 ksi) was specified for each specimen. To obtain this stress level, a tangential force in
the circumferential direction was applied at third points td the extremities of the chuck assembly.
A total of nine specimen geometries were analyzed. The use of parametric design language within ANSYS
facilitated easy manipulation of design variables and model creation. The transition length between the
gage section and the grip section of the specimen served as one design parameter. The gage diameter was
the other. The different values for these parameters appear in Fig. 10. The intent was to eliminate stress
risers in the transition section of the specimen and keep the maximum stress within the gage section. A
constant, low stress field was also desirable in the grip section of the specimen. The baseline design
satisfied both of these requirements. A plot of the first principal stress for this model is shown in Fig. 11.
As the gage section of the specimen became larger, higher stresses began to migrate into the transition
section and beyond into the grip section. Also, as the transition length between the grip and gage sections
was changed, higher stresses began to migrate into the transition section. Of the nine designs, no model
behaved better than the baseline design.
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The subsequent reliability analyse8 reinforced these results. Developing 8 specimen with high probability of
failure in the gage section and low or no probability of failure in the transition and grip sections was the
objective. Since it is anticipated that this material will exhibit the so called "size effect" (i.e., decreasing
component strength with increasing component size), the overall stressed area of the component would
likely affect the reliability results. This factor was monitored as the re_ts of the different models were
compared. Again, the various iterations in the design provided no reason to switch from the baseline
specimen design.
Comoonent Analvsls
As a starting point for the component feasibility study, a two dimensional finite element model of a double
tang blade post and disk assembly was obtained from General Electric (see Fig. 12). This was used with
the NiAI failure data (Fig. 3) to perform the reliability analysis. Fig. 13 shows the approach used for this
type of analysis. Using this approach, the design engineer can concentrate on areas of the component
which possess low reliability and modify them accordingly, thus leading to the optimization of the
component.
Only the blade dove tail section was considered in the reliability analysis. Two separate analyses were
conducted. The first used the entire set of 29 failure data points to calculate the Weibull parameters. The
second involved the assumption that through improved processing techniques, the lowest five failure points
would be eliminated, hence the Weibull parameters were calculated from the 24 highest failure strength
values. The results of the reliability analysis and the respective Weibull parameters appear in Fig. 14.
This analysis clearly shows the effect that reduced scatter has on a reliability of a component fabricated
from a brittle material system.
This effort was successful in demonstrating the feasibility of such design procedures; however, to fully
characterize a component fabricated from this type of material system, a failure criterion has to be
developed that captures the anisotroplc behavior of the material. This is a subject for future work and is
identified as a milestone within the work agreement. Other areas of future work include a more complete
characterization of the material's behavior along various crystallographic orientations. Billet to billet
strength variation as well as strength variation within each billet will also be monitored.
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OBJECTIVE
Modify and validate the CARES reliability code for use in design
of components made from low ductility NiAI based intermetallics.
This effort is part of a co-operative work agreement between
General Electric Aircraft Engines and NASA LeRC.
:,_
APPROACH
- Determine the statistical nature and source of fracture in high-
strength NiAI single crystal material
- Measure the fracture strength envelope of the material
(may involve characterizations in different material directions)
Develop and code the appropriate failure model to capture
both the statistical nature of failure and the anisotropic
behavior of the material
- Verify the model and reliability code
- Model turbine vanes and blades for rig testing
F_.2
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AUGER ANALYSIS SHOWING HEUSLER PHASE
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TEST SPECIMEN ANALYSIS
Finite element model of specimen and chucks
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pRINCIPAL STRESS pLOT OF BASELINE TORSION SPECIMEN
i
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533.4 77A
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PROBABILISTIC COMPONENT DESIGN PROCEDURE
• Approach:
:
Complex GeometriesTest Specimen
------ Material failure characterization
------ Fractographic examination of ruptured specimens
------ Component finite-element analysis
----- Component reliability evaluation
----- Design optimization
Fie. 12
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BLADE AND DISK ANALYSIS
Finite element model of blade post and disk assembly
Bladc_ Turbine disk
F'_. 13 CD-g,1418055
SUMMARY OF CARES ANALYSIS OF BLADE
Two reliability analyses were conducted on blade design
- Two sets of Weibull parameters were used
29 Data points
Alpha 8.32
Beta (ksi) 3/_ 51,021
Reliability 99.46 %
24 Data points
15.30
74,092
99.99%
Fig. 14 C0-94.,0_54
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CONCLUSIONS
Failure origins can be identified in low ductility
NiAl's with appropriate testing
Torsion specimen geometry was verified through
FEM and CARES analyses
Methods in place for component reliability analyses
Improved processing techniques can be used to
improve component reliability
F_.15 _0-_-4_mb7
FUTURE WORK
- Test material for billet to billet strength variation
- Test material for strength variation within a billet
- Test for statistical variation along different material
directions
- Develop appropriate failure model for this material
_g. IG
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(_ Designation: C 1239 - 93
Standard Practice for
Reporting Uniaxial Strength Data and Estimating Weibull
Distribution Parameters for Advanced Ceramics 1
This standardisissuedunder thefixeddesignationC 1239;the number immediatelyfollowingthe designationindicatesthe yearof
originaladoptionor,inthecaseofrevision,the yearoflastrevision.A number inparenthesesindicatesthe yearoflastrcapproval.A
superscript epsilon (d indicates an editorial change since the last revision or reapla_val.
1. Scope
l.l This practice covers the evaluation and subsequent
reporting of uniaxial strength data and the estimation of
probability distribution parameters for advanced ceramics
that fail in a brittle fashion. The failure strength of advanced
ceramics is treated as a continuous random variable. Typi-
cally, a number of test specimens with well-defined geometry
are failed under well-defined isothermal loading conditions.
The load at which each specimen fails is recorded. The
resulting failure stresses are used to obtain parameter esti-
mates associated with the underlying population distribu-
tion. This practice is restricted to the assumption that the
distribution underlying the failure strengths is the two-
parameter Weibull distribution with size scaling. Further-
more, this practice is restricted to test specimens (tensile,
flexural, pressurized ring, etc.) that are primarily subjected to
uniaxial stress states. Section 8 outlines methods to correct
for bias errors in the estimated Weibull parameters and to
calculate confidence bounds on those estimates from data
sets where all failures originate from a single flaw population
(that is, a single failure mode). In samples where failures
originate from multiple independent flaw populations (for
example, competing failure modes), the methods outlined in
Section 8 for bias correction and confidence bounds are not
applicable.
1.2 Measurements of the strength at failure are taken for
one of two reasons: either for a comparison of the relative
quality of two materials, or the prediction of the probability
of failure (or, alternatively, the fracture strength) for a
structure of interest. This practice will permit estimates of
the distribution parameters that are needed for either. In
addition,thispracticeencouragestheintegrationfmechan-
ical propertydataand fractographicanalysis.
1.3Thispracticeincludesthefollowing:
Section
Scope I
Refenmced Documents 2
Terminology 3
Summary of Practice 4
Significance and Use 5
OuOying Ob_rvadons 6
Maximum Likelihood Parameter Estimators for Competing 7
Flaw Distributions
Unbiasing Factors and Confidence Bounds 8
Fractography 9
Examples 10
'This practice is under the jurisdiction of ASTM Committee C-28 on
Advanced Ceramics and is the direct responsibility of Subcommittee 6"28.02 on
Design and Evaluation.
Current edition approved April 15, 1993. Published June 1993.
Section
g_._vords 1I
Computer Algorithm MAXL X I
Test Specimens with Unidentified Fracture Origins X2
1.4 The values stated in SI units are to be regarded as the
standard.
2. Referenced Documents
2.1 ASTM Standards:
C 1145 TerminologyofAdvancedCeramics 2
D 4392 Terminology for Statistically Related Terms 3
E 6 Terminology Relating to Methods of Mechanical
Testing 4
E 178 Practice for Dealing With Outlying Observations s
E 456 TerminologyRelating to Quality and Statistics s
2.2 Military Handbook;
MIDHDBK-790 Fractographyand Characterizationf
FractureOriginsinAdvanced StructuralCeramicse
3.Terminology
3.I Properuseofthe followingterms and equations will
alleviatemisunderstandinginthepresentationfdataand in
thecalculationfstrengthdistributionparameters.
3.1.1censoredstrengthdata--strengthmeasurements
(thatis,asample)containingsuspendedobservationssuchas
thatproducedby multiplecompetingor concurrentflaw
populations. ,
3,1.1,1 Consider a sample where fractography clearly
establishedtheexistenceofthreeconcurrentflawdistribu-
tions(althoughthisdiscussionisapplicabletoa samplewith
any number of concurrentflawdistributions).The three
concurrentflawdistributionsarereferredtohereasdistribu-
tionsA, B, and C. Based on fractographicanalyses,each
specimen strengthisassignedto a flawdistributionthat
initiatedfailure.In estimatingparametersthatcharacterize
thestrengthdistributionassociatedwithflawdistributionA,
allspecimens(andnotjustthosethatfailedfrom Type A
flaws)must be incorporatedin the analysisto ensure
efficiencyand accuracyoftheresultingparameterestimates.
The strengthofa specimenthatfailedbya Type R (orType
C) flawistreatedasa rightcensoredobservationrelativeto
theA flawdistribution.Failureduc toaType B (orType C)
flawrestricts,orcensors,theinformationconcerningType A
2 Annual Book of ASTM Standards, Vol 15.01.
3 Discontinued--see 1992 Annual Book of ASTM Standards, Vol 07.02.
4 Annual Book of ASTM Standards, Vois 03.01 and 08.03.
s Annual Book of ASTM Standards, Vol 14.02.
Availablefrom StandardizationDocuments Order Desk, Bldg.4 SectionD,
700 Robbins Ave.,Philadelphia,PA 19111-5094,Attn:NPODS.
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flaws in a specimen by suspending the test before failure
occurred by a Type A flaw (1). 7 The strength from the most
severe Type A flaw in those specimens that failed from Type
B (or Type C) flaws is higher than (and thus to the right of)
the observed strength. However, no information is provided
regarding the magnitude of that difference. Censored data
analysis techniques incorporated in this practice utilize this
incomplete information to provide efficient and relatively
unbiased estimates of the distribution parameters, and
3.1.2 competing failure modes--distinguishably different
types of fracture initiation events that result from concurrent
(competing) flaw distributions.
3.1.3 compound flaw distributions--any form of multiple
flaw distribution that is neither pure concurrent nor pure
exclusive. A simple example is where every specimen con-
tains the flaw distribution A, while some fraction of the
specimens also contains a second independent flaw distribu-
tion B.
3.1.4 concurrent flaw distributions--a type of multiple
flaw distribution in a homogeneous material where every
specimen of that material contains representative flaws from
each independent flaw population. Within a given specimen,
all flaw populations are then present concurrently and are
competing with each other to cause failure. This term is
synonymous with "competing flaw distributions."
3.1.5 effective gage section--that portion of the test spec-
imen geometry that has been included within the limits of
integration (volume, area, or edge length) of the Weibull
distribution function. In tensile specimens, the integration
may be restricted to the uniformly stressed central gage
section, or it may be extended to include transition and
shank regions.
3.1.6 estimator--a well-defined function that is depen-
dent on the observations in a sample. The resulting value for
a given sample may be an estimate of a distribution
parameter (a point estimate) associated with the underlying
population. The arithmetic average of a sample is, for
example, an estimator of the distribution mean.
3.1.7 exclusivefl-aw distributions--a type of multiple flaw
distribution created by mixing and randomizing specimens
from two or more versions of a material where each version
contains a different single flaw population. Thus, each
specimen contains flaws exclusively from a single distribu-
tion, but the total data set reflects more than one type of
strength-controlling flaw. This term is synonymous with or
"mixtures of flaw distributions."
3.1.8 extraneous flaws--strength-controlling flaws ob-
served in some fraction of test specimens that cannot be
present in the component being designed. An example is
machining flaws in ground bend specimens that will not be
present in as-sintered components of the same material.
3.1.9 fractography--the analysis and characterization of
patterns generated on the fracture surface of a test specimen.
Fractography can be used to determine the nature and
location of the critical fracture origin causing catastrophic
failure in an advanced ceramic test specimen or component.
3.1.10 population--the totality of potential observations
7 The boldface numbers in parentheses refer to the list of reference* at the end
of this practice.
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about which inferences are made.
3.1.11 population mean--the average of all potential mea-
surements in a given population weighted by their relative
frequencies in the population.
3.1.12 probability density function--the function fix) is a
probability density function for the continuous random
variable X if:
y(x) _>0 (l)
:**fix) dx = 1
(2)
The probability that the random variable X assumes a value
between a and b is given by the following equation:
Pr(a < X < b) = f_flx) dx
" a (3)
3.1.13 sample--a collection of measurements or observa-
tions taken from a specified population.
3.1.14 skewness--a term relating to the asymmetry of a
probability density function. The distribution of failure
strength for advanced ceramics is not symmetric with respect
to the maximum value of the distribution function but has
one tail longer than the other.
3.1.15 statistical bias--inherent to most estimates, this is
a type of consistent numerical offset in an estimate relative to
the true underlying value. The magnitude of the bias error
typically decreases as the sample size increases.
3.1.16 unbiased estimator--an estimator that has been
corrected for statistical bias error.
3.1.17 Weibull distribution--the continuous random
variable X has a two-parameter Weibull distribution if the
probability density function is given by the following equa-
tions:
-].ax)= \-_1_,-_1e,,p- _ x> 0 (4)
J(x) = 0 x__.0 (5)
and the cumulative distribution function is given by the
following equations:
[F(x) = 1 - exp - x > 0 (6)
F(x) = O x <- O (7)
where:
m = Weibull modulus (or the shape parameter) (>0), and
B = scale parameter (>0).
3.1.17.1 The random variable representing uniaxial ten-
sile strength of an advanced ceramic will assume only
positive values, and the distribution is asymmetrical about
the mean. These characteristics rule out the use of the
normal distribution (as well as others) and point to the use of
the Weibull and similar skewed distributions. If the random
variable representing uniaxial tensile strength of an advanced
ceramic is characterized by Eqs 4 through 7, then the
probability that this advanced ceramic will fail under an
applied uniaxial tensile stress _r is given by the cumulative
distribution function as follows:
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[( YlP/- ! - exp - _ > 0 (8)
Pz=o __<o (9)
where:
P/= probability of failure, and
¢, ffi Weibull characteristic strength.
Note that the Weibull characteristic strength is dependent on
the uniaxial test specimen (tensile, flexural, or pressurized
ring) and will change with specimen size and geometry. In
addition,the Weibull characteristicstrengthhas units of
stressand should be reportedusingunitsofmcgapascals or
3.1.17.2 An alternative expression for the probability of
failure is given by the following equation:
Pf= I - exp - d ¢ > 0 (10)
Pf'O ¢_0 (11)
The integration in the exponential is performed over all
tensile regions of the specimen volume if the strength-
controlling flaws are randomly distributed through the
volume of the material, or over all tensile regions of the
specimen area if flaws are restricted to the specimen surface.
The integration is sometimes carried out over an effective
gage section instead of over the total volume or area. In Eq
10, qo is the Weibull material scale parameter. The param-
eter is a material property if the two-parameter Weibull
distribution properly describes the strength behavior of the
material. In addition, the Weibull material scale parameter
can be describedas the Weibull characteristicstrengthof a
specimen with unit volume or area loaded in uniform
uniaxialtension.The Weibull materialscaleparameter has
unitsof stress.(volume)_/''and should be reported using
unitsof MPa.(m) 3/''or GPa.(m) 3/''ifthe strength-con-
trollingflaws are distributedthrough the volume of the
material. If the strength-controlling flaws are restricted to the
surface of the specimens in a sample, then the Weibull
material scale parameter should be reported using units of
MPa-(m) 2/" or GPa.(m) 2/m. For a given specimen geom-
etry, Eqs 8 and I 0 can be equated, which yields an expression
relating #o and #e. Further discussion related to this issue can
be found in 7.6.
3.2 For definitions of other statistical terms, terms related
to mechanical testing, and terms related to advanced ce-
ramics used in this practice, refer to Terminologies D 4392,
E456, C 1145, and E 6 or to appropriate textbooks on
statistics (2-5).
3.3 Symbols:
A = specimen area (or area of effective gage section, if
used).
b = gage sectiondimension, base of bend testspec-
imen.
d ffigage sectiondimension, depth of bend testspec-
imen.
F(x) fficumulativedistributionfunction.
fix) ffiprobabilitydensityfunction.
L_ _length of the inner load span for a bend test
specimen.
L o = length of the outer load span for a bend test
specimen.
._' = likelihood function.
m = Weibull modulus.
rh = estimate of the Weibull modulus.
rh u -_ unbiased estimate of the Weibull modulus.
N = number of specimens in a sample.
Pf = probabilityoffailure.
r = number of specimens that failedfrom the flaw
population for which the Weibull estimators are
being calculated.
t ffi intermediate quantity defined by Eq 27, used in
calculation of confidence bounds.
V = specimen volume (or volume of effective gage
section,if used).
X = random variable.
x ffi realization of a random variable X.
# = Weibull scale parameter.
= stopping tolerance in the computer algorithm
MAXL.
Ii ffi estimate of mean strength.
¢ ffi uniaxialtensile stress.
#i = maximum stress in the/th test _ccimen at failure.
## = maximum stress in thejth test specimen at failure.
#o = Weibull material scale parameter (strength relative
to unit size) defined in Eq 10.
_0 = Weihull characteristic strength (associated with a
test specimen) defined in Eq 8.
_o = estimate of the Weibull material scale parameter.
_e = estimate of the Weihull characteristic strength.
4. Summary of Practice
4.1 This practice enables the experimentalist to estimate
Wcibull distribution parameters from failure data. Begin by
performing a fractographlc examination of _ch failed
imen (optional, but highly recommended) in order to char-
acterize fracture origins. Usually discrete fracture origins can
be grouped by flaw distributions. Screen the data associated
with each flaw distribution for outliers. Compute estimates
of the biased Weibull modulus and Weibull characteristic
strength. If necessary, compute the estimate of the mean
strength. If all failures originate from a single flaw distribu-
tion, compute an unbiased estimate of the Weibull modulus
and compute confidence bounds for both the estimated
Weibull modulus and the estimated WeibuU characteristic
strength. Prepare a graphical representation of the failure
data along with a test report.
5. Significance and Use
5.1 Advanced ceramics usually display a linear stress-
strain behavior to failure. Lack of ductility combined with
flaws that have various sizes and orientations leads to scatter
in failure strength. Strength is not a deterministic property
but instead reflects an intrinsic fracture toughness and a
distribution (size and orientation) of flaws present in the
material. This practice is applicable to brittle monolithic
ceramics that fail as a result of catastrophic propagation of
flaws present in the material. This practice is also applicable
to composite ceramics that do not exhibit any appreciable
bilinear or nonlinear deformation behavior. In addition, the
composite must contain a sufficient quantity of uniformly
distributed fibers such that the material is effectively homo-
geneous. Whisker-toughened ceramic composites may be
representative of this type of material.
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5.2 Two- and three-parameter formulations exist for the
Weibull distribution. This practice is restricted to the two-
parameter formulation. An objective of this practice is to
obtain point estimates of the unknown parameters by using
well-defined fur/ctions that incorporate the failure data.
These functions are referred to as estimators. It is desirable
that an estimator be consistent and efficient. In addition, the
estimator should produce unique, unbiased estimates of the
distribution parameters (6). Different types of estimators
exist, including moment estimators, least-squares estimators,
and maximum likelihood estimators. This practice details
the use of maximum likelihood estimators due to the
efficiency and the ease of application when censored failure
populations are encountered.
5.3 Tensile and flexural specimens are the most com-
monly used test configurations for advanced ceramics. The
observed strength values are dependent on specimen size and
geometry. Parameter estimates can be computed for a given
specimen geometry (rh, _e), but it is suggested that the
parameter estimates be transformed and reported as mate-
rial.specific parameters (rh, _o). In addition, different flaw
distributions (for example, failures due to inclusions or
machining damage) may be observed, and each will have its
own strength distribution parameters. The procedure for
transforming parameter estimates for typical specimen ge-
ometries and flaw distributions is outlined in 7.6.
5.4 Many factors affect the estimates of the distribution
parameters. The total number of test specimens plays a
significant role. Initially, the uncertainty associated with
parameter estimates decreases significantly as the number of
test specimens increases. However, a point of diminishing
returns is reached when the cost of performing additional
strength tests may not be justified. This suggests that a
practical number of strength tests should be performed to
obtain a desired level of confidence associated with a
parameter estimate. The number of specimens needed de-
pends on the precision required in the resulting parameter
estimate. Details relating to the computation of confidence
bounds (directly related to the precision of the estimate) are
presented in 8.3 and 8.4.
6. Outlying Observations
6.1 Before computing the parameter estimates, the data
should be screened for outlying observations (outliers). An
outlying observation is one that deviates significantly from
other observations in the sample. It should be understood
that an apparent outlying observation may be an extreme
manifestation of the variability of the strength of an ad-
vanced ceramic. If this is the case, the data point should be
retained and treated as any other observation in the failure
sample. However, the outlying observation may be the result
of a gross deviation from prescribed experimental procedure
or an error in calculating or recording the numerical value of
the data point in question. When the experimentalist is
clearly aware that a gross deviation from the prescribed
experimental procedure has occurred, the outlying observa-
tion may be discarded, unless the observation can be
corrected in a rational manner. The procedures for dealing
with outlying observations are detailed in Practice E 178.
7. Maximum Likelihood Parameter Estimators for Com-
peting Flaw Distributions
7.1 This practice outlines the application of parameter
estimation methods based on the maximum likelihood
technique. This technique has certain advantages, especially
when parameters must be determined from censored failure
populations. When a sample of test specimens yields two or
more distinct flaw distributions, the sample is said to contain
censored data, and the associated methods for censored data
must be employed. The methods described in this practice
include censoring techniques that apply to multiple concur-
rent flaw distributions. However, the techniques for param-
eter estimation presented in this practice are not directly
applicable to data sets that contain exclusive or compound
multiple flaw distributions (7). The parameter estimates
obtained using the maximum likelihood technique are
unique (for a two-parameter Weibull distribution), and as
the size of the sample increases, the estimates statistically
approach the true values of the population.
7.2 This practice allows failure to be controlled by mul-
tiple flaw distributions. Advanced ceramics typically contain
two or more active flaw distributions each with an indepen-
dent set of parameter estimates. The censoring techniques
presented herein require positive contrtrmation of multiple
flaw distributions, which necessitates fractographic examina-
tion to Characterize the fracture origin in each specimen.
Multiple flaw distributions may be further evidenced by
deviation from the linearity of the data from a single WeibulI
distribution (for example, Fig. I). However, since there are
many exceptions, observations of approximately linear be-
havior should not be considered sufficient reason to con-
clude that only a single flaw distribution is active.
7.2.1 For data sets with multiple active flaw distributions
where one flaw distribution (identified by fractographic
analysis) occurs in a small number of specimens, it is
sufficient to report the existence of this flaw distribution (and
the number of occurrences), but it is not necessary to
estimate Weibull parameters. Estimates of the WeibuU
parameters for this flaw distribution would be potentially
5o
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NotE--The boxes refer to surface flaws; the circles refer to volume flaws,
FIG. 1 Example_Failure Data in Section 10.2
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biasedwithwideconfidencebounds(neitherofwhichcould
be quantifiedthroughuseofthispractice).However,special
noteshouldbe made inthereportiftheoccurrencesofthis
flawdistributiontakeplaceintheupperorlowertailofthe
samplestrengthdistribution.
7.3 The applicationfthecensoringtechniquespresented
inthispracticecan be complicatedby thepresenceoftest
specimensthatfailfrom extraneousflaws,fracturesthat
originateoutsidetheeffectivegagesection,and unidentified
fractureorigins.Ifthesecomplicationsarise,the strength
datafromthesespecimens houldgenerallynotbediscarded.
Strengthdatafrom specimenswithfractureoriginsoutside
theeffectivegagesection(8),and specimenswithfractures
thatoriginatefromextraneousflawsshouldbe censored;and
themaximum likelihoodmethodspresentedinthispractice
areapplicable.
7.3.1Specimenswithunidentifiedfractureoriginsome-
timesoccur.Itisimperativethatthenumber ofunidentified
fractureorigins,and how theywereclassified,bestatedinthe
testreport.Thispracticerecognizesfouroptionstheexperi-
mentalistcan pursuewhen unidcntiliedfractureoriginsare
encountereduringfractographicexaminations.The situa-
tionmay arisewhere.more than one optionwillbe used
within a singlc data set. Specimens with unidentified fracture
origins can be:
7.3.1.1 Option amAssigned a previously identified flaw
distributionusing inferencesbased on all available
fractographicinformation,
7.3.k2 Option b--Assigned the same flaw distribution as
that of the specimen closest in strength,
7.3.1.3 Option cmAssigned a new and as yet unspecified
flaw distribution, and
7.3.1.4 Option dDBe removed from the sample.
Nort l--The user is cautioned that the use of any of the options
outlined in 7.3.1 for the classification of specimens with unidentified
fracture origins may create a consistent bias error in the parameter
estimates. In addition, the magnitude of the bias cannot be determined
by the methods presented in 8.2
7.3.2 A discussion of the appropriateness of each option
in 7.3.1 is given in Appendix X2. If the strength data and the
resulting parameter estimates are used for component design,
the engineer must consult with the fractographer before and
after performing the fractographic examination. Consider-
able judgement may be needed to identify the correct option.
Whenever partial fractographic information is available,
7.3.1.1 is strongly recommended, especially if the data are
used for component design. Conversely, 7.3.1.4 is not
recommended by this practice unless there is overwhelming
justification.
7.4 The likelihood function for the two-parameter
Weibull distribution of a censored sample is defined by the
following equation (9):
"_= \ _)/\°'o/ L Ws/JJ j,=_l
This expression is applied to a sample where two or more
active concurrent flaw distributions have been identified
from fractographic inspection. For the purpose of the discus-
sion here, the different distributions will be identified as flaw
Types A, B, C, etc. When Eq 12 is used to estimate the
parameters associated with the A flaw distribution, then r is
the number of specimens where Type A flaws were found at
the fracture origin, and i is the associated index in the first
summation. The second summation is carried out for all
other specimens not failing from type A flaws (that is, Type
B flaws, Type C flaws, etc.). Therefore, the sum is carried out
from (j = r + 1) to N (the total number of specimens) where
jistheindexinthesecondsummation.Accordingly,_iand
are the maximum stress in the/th and jth test specimen at
ure. The parameter estimates (the Weibull modulus rh
and the characteristic strength bo) are determined by taking
the partial derivatives of the logarithm of the likelihood
function with respect to rh and be and equating the resulting
expressions to zero. Note that be is a function of specimen
geometry and the estimate of the Weibull modulus. Expres-
sions that relate be to the Weibull material scale parameter _ro
for typical specimen geometries are given in 7.6. F'mally, the
likelihood function for the two-parameter Weibull distribu-
tion for a single-flaw population is defined by the following
equation:
[ "(f]{_:_.m--..cr,h-' exp - (13)
l-- 1
where r was taken equal to N in Eq 12.
7.5 The system of equations obtained by maximizing the
log likelihood function for a censored sample is given by the
following equations (10):
(at.)_ In(a#)., 1 I
_=J -'- _ In(at)-- = 0
N r t_
Z (_)_ _-t _
i- l
(14)
.,.)
and :'c/,>:,_.b
where:
r = number offailedspecimensfromaparticularg oupofa
censoredsample.
When a sampledoesnotrequirecensoring,risreplacedbyN
in Eqs 14 and 15. Equation 14 is solved first for rh.
Subsequently _re is computed from Eq 15. Obtaining a
closed-form solution of Eq 14 for rh is not possible. This
expression must be solved numerically. When there are
multiple active flaw populations, Eqs 14 and 15 must be
solved for each flaw population. A computer algorithm
(entitled MAXL) that calculates the root of Eq 14 is
presented as a convenience in Appendix X 1.
7.6 The numerical procedure in accordance with 7.5
yields parameter estimates of the Weibull modulus (rh) and
the characteristic strength (_e). Since the characteristic
strength also reflects specimen geometry and stress gradients,
this standard suggests reporting the estimated Weibull mate-
rial scaleparameter _o.
7.6.1 The following equation defines the relationship
between the parameters for tensile specimens:
(_o)v = (V)l/('h)v(_,)v (16)
where V is the volume of the uniform gage section of the
tensile specimen, and the fracture origins are spatially
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distributed strictly within this volume. The gage section of a
tensile specimen is defined herein as the central region of the
test specimen with the smallest constant cross-sectional area.
However, the experimentalist may include transition regions
and the shank regions of the specimen if the volume (or area)
integration defined by Eq 10 is analyzed properly. This
procedure is discussed in 7.6.3. For tensile specimens in
which fracture origins arc spatially distributed strictly at the
surface of the specimens tested, the following equation
applies:
(_o)A= (A)u('h_'(_,)A (!7)
whereA = surfaceareaoftheuniformgagesection.
7.6.2For flexuralspecimengeometries,therelationships
become more complex (II).The followingrelationships
basedon thegeometryofa flexuralspecimenfoundinFig.2.
For fractureoriginspatiallydistributedstrictlywithinboth
thevolumeofa flexuralspecimenand theouterloadspan,
thefollowingequationapplies:
(_,o)v (_,)vl m__._ (18)
( 2[(#_)v+ I]
where:
Li ffi length of the inner load span,
Lo ffi length of the outer load span,
V ffi volume of the gage section defined by the following
expression:
V- b dL o (19)
and:
b, d = dimensions identified in Fig. 2.
For fracture origins spatially distributed strictly at the surface
of a flexural specimen and within the outer load span, the
following equation applies:
Lt .
- _ (20)(a°)'_ (a¢)A L° + l 1
7.6.3 Test specimens other than tensile and flexure speci-
mens may be utiliTed. Relationships between the estimate of
the Weibull characteristic strength and the Weibull material
scale parameter for any specimen configuration can be
derived by equating the expressions defined by Eqs 8 and 10
with the modifications that follow. Begin by replacing _ (an
applied uniaxial tensile stress) in Eq 8 with #mw which is
defined as the maximum tensile stress within the test
specimen of interest. Thus:
O O
I I L__J 
O O
[: Lo -I
FIG. 9 Flexurlll sl_l¢imen G_mltl'y
C 1239
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AlsoperformtheintegrationgiveninF-a10 suchthat
\ ¢o/J (22)
where k is a dimensionlessconstantthataccountsfor
specimengeometryand stressgradients.Notethatingeneral,
k isa functionoftheestimatedWcibullmodulus rh,and is
alwayslessthanorequaltounity.The product(kY)isoften
referredtoastheeffectiveolume(withthedesignationVE).
The effectivevolume can be interpretedasthe sizeofan
equivalentuniaxialtensilespecimenthathasthesameriskof
ruptureas thetestspecimenor component.As theterm
implies,the productrepresentsthe volume of material
subjectoa uniformuniaxialtensilestress(12).SettingEqs
21 and 22 equal to one anotheryieldsthe following
expression:
(ao)v= (kV)U(:")"(b,)v (23)
Thus, for an arbitrarytestspecimen,the experimentalist
evaluatestheintegralidentifiedin Eq I0 fortheeffective
volume (kV),and utilizesF-a23 to obtaintheestimated
Weibull material scale parameterbo. A similar procedure can
be adoptedwhen fracture origins arc spatially distributed at
the surface of the test specimen.
7.7 An objective of this practice is the consistent represen-
tation of strength data. To this end, the following procedure
isthe recommended graphicalrepresentationf strengtl_
data.Begin by rankingthe strengthdata obtainedfrom
laboratorytestinginascendingorder,and assigntoeach
rankedprobabilityoffailureP/accordingtotheestimatora_
follows:
i- 0.5
Pie#)" N (241
where:
N = number ofspecimens,and
i =/th datum.
Compute thenaturalogarithmoftheRh failurestress,am
thenaturalogarithmofthenaturalogarithmof[I/(I- P/)
(thatis,thedoublelogarithmof thequantityin brackets)
where_is associatedwiththe_ failurestress.
7.8Createa graphrepresentingthedataasshown inFig
I.PlotIn{In[I/(l- .Pj)]}astheordinate,and In(_r)asth.
abscissa.A typicalordinatescaleassumesvaluesfrom+2 t_
-6.Thisapproximatelycorrespondstoarangeinprobabilit:
of failurefrom 0.25to99.9%. The ordinateaxismust b
labeled as probability of failure Ph as depicted in Fig. 1
Similarly, the abscissa must be labeled as failure stres
(flexural,tensile,tc.), preferablyusingunitsofmegapascal
or gigapascaJs.
7.9 Included on the plot should be a line (two or mor
lines for concurrent flaw distributions) whose position i
fixed by the estimates ofthe Weibull parameters. The line i
defined by the following mathematical equation:
Pf-l- exp[ - (_) 'hI (2:
The slope of the line, which is the estimate of the Weibu
_ C 1239
TEST REPORT
Weibull Parameters Calculated Using Maximum Likelihood Estimatom
Material:
Test method:
Specimen size:
8peclmene from:
s_ biuet []
Multiple billets []
Component(s) []
Separately made I-I
Total number of specimens:
FLAW POPULATION 1
Number of specimens:
Flaw identity:.
Spatial dist. [] Volume
[3 Surface
0__
Estimates:
A
firm__
A
O" ="
AO --
o 0 ,,__ (Weibull scale parameter)
FLAWPOPULATION 2
Number of specimens:.
Flaw identity:..
SpetlaJ dleL [] Volume
[] Surface
[]__
Estimetes:
A
Ili"__
::__..:::::_ :::: :::::::::::::::::::::::::::: ========================: L.:±:'_t_ ::: ........... _:z:::::z.zzz_
Complete the following and report the numbers below
if only one flaw population exists:
Con'ect m forblas (Table 1)
A A
UF ,, mu ,, m UF ,, __
90% Cont'_lence bounds:
(Note:. Use _ below, not r_u. )
REPORT
THESE
m (Table 2) /
A A
m =IiVq0.05 = upper q0.05
A A
mlowe r m=ll;I/q0 95 " --q0.95 =
% Fable 31
A A A
t0.0 =--  o,upp =", expl-t0.  ) =
A A
t0.95 = _rO,lowe r '= o"O exp(-t0.95/m) = __
A
O' 0 ___
A
_0 =-- (Weibull scale parameter)
::--i::::::: : :::::: : :::::::: .......... ::::::-: z__ _.::
FLAWPOPULATION 3
Number of _pecimens:.
Flaw Identity:.
8petinl dist. [] Volume
[] Surface
___
Estimates:
A
mm
A
O' m
^0 --
¢r0 ,,__ (Weibull scale parameter)
How were unidentified specimens tnmted?
Number of unidentified specimens:
I"1 Identity estimated by extrapolating fractography
[] Identity assigned arbtb'arily to be same as the nearest
sb'ength datum
I-1 Assumed to belong to a distinct populetJon
[] Discarded as random events
|.
FIG. 3 Sample Test Report
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modulus rh, should be identified, as shown in Fig. I. The
estimate of the characteristic strength be should also be
identified. This corresponds to a Pfof 63.2 %, or a value of
zero for ln{ln[l/l(l - Pf)]}. A test report (that is, a data
sheet) that detaiIs the type of material characterized, the test
procedure (preferably designating an appropriate standard),
the number of failed specimens, the flaw type, the maximum
likelihood estimates of the Weibull parameters, the unbiasing
factor, and the information that allows the construction of
90 % confidence bounds is depicted in Fig. 3. This data sheet
should accompany the graph to provide a complete represen-
tation of the failure data. Insert a column on the graph (in
any convenient location), or alternatively provide a separate
table that identifies the individual strength values in as-
cending order as shown in Fig. 4. This will permit other users
to perform alternative analyses (for example, future imple-
mentations of bias correction or confidence bounds, or both,
on multiple flaw populations). In addition, the experimen-
talist should include a separate sketch of the specimen
geometry that includes all pertinent dimensions. An estimate
of mean strength can also be depicted in the graph. The
estimate of mean strength 12 is calculated by using the
arithmetic mean as the estimator in the following equation:
IX= _ . (26)
t I
Note that this estimate of the mean strength is not appro-
priate for samples with multiple failure populations.
8. Unbiasing Factors and Confidence Bounds
8.1 Paragraphs 8.2 through 8.4 outline methods to correct
for statistical bias errors in the estimated Weibull parameters
and outlines methods to calculate confidence bounds. The
procedures described herein to correct for statistical bias
errors and to compute confidence bounds are appropriate
only for data sets where all failures originate from a single
flaw population (that is, an uncensored sample). Procedures
for bias correction and confidence bounds in the presence of
multiple active flaw populations are not well developed at
80 - MD M.d_,_
-- P8 Poracm _SO PR Po,_,r_ _p_
? UrccmmJnf-.
. 2o-
(1. 1 _ SIll
I ] I ,.] ) ] .
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NOTE--The boxes refer to surface flaws; the circles refer to volume flaws,
FIG. 4 Example--Failure Data with Frsctography Information
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this time. Note that the statistical bias associated with the
estimator b0 is minimal (<0.3 % for 20 test specimens, as
opposed to "7 % bias for th with the same number of
specimens). Therefore, this practice allows the assumption
that _e is an unbiased estimator of the true population
parameter. The parameter estimate of the Weibull modulus
(rh) generally exhibits statistical bias. The amount of statis-
tical bias depends on the number of specimens in the sample.
An unbiased estimate of m shall be obtained by multiplying
rh by unbiasing factors (13). This procedure is discussed in
the following sections. Statistical bias associated with the
maximum likelihood estimators presented in this practice
can be reduced by increasing the sample size.
8.2 An unbiased estimator produces nearly zero statistical
bias between the value of the true parameter and the point
estimate. The amount of deviation can be quantified either
as a percent difference or with unbiasing factors. In keeping
with the accepted practice in the open literature, this practice
quantifies statistical bias through the use of unbiasing
factors, denoted here as UF. Depending on the number of
specimens in a given sample, tlie point estimate of the
Weibull modulus rh may exhibit significant statistical bias.
An unbiased estimate of the Weibull modulus (denoted as
rhu) is obtained by multiplying the biased estimate with an
appropriate unbiasing factor. Unbiasing factors for rh are
listed in Table 1. The example in 11.3 demonstrates the use
of Table 1 in correcting a biased estimate of the Weibull
modulus. As a final note, this procedure is not appropriate
for censored samples. The theoretical approach was devel-
oped for uncensored samples where r = N.
8.3 Confidence bounds quantify the uncertainty associ-
ated with a point estimate of a population parameter. The
size of the confidence bounds for maximum likelihood
estimates of both Weibull parameters will diminish with
increasing sample size. The values used to construct confi-
dence bounds are based on percentile distributions obtained
by Monte Carlo simulation. For example, the 90 % confi-
TABLE 1 Unbiasing Factors for the Maximum Likelihood
Estimate of the Weibull Modulus
Number of Unbiasing Factor, Number of I.InbiasirKj Factor,
Specimens, N UF Spe_mens, N UF
5 0.700 42 0.988
6 0.752 44 0.970
7 0.792 46 0.971
8 0.820 48 0.972
9 0.842 50 0.973
10 0.859 52 0.974
11 0.872 54 0,975
12 0.883 56 0.978
13 0.893 58 0.977
14 0.901 60 0.978
15 0.908 62 0.979
16 0.914 54 0.980
18 0,923 66 0.980
20 0.931 68 0.981
22 0,938 70 0.981
24 0.943 72 0,982
26 0.947 74 0.982
28 0.951 76 0.983
30 0.955 78 0,983
32 0.958 80 -0.984
34 0.96O 85 0,985
36 0.962 90 0.986
38 0,964 100 0.987
40 0.966 120 0.990
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dancebound on theWeibullmodulusisobtainedfromthe5
and 95 percentiledistributionsoftheratiofr_tothetrue
populationvaluem. For thepointestimateoftheWcibull
modulus,the normalizedvalues(r_/m)necessaryto con-
structhe90 % confidenceboundsarelistedinTable2.The
examplein I0.3demonstratesthe use of Table2 incon-
structingtheupperand lowerbounds in th.Note thatthe
statisticalbiasedestimateoftheWe/bullmodulus must be
used here.Again,thisprocedureis not appropriatefor
censored statistics.
8.4 Confidence bounds can be constructed for the esti-
mated Weibull characteristic strength. However, the percen-
tile distributions needed to construct the bounds do not
involve the same normalized ratios or the same tables as
those used for the Weibull modulus. Define the function as
follows:
t - rh ln(_d¢s) (27)
The 90 % confidence bound on the characteristic strength is
obtained from the 5 and 95 percentile distributions of t. For
the point estimate of the characteristic strength, these percen-
tile distributions are listed in Table 3. The example in 10.3
demonstrates the use of Table 3 in constructing upper and
lower bounds on b0. Note that the biased estimate of the
Weibull modulus must be used here. Again, this procedure is
not appropriate for censored statistics. Note that Eq 27 is not
applicable for developing confidence bounds on _o, therefore
the confidence bounds on _0 should not be converted
through the use of Eqs 8 and 10.
9. Fractography
9.I Fractographicexaminationofeachfailedspecimenis
highlyrecommended in orderto characterizethe fracture
origins.The strengthofadvancedceramicsisoftenlimited
by discretefractureoriginsthatmay be intrinsicorextrinsic
TABLE 2 Normalized Upper and Lower Bounds on the Maximum
Ukalihood Estimate of the Weibtlil Modulus_90 % Confidence
Interval
Number of Number of
_, N qo.o6 qo._ Specimen, N qo.o6 qo._
5 0.88,3 2.779 42 0.842 1.265
8 0.697 2.436 44 0.845 1.256
7 0.709 2.183 46 0.847 1 249
8 0.720 2.015 48 0.850 1.242
9 0.729 1.896 50 0.852 1.235
10 0.738 1.807 52 0.854 1.229
11 0.745 1.738 54 0.857 1.224
12 0.752 1.682 56 0.859 1.218
13 0.759 1.636 58 0.861 1.213
14 0.764 1.597 80 0.863 1.208
15 0.770 1.684 62 0.854 1.204
16 0.775 1.535 64 0.866 1.200
17 0.779 1.510 66 0.868 1.196
18 0.764 1.487 68 0.869 1.192
19 0.768 1.467 70 0.871 1.168
20 0.791 1.449 72 0.872 1.185
22 0.798 1.418 74 0.874 1,182
24 0.805 1.392 76 0.875 1.179
26 0.810 1.370 78 0.876 1.176
28 0.815 1.351 80 0.878 1.173
30 0.820 1.334 85 0.881 1.166
32 0.824 1.319 90 0.863 1.160
34 0.828 1.306 95 0.886 1.155
36 0.832 1.294 100 0.888 1.150
38 0.835 1.283 110 0.893 1.141
40 0.839 1,273 120 0,897 1,133
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FIG. 5 Example---Failure Data in 10.1
to the material. Porosity, agglomerates, inclusions, and
atypical large grains would be considered intrinsic fracture
origins. Extrinsic fracture origins arc typically on the surface
of the specimen and are the result of contact stresses, impact
events, or adverse environment. When the means arc avail-
able to the experimentalist, fractographic methods should be
used to locate, identify, and classify the strength limiting
fractureorigincausingcatastrophicfailurein an advanced
ceramictestspecimen.Moreover,forthepurposeofparam-
eterestimation,eachclassificationoffractureoriginmustbe
identifiedas a surfacefractureoriginor a volume fracture
originin ordertouse the expressionsgivenin 7.6.Thus,
theremay existseveralclassificationsf fractureorigins
withinthevolume(orsurfacearea)ofthetestspecimensina
sample.Itshouldbe clearlyindicatedon thetestreport(Fig.
3)ifafractographicanalysisisnotperformed.Fractography
can be a verysubjectiveanalyticalmethod,and theexperi-
mentalistisurgedto followthe guidelinesestablishedin
MIL-HDBK-790 concerningfractography.
9.20ptionalmPerform a fractographic analysis and label
each datum with a symbol identifying the type of fracture
origin. This can either be a word, an abbreviation, or a
different symbol for each type of fracture origin, as depicted
in Fig. 4. For example, the abbreviations in LG in Fig. 4
represents failure due to a large grain.
I0.Examples
I0.IFor the fu'stexample,considerthe failuredatain
Table 4.The datarepresentfour-point('/4point)flexural
specimensfabricatedfrom HIP'cd(hotisostaticallypressed)
siliconcarbide(14).The solutionof Eq 14 requiresan
iterativcnumericalscheme.Usingthecomputeralgorithm
MAXL (seeAppendix X I),a parameterestimateof rh =
6.48was obtained.(Notethatan unbiasedvalueofrh= 6.38
isshown inFig.5;Scc I0.3and Eq 31.)Subsequentsolution
ofEq 15yieldsa valueofbs= 556 MPa. Thesevaluesforthe
Wcibullparametersweregeneratedby assuminga unimodal
failuresamplewithno censoring(thatis,r= N').Figure5
dcpictstheindividualfailuredataand a curvebasedon the
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TABLE 3 Normalized Upper end Lower Bounds on the Function
t_90 % Confidence Interval
Number of Number of
Specimefls, N t°°s t°.ss _s, N t° °s t° gs
5 -1".247 1.107 42 -0.280 0.278
6 -1.007 0.939 44 -0.273 0.271
7 -0.874 0,829 46 -0.266 0.264
8 -0.784 0.751 48 -0.260 0.258
9 -0.717 0,691 50 -0.254 0.253
10 -0.665 0,644 52 -0.249 0.247
11 -0.622 0.605 54 -0.244 0.243
12 -0.587 0.572 56 -0.239 0.238
13 -0.557 0.544 58 -0.234 0.233
14 -0.532 0.520 60 -0.230 0.229
15 -0.509 0.499 62 -0.226 0.225
16 -0.489 0.480 64 -0,222 0.221
17 -0.471 0.463 66 -0.218 0.218
18 -0.455 0.447 68 -0.215 0.214
19 -0.441 0.433 70 -0.211 0.211
20 -0.428 0.421 72 -0.208 0.208
22 -0.404 0.398 74 -0.205 0,205
24 -0.384 0.379 76 -0.202 0.202
26 -0.367 0.382 78 -0.199 0.199
28 -0.352 0.347 80 -0.197 0.197
30 -0.338 0.334 85 -0.190 0.190
32 -0.326 0.323 90 -0.164 0.185
34 -0.315 0.312 95 -0.179 0.179
36 -0.305 0.302 100 , -0.174 0.175
38 -0.296 0.293 110 -0.165 0.166
40 -0.288 0.285 120 -0.158 0.159
estimated values of the parameters. Next, assuming that the
failure origins were surface distributed and then inserting the
estimated value of rh and b0 into Eq 20 along with the
specimen geometry (that is, Lo = 40 ram, L_ = 20 ram, d =
3.5 ram, and b ---4.5 ram) yields (bo)o = 360 MPa. (m)°'3°9.
Note that (_o), has units of stress.(area)'/'h; thus, 0.309 =
(2./6.48). Alternative, if one were to assume that the failure
origins were volume distributed, then the solution of Eq 18
yields (bo)v = 37.0 MPa.(m) °.'_3. Note that (_o)_ has units of
stress'(volume)l/#'; thus, 0.463 -- (3./6.48). The different
values obtained from assuming surface and volume fracture
origins underscore the necessity of conducting a fracto-
graphic analysis.
10.2 Next, consider a sample that exhibits multiple active
flaw distributions (see Table 5). Here each flexural test
specimen was subjected to a fractographic analysis. The
failure origin was identified as either a volume or a surface
fracture origin, and parameter estimates were obtained by
using Eqs 14 and 15. For the analysis with volume fracture
origins, r -- 13, and the calculations yielded values of (rh)_ --
6.79 and (_e)v == 876 MPa. For the analysis with surface
fracture origins, r -- 66, and the calculations yielded values of
(_)= ==21.0 and (b0)===693 MPa. For the most part, the data
as plotted in Fig. 1 fall near the solid curve, which represents
the combined probability of failure as follows (15):
Pfffi I - [l -- (Pf)A][I - (Pf)y] (28)
where(Py)viscalculatedby usingthefollowingequation:
(P:)v \("_,)dJ (29)L
and (Pf)A is calculated by using the following equation:
=, - oxpf- ((P/)A I (30)
TABLE 4 Unimodel Failure St=e=,= Data for Hipped (Hot
I=ostatically Pressed) Sillco_ Carbide--Example 1
SOeOv_ numOer. S_rengttl, ¢,, Specimen numOer. S_)ng_. q,.
N MPa N MPa
1 281 41 518
2 291 42 520
3 358 43 528
4 385 44 531
5 389 45 531
6 391 46 546
7 392 47 549
8 403 48 553
9 412 49 560
10 413 50 562
11 414 51 563
12 418 52 566
13 418 53 566
14 427 54 570
15 438 55 573
16 440 56 575
17 441 57 576
18 442 68 580
19 444 59 583
20 445 60 588
21 446 61 589
22 452 62 591
23 452 63 591
24 453 64 593
25 470 55 599
26 474 66 600
27 476 67 610
28 476 68 613
29 479 69 620
30 484 70
31 485 71 622
32 486 72 622
33 489 73 640
34 492- 74 649
35 493 75 657
36 496 76 660
37 506 77 664
38 512 78 674
39 512 79 674
40 514 80 725
The curveobtainedfrom Eq 28 asymptoticallyapproaches
theintersectingstraight linesthatare definedby theesti-
mated parametersand calculatedfrom Eqs 29 and 30.
Inserting the estimated Weibull parameters (obtained from
the analysis for volume fracture origins) into Eq 18 along
with the specimen geometry (Lo = 40 ram, L_ = 20 mm, d =
3.5 ram, and b = 4.5 ram) yields (bo), = 65.6 MPa.(m) °'42.
Inserting the estimated Weibull parameters (obtained from
the analysis for surface fracture origins) into Eq 20 yields
(bo)= = 446 MPa. (m)°'95.
10.2.1 It must be noted in this example that fractography
apparently indicated that all volume failures were initiated
from a single distribution of volume flaws, and that all
surface failures were initiated from a single distribution of
surface flaws. Often, fractography will indicate more com-
plex situations such as two independent distributions of
volume flaws (for example, inclusions of foreign material
and large voids) in addition to a distribution of surface flaws.
Analysis of this type of sample would be very similar to the
analysis discussed in 10.1, except that Eqs 14 and 15 would
be used three times instead of twice, and the resulting figure
would include three straight lines labelled accordingly.
10.3 As an example of computing unbiased estimates ot
the Weibull modulus, and bounds on both the Weibul]
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TABLE 5 Bimodal Failure Stress Data--Example 2
Number of Number of
Strength, Fracture Strength, Fracture
S_, MPa Origin type'* _s, MPa OriginAN N
1 416 V 41 671 S
2 458 S 42 672 S
3 520 V 43 672 S
4 527 V 44 674 S
5 546 S 45 677 S
6 561 V 46 677 S
7 572 S 47 678 S
8 595 V 48 680 S
9 604 S 49 683 S
10 604 S 5O 684 S
11 609 V 51 686 S
12 612 S 52 687 S
13 614 S 53 687 S
14 621 V 54 691 S
15 622 S 55 694 S
16 622 S 56 695 S
17 622 V 57 700 S
16 622 S 58 703 S
19 625 S 59 7O3 S
20 626 V 60 703 S
21 631 S 61 703 S
22 640 S 62 704 S
23 643 V 63 704 S
24 549 S 54 706 S
25 650 S 65 710 S
26 652 V 66 713 S
27 655 S 67 716 S
28 657 S 68 716 S
29 657 V 69 716 S
30 660 S 70 716 S
31 660 S 71 716 S
32 662 V - 72 717 S
33 662 S 73 725 S
34 662 S 74 725 S
35 664 S 75 725 S
36 664 S 76 726 S
37 664 S 77 727 S
38 666 S 78 729 S
39 669 S 79 732 S
40 671 S .........
- Volume fracture origin, V; surface flaw origin. S
modulus and the Weibull characteristic strength, consider
the unimodal failure sample presented in 10.1. The sample
contained 80 specimens and the biased estimate of the
Weibull modulus was determined to be _ = 6.48. The
unbiasing factor corresponding to this sample size is UF =
0.984, which is obtained from Table 1. Thus, the unbiased
estimate of the Weibull modulus is given as follows:
_uffi R_x UF
= (6.48X0.984) (3 ! )
= 6.38
The upper bound on rh for this example is as follows:
m._,_ = _/qo.o_
= 6.48/0.878 (32)
- 7.38
where qo.o5 is obtained from Table 2 for a sample size of 80
failed specimens. The lower bound is as follows:
r_,_, = _1qo.95
= 6.48/i.173 (33)
= 5.52
where qo.95 is obtained from Table 2. Similarly, the upper
bound on _e is as follows:
(_e)=_-_= _, exl_-to.o_/,_)
-, (556)exp(O.197/6.48) (34)
= 573 MPa
where to.os is obtained from Table 3 for a sample size of 80
failedspecimens.The lowerbound on _.isasfollows:
(_,_o_= _,,exp(-to.gJrh)
= (556)exp(-O. 197/6.48) (35)
= 539 MPa
where to.95is also obtained from Table 3.
II. Keywords
ll.ladvanced ceramics;censored data; confidence
bounds;fractography;fractureorigin;maximum Iiketihood;
strength;unbiasingfactors;Weibullcharacteri_d'cstrength;
Weibull modulus;Weibull scale parameter, Weibull statistics
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APPENDIX
(Nonmandatory Information)
X1. COMPUTER ALGORITHM MAXL
X I.I Using maximum likelihood estimators to compute
estimates of the WeibuU parameters requires solving Eqs 14
and 15 for rh and b0, respectively. The solution of Eq 15 is
straightforward once the estimate of the Weibull modulus rh
is obtained from Eq 14. Obtaining the root of Eq 14 requires
an iterative numerical solution. In this appendix, the theo-
retical approach is presented for the numerical solution of
these equations, along with the details of a computer
algorithm (optional) that can be used to solve Eqs 14 and 15.
A flow chart of the algorithm, which is entitled MAXL, is
presented in Fig. X 1.1.
X 1.2 The MAXL algorithm employs a Newton-Raphson
technique (16) to find the root of Eq 14. The root of Eq 14
represents a biased estimate of the Weibull modulus. Solu-
tion of Eq 15, which depends on the biased value of rh, is
effectively an unbiased estimate of the characteristic
strength. The reader is cautioned not to correct rh for bias
prior to computing the characteristic strength. This would
yield an incorrect value of be. This approach expands Eq 14
in a Taylor series about bo;
J_,_)=A_) + (,_ - ,%)_(_)]
+ [(m 2 rh°)l ffC,-ho)+...
(xl.i)
I
IlInput mO,E.failuredata
i
=l Caiculate r°°ts }=ofeq14 It
I{ II
l,¢;,.,,.. I I No
I Evaiuto 0]
FIG. X1.1 MAXL Flow Chart
where./[rh) represents the left-hand side of Eq 14, and rho is
not a root off(rh) but is reasonably close. Taking:
-- m - r_ (Xl.2)
and setting Eq X I. I equal to zero, then:
0 -S(rh o) + (Arh)[f(r_)] + f'(#7o) +... (Xi.3)
If the Taylor series expansion is truncated after the first three
terms, the resulting expression is quadratic in Arh. The roots
of the quadratic form of Eq X 1.3 are as follows:
=-rp<'')],,-r/'("D:-: [s.(,,') (X1.4)
After obtaining Ath:. 6 and knowing #ho, Eq X l.2 is then
solved for two values of rh that represent improved (better
than rho) estimates of the roots ofj_rh), thus
_= "=_o + _a (x1.5)
and
_# ,, rho + &r_b (Xl.6)
Eq 14 is evaluated with both values of r_, and the quantity
that yieldsa smaller functionalvalue isaccepted as the
updated estimate. This updated value of rh replaces #to in Eq
X I.4, and the next iteration is performed. The iterative
procedure is terminated when the functional evaluation of
Eq 14 becomes less than some predetermined tolerance (.
X I.3 The following variable name list is provided as a
convenience for interpreting the source code of the algorithm
MAX-L:
DF, DDF--first and second derivatives with respect to _ of Eq 14.
EPS--predetermined convergence criterion.
F--functiondefined in_l 14.
NLIM--maximum numbers of iterations allowed in determining
the root ofEq XI.3.
NSUSP--number of suspended (or censored) data (<NT).
NT--number of failure stresses.
ST--failure stress; an argument passed to MAXL as input.
STNORM_the largest failure stress;used to normalizeallfailure
stressesto prevent computational overflows.
MO--updated value of _.
IV@,,MB--values of the roots _= and n_
WCS---egimated Weibull characteristic strength.
WMT--maximum likelihood estimate of the Weibull modulus.
X1.4 A listing of the FORTRAN source code of the
algorithm MAXL is given in Fig. X 1.2.
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C
C t***ot*tet*_tt*t..ttt*te_.t*Qett***ttt_*_tt.*t*t*te*Q.ot_gQ_*tt*_**t
C * •
C ° PROGRAMHAXL •
C *" .
C * THIS PROGRAHCALCULATES TWO PARAHETERHAXINUH *
C * L|KELIHDO0 ESTIMATES FR_I FAILURE DATA WITH AN *
C * ASSUMED UNOERLYING WEIBULL DISTRIBUTION. THE *
C * ALGORITHM USES A NONLINEAR NE_/TON-RAPHSONHETHO0, *
C * AND ACCOHOOATESCENSOREDDATA. *
C * REFERENCES: "ADVANCEDCALCULUS FOR APPLICATIONS" *
C • by HILDEBRAND *
C * PREHTICE-HALL, INC.; 1962 *
C * *
C * "APPLIED LrFE DATA ANALYSIS" *
C * by NELSON
C * WILEY I, SONS INC.: 1982 *
C * *
C ********************************************************************
C
IMPLICIT REAL "B(A-H,O-Z)
DOUBLE PRECISION ST(1000),STI(IO00)
DOUBLE PRECISION NO, HA, HB, MI
CONMON/DATA/ NFAIL. SL_I1. NT, ST, ZERO, ONE
ZERO • O.DU
ONE • ].DO
TVO - 2.DO
EPS • 5.00-10
NL|H • SO0
HO . 10.08651279857
C
C --- READ THE FAILURE DATA USING FREE FORHATS:
C FILE CONTAINING FAILURE DATA IS ALLOCATED TO UNIT 8
C
iX) I0 [ • I,I000
ST(1) - ZERO
ST[(1) - ZERO
%0 CONTINUE
STNOP.H• ZERO
READ(B,*) NT
READ(e,'} NSUSP
NFAIL • NT - NSUSP
DO ZO [ • ],NT
READ(e,'/ ST(1)
$TNORH • ONAXl(STNORM°ST(%))
ZO CONTINUE
--- NORHALIZE FAILURE DATA _/]TH LARGEST VALUE
DO 30 1 - I,NT
ST(I) • ST(I)/STNUI_4
30 CONTINUE
SU_I - ZERO
DO 40 [ - I,NFAIL
R_D(8,') STI(I)
STI(%) • $TI(I)/STNURH
DUFF • 0LOG(STI([))
SUI_) - SUtlI + DLCG(STI(I))
FIG. X1.2 FORTRANSource Code of the AlgorithmMAXL
J
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40 CONTINUE
C
C --- THE FUNCT|ON F IS DEFINED BY EQ ]4 OF ASTH STANOARO XXX
C
C --- EVALUATE F(NO) At_O THE ASSOC|ATEO SUMS kIHZCH ARE USED TO CALCULATE
C THE DEE|VAT|YES OF F WITH RESPECT TO H
C
CALL SUM (NO, SUM2, SUN3, F)
C
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC
C ete.t _,t e_tteteeet*wtlt*e*_*_*tt e_t**eeetto*et*tteetette_ete.et*ett.
C NEWTON-RAPtISONROOT SOLVER
_leeletltlee_ee QOI_tII_IleRtdI_e_IItIItlI gI_IIIeI_t_IIiI_II_t_ IIltlllte_elerllf/t/etktt_etQ/kC • • et t
C
C o-- USE TAYLOR SERIES SERIES EXPA,qSION (IHCLUOING SECOND DERIVATIVES)
C FOUND ON PAGE 36Z OF "ADVANCED CALCULUS FOR APPLICAT]ONS BY
C H[LDEBRAM) (F|RST EDIT|ONo FIFTH PRINTING) TO OETERMINE THE ROOTS
C OF THE FOLL(N|NG EQUATION. _14ICH IS QUADRATIC IN DELTA M.
C
C F(NO+DELTA M) • 0
C • F(NO) * DELTA N * F'(NO)
C + (O£LTA N)"2 • F"(NO)/Z
C
C HERE NO IS THE CURRENT ESTIMATE OF H.
C THE FORMULA YIELDS TWO ROOTS, DELTA MA AND DELTA B4B.
C MA AND NB ARE THE UPDATED VALUES OF N, M4ERE
C
C H(A,B) - NO + DELTA N(A,B)
C
C F(MA) ANO F(HB) ARE BOTH EVALUATED. THE ESTIMATE THAT I_0OUCES THE
C SMALLEST ABSOLUTE VALUE OF F |S CHOSEN FOR THE NEXT ITERATION.
C
C IF THE QUAORATIC EQUATION DOES NOT HAVE REAL ROOTS, AN
C APPROXIMATE SOLUTION FOUNO ON PAGE 363 OF HILDEBRA,NO IS USED. I.E.,
C
C OELTA H-- (F(HO)/F'(NO)) *
c (i + (DELTA H "2) " (F"("O)/Z'F(NO)))
C
C I_ERE Off THE RIGHT-MAM)-SIDE OF THE EON, DELTA N IS TAKE/I AS THE
C FIRST ORDER APPROXIMATION, DELTA N • -FEND)IF'END)
C
CCCCCCCCCCCCCCCCCC¢CCCCCCCCCCCCCECCCCCCCCCCCCCCCCCCCCCCC¢CCCCCCCCCCCCCCCCCCC¢
C
DO 60 K - I,NL|H
C
C --- CALCULATE THE FIRST MID SECOND DERIVATIVES OF THE FUNCTION F
C
OSON3 - ZERO
0OSUM3 • ZERO
IX) SO I • I,NT
DSUH3 • DSUH3*OLOG(ST(I))*_ST(I))'*NO'OLOG(ST(%))
OOSON3 - OOSUM3 ÷ (OLOG(ST(I)))*"3*($T(I))*'q,IO
SO CONTIte,JE
DSUIqZ • SOR3
0OSUM2 ,, OSUMS
OF • (SUM2 * DSUM3 - SUM3 _' OSONZ)/(SUMZ'*Z) 1. ORE/END'*2)
C
OOF • ((StJH2 o OOSON3 - SU¢1 • OOSUHg)/SU_**2)
$ - (1_O " OSUM2.* (SUM2 _ 0SUM3 - SUM3 * OSUNZ)/SUl¢_"3)
$ - TVO/NO*o3
FIG. X1.2 Continued
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RAOICAL • (DF/OOF)*'Z - TWO*F/OOF
IF (RAOICAL .GE. ZERO) THEN
--° CALCULATE THE ROOTS OF THE QUADRATIC EOUATION
RADICAL . OSQRT(RAOICAL)
HA . NO - (DF/DOF_ + RADICAL
NO 140 (OF/OOF) - RADICAL
--- CALCULATE F(HA). F(RB). ANO THE ASSOCIATED SUMS
CALL SlJlq IHA, SlJ142A, SUH3A, FAILL UM NOo UM2B. M3B. B
--- SELECT THE DETTER ROOT B, COI'IPAR,NG THE ABSOLUTE
VALUE OF THE FUNCTION F
[F (OABS(FAJ .LB. DABS(FBJ) THEN
NO.HA
F- FA
SUM2 • S_A
SUM3 • SUM3A
ELSE
NO-N8
F-FB
$U_, SUNZB
SUM3 - SUH3B
ENO ZF
ELSE
--- IF THE ROOTS ARE COMPLEX, USE THE APPROXIMATE SOLUTION
N1 • m - (F/DF)"(ONE+FtODF/(I_O_'DF'*Z))
--- CALCULATE F(NI) _0 ITS ASSOCIATED SUMS
CALLSON(m, SU_, SUm, F)
NO -N!
ENO 1F
--- CONVERGENCECRITERION:
COMPARE THE ABSOLUTE VALUE OF THE FUI4CTION F
WITH A PRESELECTED TOLERANCE
IF (DABS(F) .LB. EPS) GO TO 70
80 CONTINUE
°-- MAXINON NO. OF ITERATIONS REACHED BEFORE SATISFACTORY VALUE OF M FOUND
WIRITE(6, lO0) NLIN
GO TO 999
°-- SATISFACTORY ESTIMATE OF I/EIBULL t4ODULUSATTA|NEO
70 k91T • NO
o°- COMPUTE THE ESTIMATE OF THE WEIBULL CHARACTERISTTC STRENGTH (I_CS)
RWT - I.OIIAIT
FIG. Xl.2 Continued
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WCS • ((SUMZ/NFAIL)*'RI_T}*STNORN
WRITE(6, llO) UNT
WRITE(6,120) _CS
|00 FORNAT(/,ZX, 'NO SOLUTION FOUNO AFTER '. I4,' ITERATIONS OF THE
$NE_TON-RAPHSON NETHO0',/).
HO FORNAT(/,ZX,' THE ESTINATEO MEIBULL NOOULUS • ',F8.3,/)
120 FORHAT(/oZX,' THE EST[HATEO CHARACTERISTIC STRENGTH • ',F8.3,/)
999 CONTINUE
STOP
ENO
SUBROUTINE SUN (N, SUM2o SUN3, F)
IMPLICIT REAL*8 (A-H, O-Z)
OOUBLE PRECISION ST([000), N
COHNON IOATAI NFAIL. SUN%, NT, ST, ZERO, ONE
SUNZ - ZERO
SUN3 • ZERO
O0 I0 ! - I,NT
soNz• sUNz• ((ST(X))"N)
SUN3 SUN3 ÷ (DLOG(ST(I)) " ((ST(I))'*N))
10 CONTINUE
F • {SUN3/SUNZ) - (SUN1/NFAIL) - (ONE/H)
RETURN
ENO
FIG. X1.2 Continued
X2. TEST SPECIMENS WITH UNIDENTIFIED FRACTURE ORIGINS
X2.1 Paragraphs 7.3.1.1 to 7.3.1.4 describe four options,
(a) through (d), the experimentalist can utilize when uniden-
tiffed fracture origins are encountered during fractographic
examination. The following four subsections further define
the four options, and use examples to illustrate appropriate
and inappropriate situations for their use.
X2.1.1 Option (a) involves using all available fracto-
graphic information to subjectively assign a specimen with
an unidentified origin to a previously identified fracture
originclassification.Ma y specimenswithunidentifiedfrac-
tureoriginshave some fractographicnformationthatwas
judged to be insufficientfor positiveidentificationand
classification.(Itshouldbenotedthatthedegreeofcertainty
required for "positive identification" of a fracture-initiating
flaw varies from one fractographer to another.) In such cases,
Option (a) allows the experimentalist the use of the incom-
plete fractographic information to assign the unidentified
fracture origin to a previously identified flaw classification.
This option is preferred when partial fractographic informa-
tion is available. As an example, consider a tensile specimen
where fractography was inconclusive. Fractographic mark-
ings may have indicated that the origin was located at or very
near the specimen surface, but the fracture-initiating flaw
could not be positively identified. Other specimens from the
sample were positively identified as failing from machining
flaws. It is recognized that machining damage is often
difficult to discern. Therefore, in this case it would be
appropriate to use Option (a) and infer that the origin is
machining damage. The test report (see 7.9 and Fig. 3) must
clearly indicate each specimen and where this (or any other)
option is used for classifying unidentified specimens. The
conclusion of machining damage in this example, however,
could be erroneous. For instance, the fracture-initiating flaw
may have been a "mainstream microstructural feature "s (17)
(which is also typically difficult to resolve and identify) that
m "Mainstream microstruc_ural features" or "ordinary microstructural features"
are fracture origins that occur at features such as very large grains that are part of
the ordinary distribution of the microstructure, albeit at the large end of the
distribution of such features. These are distinguished from abnormal
microstructural features such as inclusions or grossly large pores.
happen to be located near the specimen surface. The
possibility of erroneous classification such as this are un-
avoidable in the absence of positive identification of fracture
origins.
X2.1.2Option (b) involvesassigningthe unidentified
fracture origin to the fracture origin classification of the test
specimen closest in strength. The specimen closest in
strength must have a positively identified fracture origin (not
oneassigned using Options (a) through (d)). As an example
of use of this option, consider a tensile specimen that
shattered upon failure such that the fracture origin was
damaged and lost, but fracture was clearly initiated from an
internal flaw. Other specimens from the sample included
positive identification of inclusions and large pores as two
active volume-distribution fracture origin classifications.
When the fracture strengths from the total data set were
ordered, the specimen closest in strength to the specimen
with the unidentified fracture origin was the specimen that
failed from an inclusion. Use of Option Co) for this test
specimen would then allow the unidentified origin to be
classified as an inclusion. Justification for Option (b) arises
from the tendency of concurrent (competing) flaw distribu-
tions to group together specimens with the same origin
classification when the test specimens are listed in order of
fracture strength. Therefore, the most likely fracture origin
classification of a random unidentified specimen is the
classification of the speci'men closest in strength. The above
example can be modified slightly to illustrate a situation
where Option (b) would be inappropriate. If the fracture
origin classification of the specimen closest in strength was a
machining flaw, then Option (b) would lead to a conclusion
inconsistent with the fractographic observation that failure
occurred from an internal flaw. Fractographic evidence
should always supersede conclusions from Option (b).
X2.1.3 Option (c) assumes that the unidentified fracture
origins belong to a new, unclassified flaw type and treats
these fracture origins as a separate flaw distribution in the
censored data analysis. This may occur when the frac-
tographer cannot recognize the flaw type because features of
the flaw are particularly subtle and difficult to resolve. In
such cases, the fractographer may consistently fail to locate
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and classify the fracture origin. Examples of flaw types that
are difficult to identify include: machining damage, zones of
atypically high microporosity, and mainstream microstruc-
rural features. Option (c).may be appropriate if a set of
specimens with unidentified fracture origins have similar and
apparently related features. Unfortunately, there are many
situations where Option (c) is incorrect and where use of this
option could result in substantial errors in parameter esti-
mates. For instance, consider the case where several uniden-
tiffed specimens are concentrated in the upper tail (high
strength) of the strength distribution. These fracture origins
may belong to a classification that has been previously
identified, but the smaller flaws at the origins were harder to
locate, or possibly the origins were lost due to the greater
fragmentation associated with high-strength spedmen_ Use
of Option (c) to treat these high-strength specimens as a new
flaw classification would create a bias error of unknown
magnitude in the parameter estimates of the proper flaw
classification.
X2.1.4 Option (d) involves the removal of test specimens
with unidentified fracture origins from the sample (that is,
the strengths are removed from the list of observed
strengths). This option is rarely appropriate, and is not
recommended by this practice unless there is clear justifica-
tion. Opt/on (d) is only valid when test specimens with
unidentified fracture origins are randomly distributed
through the full range of strengths and flaw classifications.
There are few plausible physical processes that create such a
random selection. An example where Option(d) is justified
is a data set of 50 specimens where the first 10 fractured
specimens (in order of testing) were misplaced or destroyed
after testing but prior to fractography. The unidentified
specimens were therefore created by a process that is
random. That is, the 10 strengths are expected to be
randomlydistributedthroughthestrengthdistributionofthe
remaining40,and the 10 originclassificationsareexpected
tobe randomly distributedthroughtheorigintypesofthe
remaining40. (Inthisexample,Option CO)couldalsobe
considered.)Option(d)isnotappropriatewhereunidentified
fractureoriginsare a consequenceof high-strengthest
specimens shattering virulently such that the fragment with
the origin is lost. This situation occurs with more frequency
intheuppertail(highstrength)ofthestrengthdistribution,
and thustheunidentifiedfractureoriginswould notoccurat
random strengths.
X2.2 ParagraphsX2.2.ItoX2.2.6expandon theproper
use and implementationof the fouroptionsdescribedin
X2.1.
X2.2.1When partialfractographicnformationisavail-
able,option(a)ispreferredand shouldbe usedtoincorpo-
ratethe informationas completelyas possibleintothe
assignment of fracture origin classification. Option (d)
should be used only in unusual situations where a random
process for creation of unidentified origins can be justified.
X2.2.2 Situations may arise where more than one option
will be used within a single data set. For instance, of five
specimens with unidentified origins, three might be classified
based on partial fractographic information using Option (a),
while the remaining two, which have no fractographic hints,
might then be classified using Option Co).
X2.2.3 When specimens with unidentified fracture origins
are contained within a data set, the test report (see 7.9) must
include a full description of which specimens were unidenti-
fied, and which option or options were used to classify the
s_cimcns.
X2.2.4If the unidentified fractureoriginsoccur fre-
quentlyin thelowertailofthestrengthdistribution,then
cautionand extraattentioniswarranted.Strengthanalyses
arc typicallyextrapolatedto lower strengthsand lower
probabilitiesoffailurethanthoseobservedinthedataset.
Properstatisticalevaluationand assignmentof fracture
originclassificationsnearthelower-strengthtailistherefore
particularlyimportantbecausethelow-strengthdistribution
typicallydominatesextrapolationsofthistype.
X2.2.5When onlya fewfractureoriginsareunidentified,
effectsofincorrectclassificationarcminimal.When more
than 5 or I0% of theoriginsareunidentified,substantial
statisticalbiasinestimatesofparameterscan result.When
usedfordesignapplications,properchoiceofoptionsfrom
X2.1 iscriticalnd shouldbe carefullyjustifiedin thetest
report.In suchdesignapplications,itmay be prudentto
carryouttheanalysisformore thanone optiontodetermine
thesensitivitytochoiceofan improperoption.Forinstance,
ina groupof50 specimenswith10unidentifiedorigins(no
partialfractographicnformation),the analysiscould be
conductedfirstusingOption(b)thenagainusingOption(c).
The resultsfrom the two analysescould then bc used
individuallytoestimatethebehaviorofthedesignedcompo-
nent.Ifaconservativepredictionofcomponent behavioris
warranted,themore conservativer sultofthetwo analyses
shouldbc used.
X2.2.6Finally,ifmostorallofthetestspecimenswithin
a samplecontainunidentifiedfractureorigins,thencensored
data analysis according to this practice is not possible. The
strengths should be plotted on Weibull probability axes and,
if the data reveal a pronounced bend (concave upwards)
which is characteristic of two or more concurrent flaw
distributions, then the methods described in this practice
cannot be used without further refinements.
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Abstraci--C.ompofites. research at NASA Lewh is focused on their applications in aircraft
propulsion, space propulsion and space power, with the first being predominant. Research on
polymer-, metal* and ceramic-matrix composites is being carried out from an integrated materials
and structures viewpoint. This paper outlines some of the topics being pursued from the
standpoint of key technical issues, current status and future directions.
1. INTRODUCTION
Advanced composites are a key to the development of the next generation of civil
transport aircraft engines. The driving forces for the development of advanced engines are
mission-enabling capabilities and reduced life-cycle costs. An example of a mission-
enabling capability is an advanced environmentally friendly engine for a 300 passenger
supersonic civil transport intended for entry into service in about 2005. Requirements for
this engine include NOt emissions less than 5 gm kg -l of fuel burned, noise emissions in
compliance with FAR 36 Stage III, and low engine weight and acceptable engine
performance to make such an aircraft economically attractive to the customer (Stephens
et aL, 1993). Composites, and other advanced materials, will play a key role in meeting
these goals as well as providing us with more economical and efficient subsonic air
transportation. An example of potential composites applications in a highly advanced
high-bypass ratio turbofan for a subsonic transport is shown in Fig. I (Stephens, 1990).
High-temperature composites research at NASA Lewis Research Center is primarily
focused on aircraft engines. The effort includes both materials and structures research
addressing the materials classes illustrated in Fig. I, i.e. polymer-matrix composites,
metal- and intermetallic-matrix composites, and ceramic-matrix composites. Of necessity,
our concerns include constituent development and property _haracterization; composite
fabrication and process modeling; nondestructive evaluation; constituent and composite
property models and design codes; and prediction and measurement of performance and
life under actual or simulated engine conditions. The purpose of the paper is to provide
the reader with an overview of many, but not all, of our composites research efforts. In
the brief sections which follow, we will address each area in terms of its key technical
issues, current status and future directions.
!ii.
il
2. POLYMER MATRIX COMPOSITES _
The use of PMCs in aircraft engines can result in significant weight savings and lead
to improved fuel economy, increased payload or increased flight distances. However, the
poor thermal and thermal oxidative stability of these materials limits their use to the
cooler sections of the engine. Considerable advances have been made over the years to
improve the stability of PMCs so that current materials can tolerate extended use at
temperatures up to 650°F. While PMCs are the most mature of all composite materials,
t Cleveland State University.
: Contributed by Michael A. Meador.
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Fig.I. Advanced materialsapplicationsforan ultra-high-bypassengine(Stephens,1990).
a number of challenges need to be conquered before they can be fully ut;l;Ted in both
commercial and military aircraft engines. Among these are long-term durability,
processability, affordability and repairability.
Over the past two decades, research at the NASA Lewis Research Center has
primarily dealt with improving the stability and processability of high-temperature PMCs
(Meador et al., 1990). Processability and stability are often mutually exclusive properties
for PMCs. Improved thermal oxidative stabih-ty in polymers is commonly achieved
through the use of stable aromatic groups, e.g. benzene rings. These aromatic groups are
rigid, highly planar structures and often render the polymers from which they are made
difficult to melt and intractable.
A balance between processability and stability can be achieved by the use of the PMR
approach developed at NASA Lewis in the early 1970s (Fig. 2). Molecular weight, and,
hence, melt flow and processability, is controlled through the use of a latent reactive
endcap (or chain terminating group). At high temperature, this endcap undergoes a
cross-linking reaction to provide a material with good stability, high glass transition
Condensation
Reactio_
Monomer Reactants F.ndcappeO
Prepolyrnef
_ 5.53-600F
Addition
Reaction
(No Voids)
Cross-lnked Netwock
Fig..2.Reactionscheme foradditionpoly_mides.
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temperature, and good mechanical properties (both at room temperature and elevated
temperatures). The first polymer developed using this approach was PMR-15 (Serafini et
aL, 1972), a high-temperature polyimide capable of extended use at temperatures below
500°F.
A varietyof high-temperaturepolyimideshave been preparedviathisapproach
(Meador etaL, 1991)inan attemptto developnew materialswithbetterstabilityhan
PMR-15. Second-generationPMR polyimides,PMR-II, weredevelopedby substituting
more thermal-oxidativelystablemonomers intothepolyimidebackbone;thisresultedin
a50*Fincreaseintheupper-usetemperature(Serafinietal.,1976).Furthermodifications
producedhigh-molecular-weightversionsof PMR-II whichshowed potentialforuse at
temperaturesup to 600*F (Vannucci,1987).
Recently,effortshavebeen directedatimprovingthethermaloxidativestabilityof
PMR-II polyim/desviaendcapsubstitution.Thishas ledtothedevelopmentof styrene-
endcappedpolyimides,V-CAPs (Vannucciet aL, 1990)and paracyclophane-capped
polyimides,CyCAPs (Watersetal.,1991).Both systemshave betterprocessabilitythan
high-molecular-weightversionsof PMR-II and can be used attemperaturesas highas
650"F.
While thesemodificationsof PMR-15 haveresultedinnew polyimideswithbetter
thermal-oxidativestability,thishasbeen achievedwithsome sacrificeinprocessability.
Thisisprimarilydue tothefactthattheseformulationshavemolecularweights3-5times
thatof PMR-15. Thisresultsinpolyimideswithmeltviscositiesnearlythreeordersof
magnitudehigherthanPMR-15I Recenteffortshavefocusedon reducingmeltviscosities
via(I)monomer substitutiona d (2)reducedcross-linkdensity.
The melt viscositiesof polyimidesand otherpolymerscan be reducedand their
melting points lowered by altering their molecular structure to inhibit crystal packing
and other intermolecular interactions in the solid. Since the chemical structures of most
polyimides are fairly linear, crystal packing in these systems can be disrupted by using
monomers with twists, kinks or other flexible linkages. Considerable reductions.in the
melt viscosities of PMR-II and V-CAP polyimides can be achieved through the use of
a 2,2'-trifiuorobenzidine, a diamine with a twisted or noncoplanar geometry (Chuang
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Fig. 3. A comparison of the therrao-oxidative weight losses of G-40-600 reinforced composites
prepared with PMR-ll-50, V-CAP-?5, and a 2,2-bistrifluorornethylbenzidine substituted V-CAP
(V-CAP-12F-71) after aging in I arm air at 371"C (7000F).
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et al., 1992). Polyimides prepared with this diamine have better thermal-oxidative stability
than both PMR-II and V-CAP resins (Fig. 3). Another twisted biphenyldiamine has been
used to prepare thermoplastic polyimides which have the potential for use in high-
temperature synthetic fibers (Chuang et al., 1994). Reduced melt viscosities have also been
achieved through the use of a series of flexible multi-ring diamines (Delvigs et al., 1994).
However, due to the presence of oxidizable methylene groups, polyimides made with these
diamines have stabilities comparable to that of PMR-15.
Reduced cross-link density in addition-cured polyimides can also improve process-
abil!ty; however, this may result in decreased glass transition temperatures and poorer
thermal-oxidative stability (Vannucci et al., 1992).
Recent concern over the use of mutagenic diamines, such as methylenedianiline (U.S.
Department of Health and Human Services, 1986), has spurred a considerable amount of
activity aimed at protecting workers and the environment from potential health risks
posed by the use of toxic or carcinogenic diamines. This has led to the search for diamines
which do not pose a health risk to materials suppliers and fabricators. A variety of
diamines have been examined as replacements for MDA in PMR-15. However, many of
these do not provide polyimides with acceptable mechanical properties and thermal-
oxidative stability. Polyimides prepared with a mixture of some of these diamines show
some promise as MDA replacements (Vannucci and Chriszt, 1993).
The overall performance-and durability of PMCs is strongly influenced by the
strength of the resin-fiber interface (Bowles, 1990). A variety of graphite fibers are
commercially available today. The method of preparation and the surface treatment of
each of these fibers is different and information on these processes is usually proprietary.
A recent study on a composites prepared with a series of commercially available graphite
fibers shows that the nature and strength of the resin-fiber interface is strongly influenced
by dipolar interactions occurring between the resin and fiber surface (Serrano et al., 1994)
(Fig. 4). These dipolar interactions occur between polar functional groups (hydroxyl,
carbonyl and carboxylic acid) present on the fiber surface and the polyimide chain. A
strong correlation was found between the polar energy of the fiber surface (measured by
both fiber wetting and XPS) and the interlaminar shear strength of PMR-15 composites
reinforced with that fiber. A similar correlation was found between composite weight loss
and fiber surface polar energy. More work is needed to better characterize these dipolar
interactions in order to tailor the fiber surface to improve the strength of the resin-fiber
interface.
Oxidation-resistant coatings can also improve the thermal oxidative stability of
PMCs. A variety of ceramic coatings have been applied to PMR-15 and PMR-II
composites via plasma-assisted chemical-vapor deposition. Silica coatings up to 3500 _,
thickness applied to a PMR-15 composite substrate reduced weight losses after 300 h
aging in air at 390°C from 20°70 to nearly 5070 (Miller and Gulino, 1994). A five-fold
reduction in the weight loss of a PMR-II-50 composite after 300 h at 371 °C was achieved
with the use of a silicon nitride coating (Harding and Sutter, 1993). This coating survived
1000 thermal cycles from 25 to 371 °C without any signs of cracking (Fig. 5). While all of
these coatings adhere well to resin-rich surfaces, they do not adhere well to the machined
surfaces of composites. Since engine components have bolt holes and machined surfaces,
this problem must be solved before oxidation-resistant coatings can be used on PMCs in
these applications.
Research in the Polymers Branch at the NASA Lewis Research Center has attempted
to overcome some of the technical challenges that prevent the effective utilization of
PMCs in aircraft engines. The long-term durability and stability of PMCs can be
improved through the use of more stable resin systems, through better understanding and
control of the resin-fiber interface, and through the use of oxidation-resistant coatings.
Processability in high-temperature polymers can be enhanced by controlling and
modifying the polymer's molecular structure. However, further work is needed to develop
materials and processes which decrease the manufacturing costs and improve the
reliability of high-temperature PMC components. These areas are currently under
investigation.
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Fig. 5. A comparison of the thcrmo-oxidativc weight losses of uncoated and silicon nitride-coated
T-650-42-reinforced PRM-II-50 composites after aging in Iatm air at 371°C (7000F).
3. METAL-MATRIX COMPOSITES t
3.1. Materials research
Metal-matrix composites (MMCs), which are defined here to include intermetallic
matrices, have received considerable attention as candidates for advanced aerospace
applications. These include advanced military and commercial aircraft, the supersonic
High-Speed Civil Transport (HSCT_, the National Aerospace Plane, and several applica-
tions in rocket engines such as those used on the Space Shuttle. These materials can offer
higher strength and stiffness at lower weight than current monolithic Ti and Ni alloys.
Research at NASA Lewis has focused on Ti-based MMCs for applications in the compres-
sor section of commercial subsonic aircraft, and Fe-and Ni-based MMCs for applications
in the turbine section of subsonic aircraft and the exhaust nozzle of the HSCT.
The first MMCs in aircraft gas turbine engines will likely be a Ti-based MMC used
in a low-risk static part, but the highest payoffs will be attained with rotating parts such
as reinforcing rings in compressor disks. One key issue for these composites is the need for
manufacturing technology to produce reliable components at a reasonable cost. Ti-MMCs
incorporating SCS-6 fibers produced by the foil/fiber/foil, arc-spray, plasma-spray and
powder-cloth processes by various organizations have roughly comparable properties
(MacKay et al., 1991; Pickens et al., 1993). Presumably the same may be true for tape
casting; however, results have not been published. Because fiber strength dominates the
0 ° composite strength, distinctions between processes must be made using the same--or
an equivalent--strength fiber lot. One of few such studies made has found equivalent 0 °
strength between composites made by powder cloth and plasma spray (MacKay et al.,
1994), two very dissimilar processes. This observation was explained by the fact that
equivalent strengths were measured in fibers extracted from the composites, even though
plasma spraying had produced some exfoliation of the carbon coating.
Other advantages and disadvantages of these processes in terms of cost, off-axis
properties and long time durability are still being assessed. The foil/fiber/foil process is
the most mature. It and the arc-spray process, which requires matrix alloy wire, promise
lower oxygen levels than the processes using powder, but are limited to formable alloys
t Contributed by Robert V. Miner and Michael V. Nathal.
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and will probably result in higher cost. The two thermal-spray processes,arc and plasma
spray, share an advantage in uniform fiber placement, but possible long-time fiber degra-
dation due to some exfoliation of the carbon coating must be explored. Of the powder-
based processes, both tape casting and the powder-cloth method utilize polymer binders
that must be removed prior to final consolidation, although impurity levels in laboratory
coupons have been equal to or lower than those measured in MMCs made by competing
processes (MacKay et al., 1994). Tape casting is probably to be favored over the powder-
clothmethod asa more continuousprocess.However, yieldsmay be lowerand oxygen
levelsmay be highersincea finerpowder fractionisrequired.
Key propertyissueswhich willlimitherangeofapplicationforTi-MMCs arctheir
environmentalresistanceand transverseproperties.Theirlow environmentalresistanceis
accentuatedinthermomcchanicalfatigue(TMF) loading.The Ti-MMCs studiedtodate
allexhibitverylow livesinTMF cycleshavingtensileloadingatlow temperatures(Gabb
etal.,1993).TMF behaviorinairwilllikelyrestrictuse to temperaturesbelow about
500°C.TransversepropertiesofTi-MMCs areusuallyfoundtobclowerthanthoseofthe
monolithicmatrix.Transversetensilestrengthand ductility(Brindleyand Draper,1993),
fatigueresistanceinbothairand vacuum (Gaydaand Gabb, 1992;Lerch,1990)and TMF
resistance (Castelli, 1993) all show this trend. In these studies, it has been shown that
failure initiates by debonding of the fiber from the matrix, which can occur in one or more
of the C-rich layers of the SCS-6 coating and/or the reaction zone. The limited transverse
proporties may be overcome by cross-plied fiber architectures, which has been successful
in some but not all cases (Lerch, 1990; Larsen et al., 1992). As shown in Fig. 6, the alter-
native strategy of improving matrix composition also can be very effective in improving
transverse composite strength. Both matrix strength and ductility are considered impor-
tant in determining composite strength, although composite ductility has remained low
0Brindley and Draper, 1993).
Despite the property limitations which have been found for Ti-MMCs, applications
such as reinforcing rings in the bore of compressor disks show considerable promise
because temperatures are limited, direct contact between the MMC and oxygen is
excluded,and transverseloadsarelow.Such components havebccnsuccessfullyengine
tested(Kandebo,1992).
Incontrast,thetechnologyfor(Fc,Ni)-basedMMCs ismuch lessmature,asitisstill
in thestageof laboratory-scalecoupons.Thesecompositeshave potentialtooperatein
the 1000--II00°Crangeas turbineand nozzlecomponents.Oxide fibers,particularly
AlzOs,remainasthebestcurrentchoiceforreinforcement,due totheirmore favorable
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Fig. 6. Transverse properties of sever_ SCS-6 reinforced titanium aluminide MMCs. By varying
composite processing methods and especially matrix composition, the transverse tensile strength
has been doubled in the last few years. After Brindley and Draper (1993); reproduced by
permission of the U.S. Government.
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chemical and thermal expansion compatibility with the matrix compared to SiC fibers.
Although intermetaliics such as NtAI offer the greatest potential due to their Lightweight
and higher-temperature capabiLity (Bowman, 1992), our current focus is on utilization of
the more ductile superalloys as nearer-term matrices. Even in the more ductile superalloy
matrix composites, however, significant technical challenges need to be resolved. Of
prime importance is the need to prevent fiber-strength degradation in Al203 fibers.
Sapphire, the AI,O 3 fiber with the highest strength potential, has been shown to suffer
from strength reductions of the order of 50% when exposed to a variety of matrices at
typical composite consolidation cycles (cf. Fig. 7; Draper and Locci, 1994). This strength
degradation appears to be caused by the introduction of surface flaws, although
degradation has been observed even when the extent of reaction between fiber and matrix
is very slight or completely absent. Fiber coatings have been proposed as a solution to this
problem. Other oxides such as the Nextel polycrystalLine AlzO3 fibers are not as attractive
for most engine components, primarily because of their low creep strength at high
temperatures (Yua and Goldsby, 19.93). However, they may compete more effectively if
they are less susceptible to strength degradation.
In summary, the future directions for the Ti-MMCs appear to be in the areas
addressing actual turbine engine application. Thus, manufacturing technology for lower
cost and improved reliabiLity, the methodo!ogy needed for efficient design and accurate
life prediction, and the accumulation of actual engine test experience should be
emphasized. Improved MMC performance through matrix alloy development, environ-
mental protection systems, and the use of alternate fibers are also logical choices. For the
less mature superalloy matrix composites, laboratory-scale feasibility demonstrations are
still required before engine applications can be seriously considered. The choices for fiber
and the development of fiber coatings are currently limiting progress towards the goal of
demonstrating mechanical properties which can compete with monolithic superalloys and
intermetallics.
3.2. Deformation and damage of MMC/IMCs t
To fully realize the benefits offered by MMCs, experimentally verified, computation-
ally efficient design and Life-prediction methods must be developed for the advanced
multi-phased materials of interest in advanced engine and propulsion systems.
Consequently, these analysis tools must admit physically based, viscoplastic deformation
(,!
t Contributed by Steven M. Arnold and Michael G. Castelli.
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life models and be compatible with the finite element method in order to accurately
describe the complex thermomechanical load histories typical in the aerospace structures
of interest. Furthermore, in order to assist both the structural analyst and the material
scientist in developing and utilizing these materials, these tools must encompass the
various levels of scale for composite analysis.
To respond to this difficult challenge, parallel approaches wherein the starting point
is at the micro- and macroscale have been established at LeRC in deformation and
damage modeling and experimental characterization and verification. Clearly, each
approach has its realm of applicability, with micromechanics focusing primarily upon
applications involving fabrication, material development and life assessment, and the
primary usefulness of the macroscale approach t being in the design and analysis of
structural components. The motivation for pursuing two parallel, yet not mutually
exclusive approaches, is heightened by the fact that no one approach is clearly superior,
relative to the primary goal of developing accurate, computationally efficient, and
experimentally validated analysis tools. For example, the macroscale approach is clearly
the most computationally efficient, yet its accuracy may suffer in comparison to its more
computationally intense micro counterpart, particularly when highly localized,
nonuniform behavior relative to the representative volume element (RVE) dominates.
Significant progress has been made over the past decade in the area of deformation
and damage, with regard to experimental, theoretical and computational mechanics of
composites (Arnold and Castelli, 1994). However, many issues still remain concerning
experimental evaluation and "appropriate" material characterization for this class of
materials. To date the vast majority of elevated-temperature experimental fatigue
research has been conducted under uniaxial, load-controlled, tension-tension conditions
on thin-plate coupons containing partially machined fibers. Great concerns remain within
the experimental and modeling communities as to the effects of all of these variables and
their relative impact on the data generated to date. Thus, the challenge and ultimate goal
is to appropriately control and interpret the experimental evaluations so that accurate
input can be provided to guide theoretical modeling efforts and verify their accuracy.
Numerous models both at the micro and macro scales have been proposed (see
Arnold and C_telli, 1994, for a more thorough review). However, verification,
particularly under thermomechanical multiaxial states of stress, and down selection of
these various models is still needed. The dual approach at LeRC, wherein the analysis of
structures is viewed both from the micromechanical and macromechanical standpoint,
will continue. Ultimately the goal is to develop a hybrid approach for both deformation
and damage that is both computationally efficient and accurate under general
nonisothermal, multi-axial Ioadings. Consequently, one future trend will therefore be in
the area of symbolic and parallel computations, so as to capitalize on the advances made
in software design and computer architecture. Also, for multi-axial verification purposes,
benchmark structural testing and analysis will be extremely important and pursued
vigorously. It is our expectation that within the next decade accurate and computationally
efficient design and analysis techniques will be developed and experimentally verified for
a wide range of advanced composite systems with respect to high-temperature, time-
dependent deformation and damage, thereby encouraging their assimilation into industry.
• 4. CERAMIC-MATRIX COMPOSITES
4.1. Materials research t
Ceramics offer the potential to operate uncooled or with less cooling and at higher
material temperatures than superalloys. This potential plus their low density and good
resistance to oxidation make materials such as silicon nitride and silicon carbide extremely
attractive. However, their brittle behavior and resultant sensitivity to small flaws that are
t The macroscale (continuum) approach is where the composite is considered as an isotropic material in its
own right, with its own experimentally measurable properties.
t Contributed by Stanley R. Levine.
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either inherent in the as-produced material or which develop in service have precluded
their reliable use in gas turbines. Recent progress, primarily in Japan and the United
states, has demonstrated that fracture toughness, high temperature strength, and
statistical reliability can be simultaneously improved. These improvements have resulted
in improved functional reliability with durabilities on the order of 100s of hours in
prototype automotive gas turbines and the ability to withstand major impact events.
However, invariably something unanticipated occurs to cause catastrophic fracture.
Thus, the question of the technical feasibility of ceramics for terrestrial engines remains
open along with the question of economic viability vis-a-vis more conventional metal
engines (Anon, 1993).
Aircraft gas turbine engines require an even higher degree of rel!abifity. It is doubtful
that monolithic or in situ toughened ceramics can achieve the required functional
reliability levels in highly stressed rotating components due to the temporal nature of the
flaw population. However, for small, low-stress, static components, they have proven
viable (Levine and Herbell, 1992). Because unreinforced ceramics are subject to cata-
strophic fracture behavior and low reliability due to flaws, NASA Lewis has focused on
fiber-reinforced ceramics for about the past 10 years. Our goal has primarily been to
identify and develop fiber-reinforced ceramics with performance capabilities beyond
those of superalloys in aircraft gas turbines. Therefore we have generally left to the
industry, the pursuit of lower-temperature capability systems based on off-the-shelf
fibers. We have primarily emphasized the development and characterization of advanced
fibers, interphases and systems. Much progress has been made in materials, but many
obstacles remain. These axe discussed below.
The key to reliable, durable, strong, tough and affordable continuous-fiber-
reinforced ceramics resides primarily with the reinforcements. The characteristics we seek
are: high strength and stiffness, low density, matrix compatibilit), both chemically and
with respect to thermal expansion match, small diameter for handleability, weaveability
and optimum toughening, good thermal and microstructural stability, and, finally,
affordable cost. Many of these attributes axe also desired in ceramic fibers for
reinforcement of metal and intermetallic-matrix composites (DiCarlo, 1991).
To support our interest in fiber development for ceramic-matrix composites (as well
as metal- and intermetallic-matrix composites), we have invested considerable effort and
resources in the development of fiber-characterization capabilities. Our facilities include
equipment for measurement of fiber fast-fracture strength and elastic modulus at room to
elevated temperature in air, vacuum and inert environments, and a laser-speckle strain-
measurement system for elastic property measurements. The latter is under continued
development to provide precision strain measurements for tensile fast fracture and creep.
Also in place are systems for measurement of creep and stress rupture in air, vacuum and
inert environments. The very simple bend-stress relaxation test (BSR) developed at LeRC
has provided the industry with a simple, quick and readily implemented test for
assessment of the relative creep resistance of fibers 0Vlorscher and DiCarlo, 1992).
Finally, in conjunction with other laboratories, we are contributing to the development of
standardization of fiber test methods.
As a frame of reference for discussing fiber status, data will be limited to bend-stress
relaxation comparisons. In the BSR test, a straight fiber is constrained to a uniform radius
of curvature by tying it into a loop or placing it in a fixture (R0). After high-temperature
heat treatment, the constraint is removed and the radius of curvature is measured (RA). If
the fiber retains the radius of curvature of the constraint, it has fully relaxed (poor creep
resistance). For this case, m, the bend-stress relaxation ratio, is 0 (m = 1 - Ro/R^ = 0).
If it returns to its original straight shape, R A = _, and no relaxation (or creep) has
occurred (m = 1 - Ro/R A = 1).
Many of the fiber characteristics discussed above for optimum fiber performance are
best satisfied by stoichiometric silicon carbide. Several approaches to fabrication for
silicon carbide fibers are showing promise for attaining good high-temperature stability
and strength. The chemical vapor deposition approach of Textron Specialty Materials has
yielded a variety of fiber microstructures and chemistries. The ability to tailor and control
.i;!
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the process has yielded a 50 micron fiber with the best combined strength and creep
resistance seen to date. Diameter reduction is still an issue. Carborundum has produced
creep resistant or-SiC fibers by sintering of extruded green fiber. At this stage of
development, the tensile strength is less than desired and the surface roughness and
diameter are on the high side. Finally, Dow Coming has produced a near-stoichiometric
SiC fiber by the polymeric precursor pyrolysis route. This fiber exhibits good creep
resistance, high tensile strength and good handleability. One can conclude from the above
that cost and the need for handleability, which is application driven, will be decisive
factors in fiber selection. These four fibers along with commercially available fibers are
compared in terms of bend-stress relaxation in Fig. 8 (DiCarlo, 1994).
A major concern with SiC fiber-reinforced ceramics is the oxidation resistance of the
fiber and the fiber-matrix interface. One approach that can eliminate the interface
oxidation issue is the use of oxide fibers and interphases in an oxide matrix. A number of
textile-quality multi-fdament oxide fibers based on either alumina or aluminosilicate
compositions are commercially available. Since the creep of these fibers limits them to low
use temperatures (< 1100°(3), they have not been the focus of our composites research.
We have instead sought to identify fibers that have greater capability than single crystal
sapphire. We are examining the potential of doped sapphire (Sayir et al., 1993) and
various eutectic compositions such as ZrO2-A1203 (Farmer et al., 1993) and YAG-A1203
for potential to offer greater toughness and better high-temperature strength retention
and slow crack-growth resistance than sapphire. Exploratory research in the growth o-r
these advanced fibers is being carried out by the laser-heated floating zone approach.
Promising fibers are then transitioned to the commercial edge-defined film-fed growth
process.
Interfaces with proper weak bonding and oxidative stability are also critical to the
satisfactory mechanical performance of fiber-reinforced ceramics. The weak bonding
requirement has been achieved with carbon coatings on the fibers in silicon carbide fiber-
reinforced systems. However, the oxidation of the carbon interface and SiO2 formation
on the fibers (and matrix if SiC or Si3N4) results in bonding of the fibers to the matrix and
a loss of strength. Surface coatings of the composite, dense matrices and SiC overlayers
on the carbon-coated fibers can alleviate this problem, but do not represent a reliable
long-term solution. Other approaches are being pursued at NASA LeRC including
Ti-Si-C, BN and porous oxides. Oxide fiber-reinforced systems also require fiber
coatings. For single crystal fibers, we have been examining porous oxides and highly
anisotropic oxides. Application methods include sol gel, polymeric precursors, and
CVD/CVI.
The composite systems being pursued at NASA LeRC can be classified by the type of
reinforcement. With SiC reinforcements, we are investigating reaction-bonded silicon
nitride (RBSN) and silicon carbide by silicon melt infiltration (Bhatt and Behrendt, 1992).
Polymeric precursor fabrication approaches are also being pursued (Hurwitz, 1992).
RBSN is attractive because the silicon nitridation process produces essentially no
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dimension_lchangeand thustheapproachisstraincompatiblewithfibereinforcement.
The polymericprecursorapproachisattractiveforitscomplexshapepotential,Finally,
themeltinfiltrationapproachisattractiveb causeitcan yieldfullydensematrices.
Our melt infiltration(M[) approach,calledreactionforming,iscarriedout by
forminga carbonprecursormatrixof controlledporosityand poresizeby pyrolysisofa
foamed polymer."This allowsthorough and uniform siliconmelt infiltrationa d
conversionto a siliconcarbideplusresidualsiliconmatrixwhose microstructureis
controlledbytheprecursornetwork.Al]oyingofthesiliconwithniobiumormolybdenum
allowstheintroductionof a thirdphasefortailoringoftoughness,strengthand thermal
expansion. This capability is illustrated by the photomicrograph in Fig. 9 (Singh et al.,
1994). Composites can be produced by resin transfer molding (R'I'M) or by ply lay-up.
However, this process can be combined with chemical vapor infiltration to yield a hybrid
processing approach. The basis for this approach is that all SiC fiber-reinforced
composites will require an interface coating on the fibers. The most reliable and cost-
effective method for placement of this coating would be at the woven preform stage using
chemical vapor infiltration (CVI). Furthermore, this coating can be protected by a SiC
ovcrlaycr coating and the preform rigidized by some additional CVI SiC. From this point,
densification can be carried out rapidly and economically by the reaction-formed silicon
carbide process. The carbon precursor can be placed by resin transfer molding (RTM),
pyrolyzed and converted to SiC by Si melt infiltration (MI). This approach has been
dubbed CRM for CVI, RTM, MI.
In the oxide matr/x arena, we have been investigating the celsian family of glass-
ceramic matrices. Our starting point was barium-aluminosilicate (BaO-AlzO3-2SiOz) or
BAS. This glass ceramic offers higher temperature capability than other glass ceramics
commonly reported as composite matrix materials (e.g. LAS, MAS, BMAS). Bend
strength for SCS-6- reinforced BAS is shown in Fig. 10 in comparison to the uureinforced
matrix (Bansal, 1994). Strontium substitution for barium in total or in part is being
investigated for improved processability, and small-diameter fiber reinforcements are
also being investigated. In addition to glass ceramics, we are looking at crystalline
matrices such as mullit¢ and alumina combined with either SiC or single-crystal oxide
reinforcements.
In summary, the identification of strong, stable and weavable fibers and durable
interfaces continue to be very high priority areas for CMC research. Advanced fibers and
interfaces are being incorporated into microcomposites and, as sufficient fiber quantities
become available, into coupons for assessment of mechanical and environmental
durability behavior. The more mature and promising systems are being advanced to rig
and engine tests as quickly as possible.
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4.2. Current trends in CMC component analysis t
From an aerospace design engineer's perspective, ceramic composites offer signifi-
cant potential for raising the thrust/weight ratio and reducing NOx emissions of gas
turbine engines. Considering that these materials will be produced from abundant
nonstrategic materials, it is not surprising that research has focused on improving ceramic
material properties through processing, as well as establishing protocols for sound design
methodology. In particular, continuous ceramic fiber composites exhibit an increase in
work of fracture, which allows for "graceful" rather than catastrophic failure. When
loaded in the fiber direction, these composites retain substantial strength capacity beyond
the initiation of transverse matrix cracking despite the fact that neither of their
constituents would exhibit such behavior if tested alone. Indeed, first matrix cracking
consistently occurs at strains greater than that in the monolithic matrix material. As
additional load is applied beyond first matrix cracking, the matrix tends to break in a
series of cracks bridged by the ceramic fibers. Thus any additional load is borne
increasingly by the fibers until the ultimate strength of the composite is reached. For most
applications the design failure stress will be taken to coincide with the first matrix
cracking stress. Matrix cracking usually indicates a loss of component integrity since this
phenomenon allows high-temperature oxidation of the interface and fiber, which leads to
the strength loss of current composites.
The analysis and design of components fabricated from ceramic composite materials
require a departure from the usual deterministic design philosophy (i.e. the factor of
safety approach) prevalent in the analysis of metallic structural components, which are
more tolerant of flaws and material imperfections. Under applied load, large stress
concentrations occur at macroscopic as well as at microscopic flaws, which are
unavoidably present in the composite as a result of processing or in-service environmental
factors. The observed scatter in component strength is caused by various failure
mechanisms, and their corresponding severity leads to composite fracture when the
damage-driving force or the effective energy release rate reaches a critical value. This
scatter is evident in Fig. I1, Where the uniaxial failure data for an oxide-oxide ceramic
composite are depicted (Ye, 1994). The data represent the first matrix cracking stress asso-
ciated with the fiber direction of an alumina matrix reinforced with polycrystalline
alumina fibers. Note that the Weibull modulus estimated from this data is 3.68. This value
is an indication that significant scatter in composite microcracking strength is present.
Observe that the largest stress value in this data set represents over a 330c70 increase from
the lowest level. We should_Mso note that a number of deterministic micromechanical
fracture theories exist in the literature that predict a compositc's first matrix cracking
strength as a function of its constituents.' Since all arc based on assumed idealistic
tContributedby StephenDuffy.
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Fig. 11. Uniaxial first matrix crackingstress data for an aluminafiber-reinforcedalumina
composite.
CompositesresearchatNASA LewisRe.searchCenter 801
microstructures,they aretypicallyunable topredictthe unavoidable strengthvariationin
current-generationcomposite materials.In addition,most ceramics exhibitdecreasing
bulk strengthwith increasingcomponent volume (theso-calledsizeeffect).Since failure
isgoverned by the scatterin strength(ultimateor microcrack yield),statisticaldesign
approaches must be employed.
Utilizing structural reliability methods provides a more general accounting of the
entire spectrum of values that strength parameters may exhibit. However, the reliability
approach demands that the design engineer must tolerate a finite risk of unacceptable
performance. This risk of unacceptable performance is identified as a component's prob-
ability of failure. The primary concern of the engineer is minimizing this risk in an
economical manner. Most quantities that are utilized in engineering designs have, to a
greater or lesser extent, some level of uncertainty. This means that if reliability methods
are utilized, appropriate analytical tools needed to quantify uncertainty must be readily
available. A number of tools and design aids for dealing with uncertainty in a rational
fashion have been developed here at NASA Lewis Research Center. These tools include
reliability models and computer software that have been tailored to specific composite
systems. The reader is directed to the work by Thomas and Wetherhold (1991), Duffy and
Arnold (1990), Duffy and Manderscheld (1990) and Duffy eta[. (1993), regarding the
development of reliability models. A number of these reliability models have been
incorporated into public-domain computer algorithms such as the T/CARES (Toughened
Ceramics Analysis and Reliability Evaluation of Structures) and C/CARES (Composite
Ceramics Analysis and Reliability Evaluation of Structures). These computer algorithms
are coupled to an assortment of commercially available general-purpose finite element
programs. The algorithms yield quasi-static component reliabilities of structures fabri-
cated from ceramic composites; however, work is underway to formulate time-dependent
algorithms. Current thought focuses on incorporating the principles of continuum
damage mechanics in a similar manner outlined by Duffy and Gyekenyesi (1989).
Focusing attention on the C/CARES algorithm, a noninteractive reliability model
has been incorporated where individual uniaxial plies are treated as two-dimensional
structures. Each ply (which is discretized in the analysis) is assumed to have five basic
strengths or failure modes. The assumption is made that failure is governed by the
strength of the weakest link. In essence the component is treated as a series system, and
the component probability of failure is evaluated accordingly. Admittedly, the weakest-
link concept is a somewhat conservative approach for composites where micro-
redundancies exist in certain directions due to parallel arrangements of fibers. However,
a macro-level approach to strength measurements should capture this behavior through
enhanced distribution parameters. This distinguishes the T/CARES and C/CARES codes
from other reliability software where the probability of point failure is usually evaluated.
Treating a discretized component as a system allows the design engineer to evaluate size
effects, which is not possible when the probability of point failure is evaluated. In
addition, the CARES family of software includes parameter-estimation modules that
allow the design engineer to evaluate the strength-distribution parameters from failure
data. It is assumed that failure strengths can be characterized by either a two- or three-
parameter Welbull distribution.
Recent progress in processing ceramic composites has not been matched by
mechanical testing efforts. This type of data supports the creation of a complete design
data base for a given material. In addition, there is a definite need for experiments that
support the development of reliability models. Initially this effort should include
experiments that test fundamental concepts (e.g. quantifying size effect in the fiber
direction) within the framework of current stochastic models. For example, probing
experiments should be conducted along various biaxial load paths to establish level
surfaces of reliability in a particular two-dimensional stress space (similar to probing yield
surfaces in metals). Concepts such as the maximum stress response which is often assumed
in the noninteractive reliability models could be assessed. After establishing a theoretical
framework, characterization tests should be conducted to provide the functional
dependence of model parameters with respect to temperature. Finally, data from
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structural tests that are multiaxial (and possibly nonisothermal) could be used to challenge
the predictive capabilities of models through comparison to benchmark response data. It
cannot be overemphasized that this kind of testing supports design and analysis of
components.
5. STRUCTURAL MECHANICS t
Achieving the full benefits of composites for aerospace-propulsion and power-system
(engine) applications ultimately requires the availability of credible and efficient computer-
based tools for component analysis and design. As implied earlier, tools are required which
can account for both micromechanical and macromechanical factors affe_ing critical
composite structural performance requirements. Some recent efforts to develop such tools,
for a variety of composite materials and structural concepts, are briefly described below.
5.1. Tools for high-temperature composites
Art important factor affecting the behavior of a CMC is the condition of the interface
(or interphase) between fiber and matrix. A distinct interphase can exist as an intentionally
applied fiber coating, or can arise due to chemical reaction that occurs between the fiber
and matrix during composite fabrication and/or during service at elevated temperatures.
The stiffness, strength and thickness of an interphase will influence the overall
thermomechanical behavior of a CMC.
One computer-based tool under development at NASA Lewis Research Center, known
as CEMCAN (for CEramic Matrix Composite ANalyzer), has recently been used to
investigate interface (interphase) effects on CMC behavior. CEMCAN implements a unit
cell or representative volume element (RVE) approach with a novel fiber substructuring
technique. In this technique the fiber is substructured into multiple layers and the
micromechanics equations are formulated at the layer level. The RVE also incorporates a
distinct fiber/matrix interphase constituent.
In recent applications of CEMCAN, a unidirectional SiC/RBSN composite (silicon
carbide SCS-6 fibers in reaction-bonded silicon nitride matrix) was analyzed for both strong
and weak fiber/matrix bond conditions (Mital et al., 1993a). In a strong bond condition,
the thermoelastic properties of the distinct interphase constituent are taken to be the same
as the matrix (upper bound), whereas in the case of a weak bond, the normal and shear
elastic moduli of the interphase are reduced to negligible values (lower bound).
The predicted values of composite effective properties are compared to experimentally
measured values, wherever available, and the properties of the interphase are calibrated.
The variation of composite properties can also be predicted for varying extent of debond
around the fiber circumference or interfacial damage through-the-thickness of the
composite.
Results indicate that longitudinal composite properties are rather insensitive to bond
conditions, while transverse composite properties axe influenced significantly by the bond
conditions. Moreover, the comparisons between CEMCAN predictions and experimentally
measured values for a SiC/RBSN composite show good agreement as illustrated, for
example, in Fig. 12. If the interracial debonding/damage is limited to a few plies, the
degradation in the composite properties is minimal and perhaps difficult to detect by
conventional experimental measurements.
The primary advantage of a tool such as CEMCAN is that it provides a simplified,
but flexible, capability to represent complex factors such as varying degrees of interfacial
bond around the fiber circumference or through-the-thickness, local matrix cracking and
fiber breaks (Mitai et al., 1993b), different fiber shapes, etc., and the integrated effect of
all these aspects on the composite effective properties and thermomechanical behavior. The
fiber substructuring technique also permits more accurate (in a piece-wise sense) resolution
of local stress distributions in the composite constituents (fiber, interphase and matrix).
*Contributed by Dale A. Hopkins.
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Another computer-based tool under development at NASA Lewis Research Center,
known as BEST--CMS (for Boundary Element Solution Technique--Composite
Modeling System), has also recently been used to investigate interface effects on CMC
behavior. As the name implies, BEST--CMS employs an innovative discrete boundary
element methodology and provides sophisticated capabilities for modeling arbitrary fiber
architectures, complex fiber/matrix interface conditions, and complex material
constitutive behaviors.
The above notwithstanding, a major advantage of BEST--CMS lies in its extremely
simple discretization requirements. Specifically, a BEST--CMS model of the composite
entails discretizing only the exterior surface of the matrix (with 2-D surface elements)
and the centerlines of fibers (with 1-D line elements). The fiber/matrix interface con-
dition is specified merely by entering the type (perfect bond, linear spring, nonlinear
spring, or frictional sliding) and the corresponding spring parameters and/or friction
coefficient. No explicit discretization of the fiber/matrix interface is required, as the
interface behavior is incorporated through the underlying boundary integral equation
formulation.
The modeling simplicity advantages of BEST--CMS are more apparent when
contrasted to what would be required to create an equivalent finite element model. In the
latter case, the entire volume of fibers and matrix must be discretized with 3-D solid
elements, and the complex fiber/matrix interfaces must be explicitly modeled using
special techniques such as gap elements.
The benefits alluded to above are illustrated in Fig. 13 which shows a sample
BEST--CMS model of a unidirectional laminate and computed stress-strain behavior
resulting from a linear stress analysis (Goidberg and Hopkins, 1993). The stress-strain
results are for a [90]2 SiC/RBSN composite, with fiber/matrix interface conditions speci-
fied to simulate both perfect and imperfect bonding. The computed results are compared
to experimentally observed behavior, with the simulated imperfect bond case showing
better agreement.
In summary, two alternative computer-based tools and their use for micromechanical
analyses of CMCs have been described. The capabilities of these tools to model complex
factors such as fiber/matrix interface conditions have been demonstrated, and some
degree of credibility has been established through comparisons with experimental
observations. Whereas the previous focus has been on straight-fiber laminated
composites, future emphasis will shift toward more complex composite architectures such
as weaves and braids. Indeed, woven and braided PMCs and CMCs are already being
pursued for potential engine applications. Accordingly, more sophisticated tools will be
needed to enable credible and efficient engine component analysis and design procedures.
The BEST--CMS tool, for example, shows particularly good promise in this domain.
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5.2. Tools for sensory active composites
Sensory/active composites are beginning to receive serious consideration for various
smart structures applications in aeropropnision systems. Applications include, for
example, position/clearance control, vibration damping and noise suppression. Very
recent progress has occurred in the development of composite mechanics and structural
analysis models which is leading toward computer-based tools for the analysis and design
of smart engine components.
A unified composite mechanics theory was developed with the capability to model
laminated composite structures with embedded piezoelectric layers for both sensory and
active modes of behavior (Heyliger and Saravanos, 1993). Using a discrete-layer
representation for both displacement and electric potential fields, the theory can
accurately model global as well as local electromechanical response. The inclusion of
electric potential into the state variables allows representation of general electro-
mechanical boundary conditions and facilitates integration with controller models or
other electronic components. Moreover, the formulation includes all energy contributions
from elastic, piezoelectric and dielectric components.
The formulations for static and dynamic response of smart composite beam and plate
structures with embedded sensors and actuators have also been completed, and specialty
finite elements were developed for this purpose. Evaluations have demonstrated the
capability of these formulations to represent either sensory (see Fig. 14) or active
structures, and to model the complicated stress-stain fields including interactions between
passive and active layers (see Fig. 15), interfacial phenomena between sensors and
Composites research at NASA Lewis Research Center
o?
0.6 f_
¢(0 .
• o.oo31
u_
0.3 ' TIP ._7)
_ _
P" 0.2
P,_)
O.f
0
-0.0002 0 0.0002 0.0004 0.0O06 0.0008
STRAIN
Fig. 14. Through-the-thickness variations of axiai strain in active T300/934 composite beam with
single piezoceramic layer.
Mode 2 (1123 Hz)
1
0.5
O
E -0,5
Q
rJ
m
_. -1
-1.5_
\
8OO,
012 0.4 0.6 0.8 1 1.2 1.2
Normalized Length (x/L)
4OO
2OO
0]
-800 i"
L
10OO_ 0.2 0.4 0.6 0.8 1
Normalized Length (x/L)
805
Fig. 15. Typical mode shape and assodated electric potendai in top surface of sensory beam (2nd
bending mode).
composite plies, and critical damage modes in the material. Furthermore, the capability
to predict dynamic _aracteristJcs under various electric Circuit configurations has been
demonstrated.
The analytical foundations have also been developed to enable the application of
sensory composite structures with delamination-faflure detection capabilities by
monitoring changes in their dynamic characteristics (Saravanos, 1993). Such non-
destructive, real-time health-monitoring capabilities may dramatically improve the
reliability of aerospace structural composites. In this work admissible composite
mechanics were formulated enabling representations of the effects of delamination cracks
and disbonds on the laminate properties such as stiffness, damping, inertia, stresses, etc.
An exact analytical procedure was further developed for the prediction of natural
frequencies, mode shapes and modal damping in composite beams with an interlaminar
delamination.
Evaluations for various cantilever beams with a central delamination have been
completed. Correlations with limited reported experimental results show excellent
agreement (see Fig. 16). The results indicate that natural frequencies are rather insensitive
to small delamination cracks. On the other hand, modal damping seems to be a superior
indicator of delamination damage, yet the effects of delamination on damping may vary
based on crack size, laminate configuration and mode order. Thus, the combination in
changes in both damping and natural frequencies seems to provide a damage signature
which may lead to the detection of delamination cracks.
Overall, the mechanics have provided valuable insight into the problem, have
facilitated the interpretation of experimental results, and have demonstrated the
feasibility of smart composite structures with health-monitoring capabilities. More
importantly, the mechanics models have provided the missing link which will enable real-
time, in-service detection of delamination presence, size and location from changes in the
dynamic signature of the composite structure.
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In summary, considerable progress has been made to develop the fundamental
mechanics and structural analysis models necessary to confidently predict the response of
sensory/active smart composites. Future efforts will examine other issues, such as digital
control systems, power requirements, operating limits, etc., necessary to establish the
practical feasibility of smart composite structures in engines.
6. NONDESTRUCTIVE EVALUATION (NDE) t
Composites for advanced high-temperature, high-efficiency engines pose new and
special challenges for NDE. The engine components will consist of a variety of
polymeric-, intermctallic- and ceramic-matrix composite structures. The complex nature
of these structures creates strong incentives for advanced nondestructive interrogation
and evaluation methods. NDE must range from detection of individual flaws to global
imaging of fiber architecture and probabilistic assessment of diffuse flaw populations
(Vary, 1992).
At NASA Lewis Research Center, we approach structural composites from the
viewpoint that the detection and resolution of individual micro-flaws may be unnecessary.
This does not mean that individual macro-flaws such as delaminations, cracks and similar
discontinuities may be ignored. However, it should be recognized that composites may
contain a profusion of minute defects that have no discernable effect on reliability or
performance unless they are in close proximity and interact massively or encourage
degradation in service environments. Then, the challenge is to characterize the collective
effect of several kinds of subcritical flaws on mechanical integrity and strength. This is in
addition to the detection of oven, dominant defects or global aberrations that would have
adverse effects on structural integrity.
3:
*Contributed by Alex Vary.
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Our view is that NDE methods should be applied concurrently in engineering design,
process modeling and structural life analysis. This is in addition to NDE (a) during raw
material processing to assure quality, (b) in early stages of component fabrication to
screen out defective parts, (c) after fabrication to verify structural integrity, and (d)
following service to assess thermvmechanical degradation and residual life. NDE methods
also provide powerful tools for materials characterization and, as indicated below, we are
exploiting these methods in materials testing research to help develop fracture- and life-
prediction codes.
The LeRC Structural Integrity Branch investigates and develops methods for
nondestructive materials interrogation and flaw characterization. The Branch
concentrates on radiographic and ultrasonic techniques including micro-focus
radiography, computed tomography, scanning acoustic microscopy, and laser
ultrasonics. LeRC researchers pioneered the acousto-ultrasonic (AU) technique which is
a practical, sensitive NDE method for assessing variations and degradations of
mechanical properties of composites (Vary, 1990). A Standard Guide for Aeousto-
ultrasonic Assessment of Composites, Laminates and Bonded Joints was adopted by
ASTM's Committee E-7 on Nondestructive Testing (Anon, 1993).
LeRC researchers are currently exploring in situ NDE monitoring of damage
accumulation processes in ceramic-matrix composites during mechanical destructive
testing. This work combines conventional load frame instrumentation with
nondestructive interrogation methods. The in situ NDE methods involve adaptations of
radiographic, acoustic emission, acousto-ultrasonic, thermographic, and laser imaging
techniques. The idea is to apply NDE methods during destructive testing to better
understand materials response and to validate fracture prediction and damage
accumulation models. This can enhance the various inspection opportunities mentioned
previously and the reliability assessment of advanced composite structures before and
following service.
An example of in situ NDE is our use of radiographic images to determine matrix
crack spacing from which one can calculate interracial shear strengths on the basis of the
Aveston-Cooper-Kelly (ACK) theory (Chulya et a[., 1991). The in situ X-ray method is
superior to the conventional optical method for determining crack spacing. The X-ray
method provides full-field images of matrix cracking through the entire volume of the
gauge section. This NDE method is preferable for materials characterization in that it
does not require unloading and removing specimens which would result in crack closure
and errors in determining crack spacing.
We apply acoustic emission (A.E) and acousto-ultrasonic (AU) methods in situ during
tensile loading of fiber-reinforced ceramics, i.e. ceramic-matrix composites (CMCs), to
identify and discriminate among various failure mechanisms. The objective is to validate
"first fracture" and life-prediction models. Our work has identified fracture mechanisms
via AE and AU parameters. For example, AU parameters provide relations between stress
levels and the onset and saturation of matrix cracking (Tiwari and Hennecke, 1993). AU
was is also useful in determining an "effective ultrasonic modulus". We found that this
modulus provides a good measure of interfacial shear strength and correlates with
modulus values determined from tensile tests. These results confirm that AU can provide
a viable approach to nondestructive monitoring of mechanical property changes in
composites.
LeRC has installed facilities for experimental study of composite fracture,
mechanical response and durability under extreme environmental conditions. The
strength, stiffness, toughness and fatigue crack-growth parameters can be evaluated at
temperatures to 3000*F (1650"C) in inert, air and other gaseous environments. These test
facilities meet the challenges associated with establishing mechanical test methods, sample
specifications, and characterization of high-temperature composites over a wide range of
thermomechanical conditions. Probabilistic models and algorithms are being developed
for sensitivity analyses needed for identifying and predicting the effects of defects and
constitutive parameters on the behavior of composites. We expect these latter efforts to
provide foundations for guiding NDE for reliability assessment and life prediction.
7. CONCLUDING REMARKS
Historically, most new materials have established viable markets and found
commercial success through a linear product-development cycle. In the past the materials
scientist would develop a new material system, prototypical components were then
fabricated and tested, data bases would be established, and design methodologies were
developed in a sequential process. This linear product-development approach was
adequate during the cold-war era when large research and development budgets spawned
a number of successful high-technology material systems (e.g. smart materials, the
utilization of composite materials in the air frames of jet fighters, etc.). However, as
American industry continues the struggle to constantly reinvent itself in the post-cold-war
era, artifacts such as the linear material-development cycle are being discarded. The
current political climate, reduced budgets, and the need to develop dual-use technology all
demand that economic issues (and not national defense needs) will dominate the direction
of materials research and development. The materials community, which includes
material scientists and product design engineers (both at the national research labs and
within American industry), must adopt new integrated product-development teams that
utilize an assortment of multi-disciplinary skills. In addition, these integrated product-
development teams must involve end-users early in the development cycle to ensure
economic viability. A primary goal of the integrated product-development teams must be
a reduction in the material development cycle, The competitiveness of American material
suppliers and their product end-users demands that the cycle for product development be
shortened. If a reduction in time-to-market is achieved, the direct results are more
American jobs and an improved economic position for American industries in today's
global market.
A reduction in the development cycle requires that the concepts of concurrent
engineering be embraced. Moreover, to establish a concurrent engineering infrastructure
for composites, design guidelines must be established early through codes and standards
organizations such as ASTM and ASME. Unless there is a tremendous cost saving or
system enhancement (e.g. the NOx emission reduction in jet engines mentioned
previously), product engineers will not utilize a new material until they are comfortable
knowing that an appropriate design practice has been codified. The reader need only
study the commercialization (or lack thereof) of polymer-matrix composites and
carbon-carbon composites to find the evidence to support this last statement.
At NASA Lewis, we have adopted this philosophy in the execution of technology
programs for an advanced subsonic transport (AST) and high-speed civil transport
(HSCT) and will continue to apply it in developing new initiatives. These programs are
being carried out by integrated teams of industry, university, and NASA researchers
focused on the needs of the end-use customer. In addition, as the aerospace industry
continues to down-size, the longer-term and more research-oriented aspects of the
business are being cut to the bone. As a result, there is a strong dependence on NASA to
support longer-term research and technology-base efforts as well as near-term focused
research.
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ABSTRACT
The article begins by examining the fundamentab of
traditional deterministic design philosophy. The initial section
oudines the concepts of failure criteria and limit state functions,
two traditional notions that are embedded in determin_tio design
phi/osophy. This is followed by a d_cussinn regarding safety
factors (a poss_le limit state function) and the common utilization
of statistical concepts in deterministic engineering design
approaches. Next, the fundamental aspects of a probabilistic
failure analysis are explored, and it is shown that deterministic
design concepts mentioned in the initial portion of the article arc
embedded in probabilistio design methods. For components
fabricated from ceramic nmcri_ (and other similarly bdale
materials) the probabilhtio d_ign approach yields the widely used
Weibull analysis alter suitable assumptions are incorporated. The
authors point out that Weibull analysis provides the rare instance
where closed form solutions arc available for a probabilisfic
failure analysis. Since numerical methods arc usually required to
cvaluate component reliabilities, • section on Monte Carlo
methods is included to introduce the concept. The article
concludes with a presentation of the technical aspects that support
the numerical method known as fast probability integration (FPI).
This includes a discussionof the Hasofer-Lind and Rackwitz-
Fiesslcr approximations.
INTRODUCTION
Most paramc_crs that are incorporated into engineering
analyses have to a greater, or lesser extent, some level of
uncertainty. In order to achieve a general accounting of the
entire spectrum of values that design parameters exhibit
(especiallyfor those cases where one or more of the design
parameters exlu"oits substantial scatter) a design engineer should
utilize probabilistic methods. However, a reliability approach to
engineering design demands thatan engineermust tolcrateafinkc
risk of unacceptable performance. This risk of unaoceptsble
performance is identified as a component's probability of failure.
The primary concern of the engineer is _g this risk in an
economical manner. To accomplish this requires amtlytical tools
that quant_y uncert_ty in a rational fashion. The tools for
dealingwithuncertaintyina rational fashion have been dzveloped
in a field of mathcma_cs known as probability theory. Since
entire texts arc dedicated to this field, only those concclXs that
are applicable to the design of engineered components are
presented hcrc.
In order to meet the numerical needs that accompany a
prebabilistic analysis several research teanm sponsored by NASA
Lewh Research Center (LeRC) have focused on the development
and applicationof rcliabilitydesign algorithms. Two of these
groups have produced program dcfiverables that include reliability
models and computer sotbsare. Specifically, one program
focuses on the engineering analysisof components fabricated
from ceramic materials. A number of reliabilltymodels
developed for ceramic materials(seeDuffy ct al.,1992, for an
overview) have been incorporated into public domain o0mputer
algorithms suchas the CARES (CeramicsAnalysisand Rclisbfllty
Evaluation of Structures),T/CARES (Toughened Ceramics
Analysis and ReliabilityEvaluationof Structures)and C/CARPS
(Composite Ccramics Analysis and ReliabilityEvaluation of
Structures). These computer algorithms arc coupled to an
tAssoclate Professor, 2 Graduate Assistant, _Acting Branch Chief
assortment of commercially availablegeneral purpose finite
element programs. The algorithmsyieldquasi-staticomponent
reIlabilRy. In addition the CARES family of soR_vare includes
parameter estimation modules that allow the design engineer to
evaluate the strength distribution parameters from failure data.
It is assumed that for this type of reliability analysis the failure
strength of the material can be characterized by either a two- or
three-parameter WeHull distribution.
The second program that has developed prohabilistic
tools for design engineers is the Prubsbilistic Structural Analysis
Methods 0PSAM) program. This endeavor takes on a more
global perspective and deals with the stochastic usmre of design
parameters in • general fashion. In • manner similar to the
structund ceramics effort mentioned above, this program
integnttes probabilisti¢ algorithms with structural analysis
methods. The primary result is the NESSUS (Numerical
Evaluation of Stochastic Structures Under Stress) computer
soRware.
This article presents the underlying engineering
concepts that support the technical aspects of both the CARES
and PSAM programs. In addition, the authors outline the
commonality between the programs by demonstrating the shared
technical principles. Specific details regarding the CARES family
of soRwsre algorithms and the NESSUS so,ware are
incorporated into the conference presentation that accompanies
a_,_le.
FAILURE CRITERION & LIMIT STATE FUNCTION
The success of a structural analysis hinges on the
appropriate choice of design variables used to describe the overall
thermo-mechanical behavior of • component. The design
variables can include, but are not limited to, strength parameters,
external toads, allowable deformations at predetermined locations
in the component, cycles-to-failure, and material stiffness
properties. ARer the engineer has determined what design
variables are pertinent to • given class of design problems, they
can be assembled in an N-dimensiousl vector. This vector of
design parameters can be identified as
Y. " (Yt,Y2.... YM) (1)
Design variablescan easily interactwith one another, thus a
functionalrelationshipisneeded todescn'beany interaction.This
functionis most commonly referredto as a failurecriterion.
Common examples include strength based criterion such as the
maximum distofdomd energy criterion and the Mohr-Coulomb
criterion; fatigue failure criterion are represented by Miner's rule;
and f_tcture cr_cr_n include the critical strain energy reles_c
rate method and the stress intensity factor methods. Usually •
failure criterion represents the first step in defining a limit state.
If an operational state for a m'uctural component falh within the
boundaries of a limit state, the performance of the structural
component isacceptable. An operationalstatefor • component
that falls on the boundary of • limit state denotes ftilure. For the
failure criterion just cited a delineation between acceptable
pofformance and failure is made at a point in thc component.
A failure criterion and a limit state function can be
expressed by the general formula•ran
s - s(v,) ¢2)
Note that g defines a surface in an N-dimensiomd design variable
space. Once again this function must stipulate how each design
variable interacts in producing failure. Here values of f>0
indicate • safe structure, whereas values of g<0 correspond to
trailed structure. The failure criterion (or a limit state function)
can be defined by either a complete loss of load carrying
capacity, or alternatively by • loss in serviceability. The
conceptual distinction between • limit state function and • f_lure
criterion is based on scale. It was indicatedabove that • failure
criterion focuses on a point. Limit state functions focus on the
component or structure. Ot_n times there is no difference
between the two since failure at a point constitutes failure of the
component. In contrast, consider a structural component where
plastic yield is • possHle failure mode. If yielding (failure)ata
point is descKoed by • yield function, then this function
represents the failure criterion for this particular mode of _.
Yet a structural component may not fail if yielding has occurred
only at a poinL In fact the component may continue to function
safely until a sufficient number of plastic hinges have formed and
the structure collapses. The formation of a sufficient number of
plastic hinges is described mathematically by a limit state
fimction. The reader is directed to the extensive literature that
followed Drucker's initial work (1952) in establishing beun& on
limit state fimctions for this type of failure analysis. However,
the point is that for • plasticity analysis the failure criterion (i.e.,
the yield criterion) is different from the ]L,n_ state fimction.
As • prelude to-the discussion that follows later
concerning Wc_ull tnMysis, • structund component fabdeated
from a ceramic material is treated as • weakest-link system. If
onc link in the chain faih, the entireclmin faih. This mumpGon
gives rise to • particular modeling approach in calculating
component reliability. It also infers that failure at a point
constitutes component failure. In this sense the failure criterion
and the lh'nit state function will be one in the same.
SAFETY FACTORS & DETERMINISTIC FAILURE
ANALYSIS
To begin contrasting the difference between
determinhtic and prohabilistic failure analyses the discussion in
this section is focused on a specific failure mode, Le., the
exhaustion of strength capacity. A structural component can fail
when it encounters an extreme load, or when a combination of
loads reaches • cr_cal collective magnitude, and the ability to
withstand the applied toad is exhausted. W'_h the design
algorithms presented in this s_cle the engineer can easily
quantify the nmgnitude of the extreme load event leading to
failure, and account for the frequency at which this extreme event
occurs. In addition, the mength (or capacity) of the material and
any variation in this design parameter can be quantified. A brief
discussion regarding safety factors (as well as safety margins)
follows. This discussion underscores the need to account for
variability of design parameters in • coherent manner. These
quantifies axe typically utilized in deterministic designs, and are
easily incorporated into probabillstic designs.
In the field of structural mechanics it is customary to
define safety factors (and sometimes safety margins) in order to
ascertain how "close" a component is to failing. If L represents
the load on • component, and R represents the resistance (or
capacity) of the m•terial, then the safety factor is defined as
s.F. = R_ O)
L
Alternatively,the safetymargin can be utilized,and thismeasure
isdefined as
S.M. =R -L (4)
Failureoccurs when the safetyfactorfallsbelow one, or when
the safety margin failsbelow zero. These two expressions
represent the simplest and most fundamental definition of • limit
state. In the following section where the principlesof
probabilistic failureanalysisare outlined,thesetwo expressions
are u_ed toexplainbasicconcepts. However, to employ either
safetyfactorsor safetymargins the designengineermust quantify
parameters R and L. Data must be collectedand a single"most-
likely"valuemust be assignedfor each parameter. Ifthe typical
structuralengineer has been exposed to statisticalmethods, these
concepts were encountered in quantifying material properties
from experimental data. Thus the design engineer is familiar
withthe concept of • centrallocationparameter forexperimental
datadefinedby the sample mean, i.e.,
X == X I
Ioi
(5)
A second parameter,the sample variance,servesasa measure of
datadispersion. Itisdefinedas
W
+i' (6)
In the expressions for the sample mean and variance,x I
represents the i _' observation in an experiment with N
observations. Other sample descriptors exist (e.g., skewness and
kurtosis); however, the mean and the variance are more widely
recognized and understood. Usually the =ample mean is used to
identify • single "most-l_ely" value for• design parameter. The
variance is most oRen u_ed in • simple minded fashionto
indicatehow well the experiment is being performed, i.e.,•
smallvarianceindicatesgood experimentaltechnique. However,
this attitudetends to minimize the fact that some design
parameters inherentlybehave in • random fashion. Variationin
experimental data can easilybe • fundamental property of =
particulardesign parameter, not a commentary on experimental
technique.
Often the engineer is not required to determine values
for design parameters directly from experiments. Values for
resistance pantmeters can be obtained from handbooks or existing
corporate data bases. Either source of information may
concurrently list values for the standard deviation (defined as the
square root of the sample variance) but this information is too
oftenignored in • deterministicfailureanalysiswhere the sample
mean isused to representthe "most-Likely"value of the design
parameter. Increasingthe mean value of the loadparameter by
• multiple(usuallythree)of standarddeviations,and decreasing
the mean value of resistanceparameter by the same multipleof
standarddeviationsisone way o fincludinginformationregarding
data dispersion in a safety factor design. Th_ method, referred
toas the three-sigmaapproach, yieldsthe followingdefinitionfor
the factorof safety
S.F. = x'-t - 3 ($=)ta
_':. * 3 (S=)_
(7)
Clearly this definition of the safety factor admits information
concerning the data dispersion for both the load and resistance
parameters.
However, if either of the design parameters exJu"olts a
significant scatter, as evidenced by • relatively large sample
standard deviation, then the design engineer must compensa_.in
some manner to maintain • prescribed safety factor for •
component. Thus, in an effort to maintain • given level for the
safety factor, analyses predicated on equation (7) may casily lead
to uneconomical designs. Utilizing probabilistic methods can
readily compensate for parameter variation, enabling an engineer
to full, her pursue a design that would be otherwise rejected based
on traditional methods. In addition, for materials that exhibit size
effects where the average strength decreases with specimen size
(e.g., ceramic materials) the three-signm approach leads to •
fundamental problem in identifyingwhat value to use for the
resistance random variable.
FUNDAMENTALS OF PROBABILISTIC FAILURE
ANALYSIS
Utilizationof equation (7) represents an attempt to
include more information regarding the true characteristics of
design parsmeters. Momentarily focusing on the reshtancc
parameter, equation (7) implies that the resistance design
panunetcr is inherenOy multi-valued. If this multi-valued
resistance pararnctcr assumes different values at random during
mength-to-hilurz expefimenU, then the parameter should be
treated as • random variable. This holds for the load design
parameter as welL Specifically note that if the load and
r_ist.znco design parameten are treated u random variable.s, then
equation ('7) does not include any information on the underlying
distribution (e.g., normal, log-normal, Wet'bun, exponential, etc.)
that characterizes the design parameter. As the discussion
unfolds in this section the reader will see that reliability methods
attempt to overcome this inadequacy.
Consider • component fabricated from a material with
• resistance described by the random variable X. A single load,
represented by the random variable L, is applied to the
component. Both random variables are represented
mathematically by dis_ctly different probability density functions
(e.g., normal, log-normal, exponential, Weibull, Rayleigh, etc.).
The load and resistanco random variables can be described by the
sam© type of probability density function as long as the
dht_ution parameten are different.
However, in this discussion the distributions for the
random variables arc le/t unspecified. This is intentional in order
to simplify and emphasize several issues. Mak_g use of the
concept of a safety factor, the probability of failure for •
component where • single load is appfied is given by the
expression
P/. Pro_(X/L • 1) (8)
Alternatively, the probability of fai/ure can be defined using the
safety margin. Here
_,/ . _o_ (X - L s o) (9)
For either definition, P/is the product of two finite probabilities
summed over all possible outcomes. Each probability is
associated with an event and • random variable. The first event
is defined by the random variable L taking on • value in the
range
(10)
The probability associated with _ event is the area under the
probability density function for the load random variable over
interval, i.e.,
_'_ -/._) _ (;1)
The second event is associated with the prohability that
the random variable R is less than or equal to x. This is the
area under the probability density function for the resistance
random variable over the range from minus infinity (or an
appropriate lower limit defined by the range of the resistance
random variable) to x. 'This second probability is given by the
cumulative distn'bution function evaluated at x, i.e.,
P:. F.(x) (12)
With the probability of failure defined as the product of these two
probabilities, summed over all possible values of z, then
f F,cx) (13)
To interpret this integral expression, consider Figure 1.
This figure conta_ • graph of an arbitrary probability density
function (fz) for the resistance random variable superimposed on
the graph of an arbitrary probabillty density function (fL) for the
load random variable. Note that R and L must have the same
dimensions to plot these two quantities on the same graph. A
common misconception is that P/ is the ares of overlap
encompassed by the two probability density fimcfions. Scrutiny
of equation (13) leads to the appropriate conclusion that the
probability of failure is the area under the composite function
qzL (x) - Fx(x)/L(x) (;4)
Due to the complexities introduced by specifying Fl(x) and
fL(x) • closed form solution rarely exhU for equation (13).
One exception is the application of equation (13) to ceramic
materiah, which is discussed in the next section.
CERAMIC MATERIALS AND SYSTEM RELIABILITY
Even though variations in loads and strength can be
readily accommodated by the concepu presented in the previous
section, for components fabrictted from ceramic materish it is
the variation in material strength that dominates the design. Lack
of ductility combined with flaws, defects, or inclusions that have
various sizes and orientsl_ons leach to scatter in failure strength.
Thus the strength associated with these ceramic materiah reflecU
an intrinsic fracture toughness and a homogeneous distn'bution of
flaws present in the materials. The analytical concepts presented
in this section will accommodate this singular focus on strength
variation.
Experimental data indicates that the continuous random
i
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Figure I An arbitrary load - resistance interference graph
variable representing uniaxial tensile strength (a resistance design
parameter) of monolithic ceramics is asymmetrical about the
mean and will assume only positive values. These characteristics
rule out the use of the normal distribution (as weU as others) and
point to the use of the We_ull distribution or a similarly skewed
distribution. The three-parameter We_uU probability density
function for a continuous random strength variable, denoted as
_, is given by the expression
(Is)
If the resistance design parameter is characterized by
the WcibuU distribution and the load design parameter is assumed
deterministic, then the following probability density function
/,(x) = 8 (x - =,) (17)
is u"tfllzed in equation (13) for the load random variable. Here 5
is the Dira¢ delta function defined as
e(=-=.)'{o =,=.='=" (Is)
for • • y,and
/z(a) - 0 (16)
for o _ ¥. In equation (15) _, is the Wcibull modulus (or the
shape parameter), _ is the Wc_ull scale parameter, and 7 is •
threshold parameter. If the value of the random variable is bclew
the thr_hold parameter, the probability density function is zero.
Ottcn the value of the threshold parameter is taken to be zero.
In component design this represents a conservative assumption,
and yields the mort widely used two-parameter WeibuU
formulation.
Note that the Dixac delta function satisfies the classical definition
of • probability denJity functions. Thh function rcpresenu the
scenarin where the standard deviation of • distribution approaches
zero in the limit, and the random variable tak_ on • ccatnd value
(identified here as x,). Iusctl_n of equation (17) into equation
(13) yields the following expression for the probability of failure:
.ms
(19)
However, with the Dirac delta function embedded in the integral
expression,theprobabilityoffailuresimplifiesto
Pl" F_(x.) (20)
Thus the probability of failure is governed by the cumulative
dism'bution fimction that characterizes the resistance random
variable. This expression (with modification) is a fundamental
conce_ associated with We_uil analysis.
Equation (20) yields the probability of failure (after an
appropriate distn'bution has been specified for the random
variable R) for a simple component with • single deterrninistiz
load which is identified as x,. However, a unique property of
ceramic materials is an apparent decreasing t_-end in strength with
an inerense in the size of the component. This is the so called
size effect. As an example, consider that the simple component
represenU a unlaxial tensile specimen. Now suppose that two
groups of these simple components exist. Each group is identical
with the exception that the size of the specimens in the first group
is uniformly smaller than the specimens in the second group. For
ceramic materiaL1 the sample mean from the tint group would be
consistently and distinctly larger in a manner that can not be
accounted for by randomness, Thus equation (20) must be
transformed in some fashion to admit a size dependence. This is
accomplished through the use of system reliability concepts. It
should be understood that the expression given in equation (20)
represents the probability of failure for a unOrorm act of boundary
conditions. If the boundary conditions arc modified in any
fashion, or the geometry of the component changes, equation ('20)
is no longer valid. To account for size effects and deal with the
probability of failure for • component in • general manner, the
component should be treated as a system, and the focus must be
directed on the probability of failure of the system.
Typically, for • structural component with • varying
stress field, the component is discretized, and the stress field is
characterized using finite clement methods. Since component
failure may initiate ia any of the discrete elements, it is easy to
consider the disc_ component from • systems viewpoint. A
discretized component is • series system if it fails when one of
the discrete elements fail. This concept gives r_e to weakest-link
reliabi/ity theories. A diseretized component is • parallel system
when failure of a single element does not necessarily cause the
component to fail, since the remaining elements may sustain the
load through redistribution. Parallel systems lead to what has
been referred to in the literature as "bundle theories." These two
types of systems represent the extremes of failure behavior and
suggest more complex systems such as "r out of n" systems.
Here • component (system) of n elements functions if at least r
elements have not failed. However, the failure behavior of
monolithic ceramic materials is brittle and catastrophic. This
type of behavior fits within the description of a series system,
thus ceramic materials are modeled as a wcakest-link reliabitity
system.
Now the focus is directed to the probability of failure
of • discrete element and how this failure relate• to the ovendl
probabili_ of failure of the component. If the failure of an
individual element is considered a s_ event, and if th_
events arc independent, then the probability of fmluro of a
discretized component that acts as • series system is given by
N
P!- 1 - I"_ (I -_) (21)
where N is the number of discrete finite elements for • given
component. Here the probability of failure of the l a discrete
element (_Pi) is given by the expression
_, - t_ (22)
where V denotes volume and _ is a failure function per unit
volume of material. This introduces the requisite size scaling tYtat
is assoc_ted with ceramic materials. Adopting an argument used
by We_ull (1939) where the norm of the AVj's tends to zero in
the limit as N goes to infinity, then the component probability of
failure is given by the following expression
(23)
What remains is the specification ofthe failure function _. The
most basic formulation for _ is given by the principle of
independent action ('PIA). For this reliability model
(24)
where or, ¢2 and ¢3 are principle stresses. Equation (23) is the
essence of Wdbull analysis. The issue of other possible forms
for ÷ has been discussed in dctail in articles by Duffy and Arnold
(1990), Duffy and Manderschcld (1990), Thomas and Wctherhold
(1991), and Duffy ct sl. (1993).
As • fiual note, equations (20) and (23) can be equated
once • distribution function is specified for the resistance random
variable. As was indicated earlier, the distribution of choice is
the Wclbull distribution. There is • fundamental reason for this
choice that goes beyond the fact that the Wcibull distribution
usuaUy provides a good fit to the data. Of_'n times thc log-
normal distn'bution provides an adequate fit to flilure data
representing ceramic materials. However, the log-norm•/
distribution precludes any accounting of size effects. The reader
is directed to work by Hu (1995) for • detailed discussion on this
roarer. As it t_as out, once a conscious choice is made to
utilize the Weibu11distribution,equations (20) and (23) provides
a convenient formuhtion for parameter estimation. The derails
foracoompthhing this are provided in Duff7 (1995).
The next issue the design engineer is confronted with
concerns the numerical evaluation of equation (13) when • closed
form solutionis not readilyavailable. The ruder of this
article is dedicated to this impot_Jmt issue. However, before
proceeding on to the next section the reader is reminded that
probabilistic concepts were introduced by adopting • very simple
failure criterion. In the sections that follow the failure criterion
is leit un._ecified and the detaih of the numerical techniquel are
highlighted.
MONTE CARLO METHODS
In this section the •uthors expand the scope of the
discussion beyond simple failure criterion represented by safety
factors and nfety margins. This discussion beghu with the
observation that most structund component_ are designed based
on the results obtained from • finite element analysis.
analysis can incorporate • mechanical analysis, • thcrnud
analysis,or both. In all cases the design engineer seeks to
predict,and most times minimize, the stressfieldthroughoutthe
component in an economical fashion. The stress fieldis
approximated by the stressstateobtained from each discrete
element. Once •gain the focus of the design algorithms presented
here is on individual (discrete) elements. In genertt the
reliability of an individual finite element is computed from the
expression
R - _obob_[g¢3.) > 0]
when a failure criterion is used to define point failure. Note that
the failure criterion is kit umpecified thus equation (25) is •
general, fundamental relationship. The discussion that follows
out_es specific details that must be embedded in this
relationship.
To evaluate equation C25) the design space must be
defined. In addition, the relevant joint probability density
function that represents the design variables must be established.
As was indicated carlicrif there arc N random variables
associated with • limit state funct_n, then the design space is an
N-dimensional space (a hyperspace) that represents the enfixc
domain of possible values of the design variables. In order to
transform • limit state function into • reliability model • joint
probability density function must be utilized. Th_ function
establhhes the relative frequency of occurrence for • specific
combination of values (realizations) of the design random
variables. Keep in mind thatthe limitstatefunction is used to
determinewhich arcs ofthe design space (aregionthatrepresents
allpossibleoutcomes of the design random variables)willresult
in • successful event. Thus according to equation (25) the safe
domain of the design space should sathfy g(yo ) > 0. Obviously,
the portion of the design space that sail.sties gO,)_O is the
failure domain for the finite clement. Thus the relJabiJJty of a
finite element is the integration of the joint probability density
function
criterion.
over the safe design space defined by the fa_re
Th_ integration takes the form
8 m
wheref(y. ) is the joint density function of the random va.,-isbles,
and 5_ is the aafe domain of the design space. This concept is
simplified to • two-dimcnsioual design vtrisble space depicted in
Figure 2.
Unfortunately, the integral in equation (26) does not
usually have • closed form solution. An exception to this was
presented in the section where the principles of Weibull analysis
arc examined. Thus in genend, numerical techniques must bc
utilized to evaluate the reliability of • finite element. Two
numerical techniques are discussed in this article that previde
approximate solutions of equation (26). They arc the
conventional Monte Carlo method, and the fast probability
integration (FPl) method. Other methoch exist (the reader is
referred to Hu (1995) for an overview) but ordy thcsc two
methods are presentedhere due to limitationsplaced on the length
of this axticle. The reader is referred to Wu (1994) for • more
comprehensive development of the numerical technique,
associated with the FPI method. In addition, Hu's thesis (1995)
presents details regarding • Monte Carlo method with an
extremely efficient utmpling approach.
The conventional Monte Carlo simulation is
conceptually simple, very general, and relatively straightforward
to implement. Thus it is commonly used to numerically estimate
the probabillty of failure when • closed form solution to equation
(26) is unavailable. In general the probability of fti]ure of •
structural component can be ex'pre_sed as
p,. f (27)
where 55 is the failuredomain thatsatisfiesthe expression
s(y.) • o (28)
Equation (27) is an alternative expression to equation (26) since
P/. i - R (29)
Now define an indicator function I such that
Limit state boundary
F'gure 2 Two-dimensionaljoint PDF with limit state
1 s(yJ ,oI'_ 0 gO'.)> 0 00) tt,_"fxfCx)dx
03)
indicator function can be included in the integral defined by
equation (27) if the integration range is expanded to include the
range of the design space, i.e.,
Pt " f ZfOo)dy, 01)
1..6:
The integral on the right side of this expression defines the
expectation of the indicator function, Le.,
E [I] - f If(y.)dYo 02)
6.4:
Recall from stathtics that the definition of the mean (p) of a
random variable is the expectation of the variable. Thus
Aho recall that the mean associa_:d with • random variable caa
be estimated from • sample taken from the population that is
being characterizcxi by the distr_ution function jTx). The
estimated value of the mean is given by the simple expression
I N
xj 04")
Where x1 is the._h observation in • random utmple taken from
the population. In a similar fashion the probability of failure (P/)
represents the expected value, of the indicator function. Thus
equation (31) can be expressed as
05)
Here it is implied that a random sample of succet_es (I= 1) and
failures (I=0) has been generated. Thus/j is thc_h evaluation
of the limit state function where the random observations have
bccngcncratcdfrom thc cumulativc distn_utinn function Ft.
The simulation method dcfincd by equation 05) is
referred to as • conventional Montc Carlo simulation. The
objective is to go=crate a sumclcntly large set of obscrvatinns
(i.e., large N) in order to rcproduc- thc statistical characteristics
ofthc underlying population that thc observations arc taken from.
The concept of the convcntional Monto Carlo method is shown in
F'_,urc 3, whcro the solid circlcs rcprcscnt• succeaa, i.e., I=I
and g(_o) .cO. The open clrclcs arc observations that do not pass
the failurc criterion. Hcro I=0 and gfy.)>0. While this
approach may not bc thc most cf_cicnt numcrical tcchniquc,
cvcntually it will converge to the corre_ solution, Lc., the
solution approaches P$ in the limit as N approaches infimty.
THE FAST PROBABILITY INTEGRATION METHOD
This section presents thc details ofobtalning component
rcllabil_cs fi'om fast probability intogra_on (FPI) methods.
These details are presented in terms of the simplified failure
criter_n defined by safety factors or safe_y margins. This is
done to merely clarify tcchnical concepts. At the end of the
section the details are provided that allows the appfication of this
method to arbitrary fa.ilure criterion.
Thus thc probability of failuro for • structural
component can be expressed as
PI " _obab_( X - L ,_0 ) O6)
where R is the resistance random varlablc and L is thc load
random varlablc (both of which were stipulated as design
variables). Define the safety margin as
u .x -r 07)
The expectation of the utfety margin is
ttu " I_l - I_L 08)
where/z u is the mean of M,/z_ is the mean of R and/z L is the
mean of L. Similarly, the variance of the safety margin is given
by the expression
8_- 8:.. 8_ - 2co.ix, r_] 09)
where "coy" represents the cova.,_ance function, 5zJ is the
variance of R, and B_ is the vtrlancc of L. However, if R and
L are indcpcndcntrandom variables, then
coy[x, L] • o (4o)
and
&_ = &z + &: (41)
Making usc of the definition of the safety margin, thc
probability of failuro can bc cxprcssed u
P, - ProbabU_(-- _ M _0) (42)
If R and L arc normal random variable=, then M (which is also
• limit state function) become= • linear combination of two
normally distributed random variables. Thus M is • normally
distz_buted random VL,'lable. Making use of the stamdard normal
CDF (@), th© probab;l;ty of fai]uro is givcn by the expressinn
(43)
Substitution yields
PL- Pl (44)
Now define the roliability index _ such that
15 - I_j_-IAL (45)(8=,.,.
th_gl
1':- _(-I_) (46)
This is equivalent to the integral expression given in equation
(19), i.e.,
. f f dRa,- (47)
s_
Thus equation (46) rcprcscnts• "fastintegration"of equation
(47),hcncc the origin of tcrm "fastprobabilityintegration"(YPD
fortheapproach thatutil]zcsthe rcliabilityindex. The cxprcssion
Y2
0
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Figure 3 Conventional Monte Carlo methodg
for th© reliability index was derived based on tho special cue
where the safety margin serves u th©limit state function. More
generally, othcr cxprossions for _ can bc dcrivcd by adopting
diffcront limit statc functions. However, in general, the straight-
forward relationship between the reliability index and the
probability of failuro cxprcsscd above no longer holds. If the
limit statefunction is a non-linear function of the design variables
or the design variables are not normally distributed, then equation
(46) will not hold. Yet for cithcr case thcrc _'= approximations
that can bc utilized which yield good ro_ults, provided the limit
statc functions and the design variables arc suitably rostricted.
Lf= L-'u__..._.z (49)
8,,
Thus the rcsistancc vsriablc can bc cxprossed
R = _Sj_ + I_,e (51)
and the load variable can bc expressed
Bcforc thc discussion on how the rolsfionship bctwcen
the p_bsbJlJty of failure tad thc rclJabilky index can bc
approximated, a gcomctdc intc'rprotationof the rcliability index
is given using the simple definition of the safety margin expressed
in equation (38). If R and L are normally distKouted, they can
be transformed to standard normal varlables. By definition the
transformedresistance vm-isblc is
L = L_SL ÷ PL (51)
Intermsofthetransformedrandom variablesthesafetymargin
becomes
M = 6_R I - 8,/." + (P',e- P_) (52)
R'= x -p.._.._._ (48)
&a
and the transformedload variable is
Now the reliability index can bc intcrprotcd u the shot_st
disUmcc from thc origin in thc transformed vL,-h_blcspscc to thc
ftilurc surfacc, which is dcfincd by M. This is dcpicted in
Figurc 4 whcr_ the fzilurc surfscc _ with this
safety margin h shown in both the original and th_ transformcd
design variablc spacc. The point on thc fsilurc surfacc that is
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Figure 4 ,,,) Failure surface in the standard variablc space, b) Failure surface and MPP in the tzansformcd varlablc space
nearest to theorigin is referred to as _h©most probable point
(MPP) in structural reliability litenture. The reader can easily
vcr_ that equa_n (4.,5')cruzI:_ der.ived fi"om the geome_y
presented in Fignrc 4. This last figure is important. If
• the limit state function can bc [incsxizcd, and
where
N
g - I - _,a_y_ (54)
i-I
• the design variables can bc ttm_sformed to standard
normalvariables, _',r" E(s] (SS)
then _ can be dctcrmincd using analytic geometry concepts.
Once _ has bccn found, the probability of failure is calculstcd
directly using cqual_n (46).
Finally,bcfor_ discussingapproximate methods
associated with linearizing the limit state functionand
normalizing the design variables, a brief discussion is necessary
concerning thc cxtension of equation (46) to N design variables.
The preceding discussion focused on two independent, normally
distributed, random variables. Equation (4"7) holds for N
independent, normally dlstn_outcd random vzriables, if _c limit
state function (g) is • linear function of therandom variables.
Under these circumstances
8#
and
a ValZ[S] (56")
_ =
Note that az is the coefficient of the/'th term of thc limit state
function and dcpcnds on the particular limit state fimction
utilized.
THE HASOFER-LIND APPROXIMATION
Hasofer and Lind (1974) proposed •teehniquc
(identifiedhereastheH-L method)that•pproxima_ thefailure
surface for those cases where the limit state function is not •
lincar comhiuation of the design variables. The failure surface
(a hyper-surfscc in the N-dimcnsional design variable space) is
approximated by • hypcr-planc tangent to the failure surfscc at
the MPP (see Figure 4). This approximation is accomplished by
utilizing the first term of a Taylor series cxpansion of the limit
state function at the MPP. Thus
tC:.)-sC_)*_ a_t"
(s_
where r.. is the vector of standard normal variables which are
related to the design variables in the following manner
Za m
6r,
(S9)
Here z." is the vector representing the location of the MPP, and
the asterisk usociated with the partial derivative indicates the
vector and the associated derivatives are being evaluated st the
MPP.
Since the IL,rdt state function is approximated by the
tint term of a Taylor series expansion, the H-L method is
referred to as a "tint order" method. Keep in mind that the H-L
approximation will be _xa¢: if the design variables are normally
distributed, and the true limit state function is linear. The reader
should question how good the approximation is if the actual limit
state function is not linear (a hyper-plane) in the transformed
standard normal variable q_co. The joint probabi_ty density
fimetinn tends to decay exponentially with a relative increase in
distance from the mean ('Le., the "peak" of the jointPDP in
Figure 2). For large values of_ (Le., low probability of failure)
the main oon_n'bution to the probability integral, i.e., equation
(28), usually comes from regions near the MPP, since the
relevant functional values of the joint PDF will assume their
largest values in the near vicinity of the MPP. Therefore,
provided that the actual limit state surface is well-behaved and
does not exhibit significant deviations from the tangent hyper-
plane approximation in the neighborhood of the MPP, a
reasonably accurate estimate of the actual probability of failure
(PI) can sill] be obtained from equation (46) by this first order
approximation.
Since .8 represents the shortest distance from the origin
to the failure surface in standard normal variable space, and the
location of the MPP is not known a priori, a search algorithm
must be employed. An optimization method making use of
Lagrange multipllen is utilized here. The following steps
represent the details of this search algorithm:
(I) Assume _ values for the normal design variables
y/, and transform these values to standard normal
values z_" using equation (58).
(2) Transform the limit state functiong(y,) tog(z.) using
equation (57). This requires the evaluationof the
O)
partial derivatives at the correspunding values of _'.
Evaluate the Lagrangu multipliers
fi/0/J
(4) Assemble the vector _" using
(6O)
where _ is unknown at this point.
(5) Substitute _" into the followingexpression
g(z,) - 0 (61)
and solve for/3. Note that this last expression is a
scalar valued function. Hence one equation is solved
for one unknown _).
(6) W'_h _ known, update values of z," and rcpcat steps O)
to (5) until a sukablc convergence criterion is met.
This convergence crite_on can be easily related to the
change in _ from one iterationto the next.
The geometric interpretation of the algorithm above is
shown in Figure 5. Note that the rate of convergence for the H-
L algorithm will depend on the following
* the nature of the true limit state funct_n,
• the startingpoint,
• the ch&rscteristies of the random variables, and
• the correlation between the random variables.
These issues have been discussed thoroughly in the open literature
and will not be revisited here.
THE RACKWITZ-FI_ER APPROXIMATION
If the random variables that are utilized in the limit state
function are not normally distributed, a second approximation
must be cmployed. Based on a concept suggested by Paloheimo
and Hannus (1774), Rackwitz and Fiesslcr(1778) pmpoted a
modification of the FPI method to account for design variables
g(z )
" Unearized
Failure Surface
v
Zl
Figure $ Schematic of the Hasofcr-Lind •ppreximation where • non-linear failure surface is approximated by •
linear tangent hypcr-planc
with non-normal distr_butious. The technique (referred to here
as the R-P method) converts non-normal random variables into
standard normal variables by first equa_g the CDFs of the
standard normal and non-normal distributions, i.e.,
cxpressious. Thus, the equivalent normal mcan (Prf) and
equivalcnt normal standard dcviation (St, R ) of non-normal
variables can bc dcrived from equatio_ (62) and (63).
Specifically
® .' - F,,e,') (63)
..; ..; - 84 ®-'[F.,(_,')] (_
and
Hcrc Frj represents the non-normal cumulative distribution
function (c.g., the two-paramctcr Wc_ull disl_'bution) and 4_ is
the standard normal cumulative distribution function. In •ddition
the PDFs of the standard normal and non-normal distributions arc
equated leading to thc expression
8,f- *[®"[F,,e,')]] (_
&e,')
(64)
Hcrc [ri rcprescnts thc non-normal probability density function
and _ is the standard normal probability density function. These
last two expressions must bc cvaluatcd at cvcry approximated
MPP. Thc character _ signifies thc normal dlstn'bution in both
SUMMARY
An overview is given of ¢mginecring concolXS and
computational algorithms which have been dcvcloped coal)ling
prebabilistic design approaches to structural analysis.
Probabilisfic design approaches arc shown to have cvolved u a
natural cxtcnsion of traditional dctcrministic design apps_0aches.
Thc well established Wc_uU analysis approach,
commonly utilized for the design of componcnts fabricated of
brittlcmaterlaissuchasccramics,i shown to bc • specisl casc
of the more gcncral probabilistic design problem formulation.
Substantial dcvelopmcnts have occurred to cxtend the Wc_ull
analysis approach to more complex fanure mechanisms and for
thc approximate numerical solution of more rcalistic componcot
design problcms using finite clcmcnt analysis teclmiques. Thesc
efforts have produced comprehensive design tools, such as is
embodied in the CARES family of soltware developed atNASA
Lewb Researeh Center.
In thc more general ca•c, much of thc dcvclopmcnt
effort has focused on cfficient numerical algorithms to ackicvc
accurate approximate solutions of probabilistic design problems
involving complex and nonlinear failure or limit state functions
and design parameton described by non-normal dism_outions.
Scveral specific algorithms are deser/bed which arc extensions of
the fast probability integration approaches originally devcloped by
Hasofer and Lind, and Rackwitz and Feissler, as well as
extensinns of Monte Carlo simulation approaches allowing for
more selective sampling. Again, these efforts have produced
comprehensive design tools, such as is embodied in the NESSUS
family of so/tware dcvcloped at Southwest Research Institute
under the sponsorship of NASA _ Research Center.
The various methods presented provide • quantkttivc
basis to account for design uncertainties inherent to physical
systems. Thc ultimate benefit of probabilistic design approachcs
is • more rational basis for mal_g design decisions that balance
component or system cfficicncy with reliability or safety. This
benefit is especially important in the design of high-performancc
and/or I_c-¢_ systcms.
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COMPARISON OF TENSION AND _ TO D_ FATIGUE
LIFE PREDI_ION PARAMETERS AT ELEVATED T_fPERATURES
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ABSTRACT: High temperature slow crack growth of a hot-pressed silicon
nitrlde (NCX 34) was determined at temperatures of 1200 and 1300°C in
air. Three different testing methods were utilized: dynamic and static
fa_iEue with bend specimens, and static fatlgue with dog-bone-shaped
tensile specimens. Good asreement exists between the dynamic and static
fatigue results under bending. However, fatigue ausceptlbillty in
unlaxlal tensile loadln 5 was 8rearer than in bending. This result
suggests that high temperature fatlgue behavior should be measured with
a variety of specimen configuration and loading cycles so that adequate
lifetime prediction parameters are obtained.
KEYgORDS: silicon nltride, slow crack growth, dynamic fatigue . static
fatigue, tensile fatigue . lifetime prediction
Silicon nltrlde ceramics are candidate materials for high
temperature structural applications in advanoed heat engines and heat
recovery systems. The major limitation of this material in high
temperature appllcatlons is fatIEue-assoclated failure, where slow crack
8rowth of inherent defects or flaws can occur until a critical size for
catastrophic failure is reached. Therefore, it is very important to
evaluate fatigue behavior with specified loading condition so that
accurate lifetime prediction of ceramic components is ensured.
There are several ways of determining fatigue parameters.
Dynamic, static or cyclic fatigue loading can be applied to smooth
specimens with inherent flaws or to precracked fracture mechanics
specimens in which the crack velocity measurements are made directly. A
considerable number of studies have been carried out to characterize
fatisue behavior of silicon nltrlde ceramics using the testing methods
1 Research Associates. Cleveland State University, Cleveland, OH
44115; Resident Research Associates, NASA Lewis Research Center,
Cleveland, OH 44135.
Research Engineer, NASA Lewis Research Center, Cleveland, OH
44135.
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mentioned above if-Z]. Although the reported results agree to some
degree, there remains uncertainty and disagreement among the testing
methodologies, depending on test materials and even on researchers.
In this study, high temperature fatigue behavlor of a hot-pressed
silicon nitrlde was determined at 1200 and 1300"C in air using three
different loadlng conditions: dynamic and static loading for flexure
beam specimens and static loading for dog-bone-shaped unlaxlal tensile
specimens. Finite element analysis was carried out for the tensile
specimens to obtain stress distributions and to assure the
appropriateness of the specimen configurations designed. The material
was chosen because it exhibited moderate fatigue susceptibilities at
high temperatures, enabling the comparison of fatigue lifetime
prediction results from various testing methods. This material has been
previously used under bending loading to study hlgh-temperature
structural reliability [_], long term environmental exposure [_] and
effects of oxidation on strength distribution [I0].
EXPERIMENTAL METHOD
Material
The materia_ used in this study was a hot-pressed silicon nltride
containing 8% Y203 . The room temperature basic physical and mechanical
properties of the material are shown in Table i. The material exhibited
a slightly blmodal grain structure of large elongated and fine equlaxed
grains. This bimodal .grain structure resulted in a high fracture
toughness (_c = 7 MPaJm) as well as a rising R-curve [II], typical to
most In-situ toughened silicon nitrldes with elongated grain structure.
Test Procedures
Dynamic and static fatigue testing for the as-machined flexure
beam specimens was conducted _n ambient air at 1200 and 1300°C using a
SiC four-point bend fixture in an electromechanlcal testing machine.
The inner and outer span of the test fixture were I0 mm and 50 mm,
respectively. The nominal dimensions of the rectangular test specimens
were 3 mm by 7 mm by 35 mm, respectively, in height, width, and length.
Four loading rates of 4.2 to 4200 N/mln were used in the dynamic fatigue
TABLE l--Fbvslcal and mechanical nroverttes of NCX 34
S_icon nitride at room temnerature [11,12]
Young' sI
Modulus,
E (GPa)
[11]
Hardness 2
H(GPa)
[11]
Dens its,3 Fracture 4
(g/cm) Toughness(111 z..,:(m'sJm)[11]
296 I&.5±0.6 3.37
Notes:
6.90±0.56
RT
Strength 5
(Rpa)
[12]
805±50
I. By strain gaging; 2. By Vickers microhardness indenter;
3. By buoyancy method; 4. By SEPB method; 5. With specimens of 6.35 mm
(width) by 3.17 mm (height) using a four-point fixture with 9.525/19.05
mm- inner and outer spans [12].
# NCX 34, fabricated in 1979, Norton Co. Northboro, MA.
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testing, resulting in the corresponding stressing rates of 2 to 2000
MPa/min. Stress levels applied in the statlc fatigue tests were 250 to
500 MPa at 1200vC, and 75 to 400 HPa at 1300"¢, respectively. The
number of the test specimens in the dynamic fatigue testing was four at
each loading rate per temperature; whereas, the total nmaber of the test
specimens in the static fatigue testing was 14 and 21, respectively, at
1_00 and 1300°C. Each test specimen was preloaded with 20 N to maintain
good alignment relative to the test fixture, and held at the test
temperature for 20 min prior to testing.
The tensile fatigue behavior was investigated at temperatures of
1200 and 1300°C in air. The dog-bone-shaped tensile test specimens,
similar to those used in creep testing measurements by Wiederhoru et el.
[13], were utilized for this testing. A test specimen with strain gages
attached is shown in Fig. 1. The dimension_ of the test specimens were
2.5 m by 2.5 n_by 20 _ in cross section and gage length,
respectively. To minimize the degree of miaaligument ot the tensile
test specimen, the loading pin holes of each test specimen were tapered
toward the center so that load was applied to the center of the
specimen, as suggested by Carroll et al [14]. With this tapered pin
hole configuration and careful specimen mounting, it was possible to
achieve less than two percent misaligrunent at a stress of 150 HPa.
The tensile specimens were preloaded with 35 N at room temperature
and heated to the test temperature. Each test specimen was kept at the
test temperature for about 20 min prior to applying the full test load.
_he testing was conducted in dead weight creep machines. A total o£ 14
Lest specimens were used at 1200vC with a nominal applied stress range
of 80 to 200 MPa; whereas, at 1300°C a total of 15 were used with
applied stresses from 50 to 100 HPa. A finite element analysis of the
test specimen has shown that high stress, similar in magnitude to those
occurring in the gage section, occurred around the loading pin hole due
to the stress concentration. Hence, particular care was taken to
minimize the possibility of machining-induced damage around the tapered
pln-hole. Every pin hole was carefully diamond polished with a
speclally designed hand tool. Also, all the surfaces end edges of each
as-machlned test specimen were carefully hand-sanded to minimize any
machining damage.
. ?._-._
"4
FIG. I--A dog-bone-shaped tensile test specimen with strain gages
attached.
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Finite Element Analvsls of Tensile Svecfmens
The finite element model for the tensile test specimen consisted
of 1040 HEX/20 elements with a cecal of 5747 nodes. The model was
analyzed using the MSC/NASTRAN finite element package. Linear static
analysis was employed, with one eighth symmetry for simplicity. The
specimen was loaded such that a specified uniform uniaxial tensile
stress was present in the gage section. Three FORCE cards were used to
apply the load. The load was applied to the one side of one element
through the thickness. Since HEX/20 elements were used for the
analysis, the load was divided into four parts. The outer nodes of the
element received one part of the load each and the center node received
two parts of the load. This load scheme was used to remain consistent
with the element shape function formulations employed for the 20 node
element (].5].
Typical stress contours thus obtained are shown in Fig. 2, where
a= (principal stress along the specimen length) is plotted for one
eighth syJmetry of the specimen. This figure indicates chat the maximum
stress is present both at the gage section and at the pin hole (in the
nine o'clock direction) due to the stress concentration. Note that the
stresses in the neck region are always lower than that occurring in the
gage section. Although the maximum stress occurs at the pin hole as
well as at the gage section, the probability of failure is considerably
higher at the gage section than at the pin hole since the volume or
surface area stressed under the maximum stress is much greater at the
gage section than at the pin hole. However, every attempt was made to
minimize machlnlng-lnduced damage
14eoo.-
lOOee.-
6088.-
2ooo.-
-2ooo..
-6oeo.
°10080.
FIG. 2--Contours of principal stress along specimen length
obtained from finite element analysis (one eighth symmetry).
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J ,:
_TSANDDISCUSSION
For most ceramics and glasses, slow crack growth can be expressed
by the empirical relation
v - X [YV_c]" (I)
where A and n are the fatigue parameters associkted with material and
environment, _ is the model stress Cntensfty factor, and K¢ is
fracture toughness. For dynamic fatigue testing which employs constant
loading rate (P) or constant stressing rate (_), the corresponding
fatigue strength, or, is expressed [16]
_,- (S (n+l) S,_2] 1_+1 _1_.1 (2)
where B - 2/[AY2(n-2)_c _2] with Y being the crack geometry factor and S_
is the inert strength. The fatigue constants n, B and A can be obtained
from the intercept and slope, respectively, of the linear fit of Log of
versus Log 8. In the same way, for static fatigue cescing where
constant stress is applied, the time to failure (_) can be derived
easily in terms of applied stress (o) as follows [_]
t_- [B S,_2] a_ (3)
,ikewise, static fatigue parameters B and n can be evaluated by a linear
iegression analysis of the static fatigue curve when time to failure
ILog _) is plotted against applied stress (Log a). However, it should
_e noted chat there are several statistical approaches co estimate the
_atlgue parameters from dynamic and static fatigue data [17].
The relationship in fatigue life be_een dynamic and static
fatigue is [18]
%- 4J(n+l) (_)
where _ is the time Co failure in dynamic fatigue, which corresponds co
- aJb. By substituting _ in Eq. (4) into Eq. (3) wlch o - _f, the
dynamic fatigue curve can be converted into an equlvalenC static fatigue
curve as follows:
where a is the value associated with B, n and S,.
Dynamic _ _tic Fatlzue in Bendinz
A summary of the dynamlc fatigue results at 1200 and 1300°C in
air is presented in Fig. 3.
(The2)_solid lines in the figure represent thebest-fit lines based on Eq The decrease in fatigue strength with
decreasing stressing rate, which represents fatigue susceptibility, was
evident at both Cemmeratures. The fatigue parameter (n) was determined
CO be n - 16.0 andS5.0 at 1200 and 130_°C, respectively, from a linear
regression of Log _ versus Log _. FracCographlc analysis of the
failure surfaces revealed the presence of slow crack growth zones at the
lower stressing rates, while no appreciable slow crack growth was
obtained at higher stress rates.
The results obtained from the static fatigue tests at 1200 and
1300°C in air are shown in Fig. 4. The arrow marks in the figure
represent the specimens that did not break before about 600 hr. Also,
the solid lines in the figure represent the best-flc lines based on Eq.
(3). The fatigue constant n was evaluated Co be n - 20.7 and 15.0 at
1200 and 1300°C, respectively. The fatigue constant n - 15-21 thus
CHOI ET AL. ON COMPARISON OF TENSION AND FLEXURE 103
owth can be expressed
(1)
d with material and
:or, and Kc is
hlch eaploys constant
ha corresponding
(2)
eometry factor and S,
and A can be obtained
linear fit of Log o t
testing where
_ can be derived
(3)
evaluated by a linear
en time to failure
However, it should
ches to estimate the
data [iZ].
amic and static
(4)
, which corresponds to
(3) with ¢ - of, the
Ivalent static fatigue
(5)
1200 and 1300°C in
• figure represent the
_ati_ue strength with
s susceptibility, was
er (n) was determined
:Ively, from a linear
nalysls of the
:k growth zones at the
tack growth was
tests at 1200 and
; in the figure
about 600 hr. Also,
[t lines based on Eq.
- 20.7 and 15.0 at
_t n - 15-21 thus
1000
NCX34S_N,70(; AIR 12xPC
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FIG. 3--Results of dynamic fatigue testing in bending of NCX 34 silicon
nltride at 1200 and _300°c in air.
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FIG. 4--Results of static fatigue testing in bending of NCX 3& sllLcon
nitrlde at 1200 and 1300°C in air.
obtained agrees reasonably well with the value of n - 15-16 determined
from the dynamic fatIKue testing. A value of n - 12 was reported
previously, obtained _rom static fatigue with MOR bars at 1400°C in air
[1.E1•
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It is interesting to compare the static fatigue results obtained
in this study wlCh those obtained by previous researchers. Particularly
at 1200°C, the stress rupture data of Qulnn [_] is very different from
those reported in this study. Similarly, Wiederhorn and Tighe [_]
observed almost no failure at 1200°C at 400 MPa, even wlch specimen
containing Knoop indents. The data in Fig. 4, however, indicates that
they all should have failed at about 1000 seconds. This is due to the
fact that there are billet to billet variations in the material, as
pointed out previously [_]. Similarly, _ulnn [_] reported hands of
nonuniform material whlchcracked and crept differently. Thus, NCX 34
silicon nltrlde seems to be a such a material that some subtle chemistry
or mlcrostructural variation leads to radically different behavior.
It is Important to note that appreciable creep deformation
occurred for the specimens subjected at 1300°C to the lowest stressing
rate in the dynamic facIEue testing and to the lowest applied stress in
the static fatigue testing. Fracture surfaces of the specimens tested
at different stressing rates or applied stresses showed that slow crack
growth zones dominate failure as stressing rate or applied stress
decreases. One complication evident from the fractography Is theshape
of the crack developed, especially in the specimens subjected to £ong
time to failure. The cracks, though initially half-pennles in
configuration, develop into corner and straight-through cracks as the
crack size approaches the specimen size, as shown in Fig. 5. This may
affect the values of the measured fatigue parameters, due to changes in
crack geometry and net section stress. Further, enhanced creep at high
temperature can result in neutral axis shift attributed co asymmetric
creep hehavlor hecween the compression and tension sides of a flexure
beam specimen [20]. This neutral axis shift may affect the stress
distribution and possibly change the fatigue parameters.
_tatlc Fatigue in Tension
Some of the unlaxlal tensile specimens failed from the loading pin
holes. This undesirable pln-hole failure was found to be associated
with machining damage, which was minimized later by careful hand
polishing with diamond compound around the tapered pin holes. Another
undesirable failure associated with machining damage occurred at the
intersection of the straight gage section and the radius of curvature of
the neck region, where a small surface discontinuity (damage) existed.
The typical gage section and intersection failures are shown in Fig. 6.
This neck region failure was also minimized by careful hand polishing
around the intersections with SiC sand paper.
FIG. 5--Fracture surface of a specimen subjected to static fatigue in
bending at 1300°C; a - 190 MPa and _ - 456 hr.
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(a)
(b)
FIG. 6--Fractured uniaxial tensile test specimens: (a) desirable gage
section failure; (b) undesirable neck region failure.
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FIG. 7--Results of static fatIKue testing in unlaxial tension of NCX 34
silicon nltrlde at 1200 and 13_0oC in air.
A summary of the unlaxlal tensile fatigue results obtained at 1200
and 1300°C in air is presented in Fig. 7. The solid lines in the figure
represent the best-fit lines obCalnedby a linear regression analysis of
Log _ versus Log o. It should be note_that specimens failed from the
pin holes and neck region (marked with vertical arrows) were excluded in
the regression analysis. The horizontal arrow marks in the figure
represent the test specimens that did not break before 600 hr. The
fatigue parameter n was determined Co be n - I0.0 and 10.6 at 1200 and
1300 C, respectively. This fatfEue parameter of n _ 10 is somewhat
lower than that (n = 15-21) from the dynamic and static fatlgue testing
with the flexure beam specimens. By contrast, the parameter of n = I0
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(a) (b)
Fig. 8--Fracture surfaces of specimens subjected Co static fatigue in
uniaxial tension at 1300°C: (a) a - 100 MPa; _ - 42 min;
(b) o - 50 MPa; _ - 682 h.
valuedeterminedofn _o
r the smooth (as-machined) specimens is higher than the
5 .2 obtained for the uniaxial tensile specimens with Knoop
indent cracks by Henager and Jones (21].
At hlgh applied stress, failure was usually (but not always
clearly) associated with slow crack growth; whereas, at lower applied
stress creep-induced failure was dominant at both temperatures.
Multiple creep crack formation in the gage section was typically
observed for the speclmens failed at lower stresses. FiK. 8 shows the
fracture surfaces of specimens failed at 1300°C at two d_fferent applied
stresses of a - 100 and 50 MPa. The formation of a dominant crack is
evident for the specimen failed at 100 MPa with _ - 42 min (volume
failure). However, a clear fracture origin was not readily dlscernable
from the specimen failed at 50 MPa with _ - 682 hr, suggesting that
crack coalescence associated with creep damage caused specimen failure.
Comparison of Fatigue Parameters
Comparison of dynamic and static fatlgue behavior In bending can
be evaluated by converting the dynamic fatigue data into a corresponding
static fatigue curve via Eqs. (4)and (5). The resulting plots are
shown in Fig. 9, where the converted dynamic fatIEue data are compared
with the static fatIEue data. Also included in the figure are the data
obtained from the unlaxlal tensile fatigue testing.
Overall agreement between dynamic and static fatigue in bending is
reasonably good, notwithstanding a little variation, especially at
1200°C. Therefore, based on these results it is possible to obtain slow
crack growth parameters from either static or dynamic fatigue testing
techniques, as observed previously for Csralloy 147A slllcon.ntrride
[22]. The dynamic fatigue testing is preferable since the time to
failure is shorter in dynamic fatigue than in static fatigue. Care
should be taken when an extrapolation based on the dynamic fatigue data
is made to predict slow crack growth behavior in the low applied stress
regime.
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FIG. 9--Comparison of fatigue life curves obtained from dynamic and
static bend fatigue and tensile static fatigue for NCX 34 silicon
nitrlde at 1200 and 1300°C in air.
The difference between the tensile static fatigue and the dynamic
or static bend fatigue is much larger as seen in Fig. 9. The difference
in fatigue strength be_=ween the tensile and bend loading is probably due
to the difference in effective volume or surface area between the two
specimen configurations (dog-bone-shaped tensile specimens and flexure
beam specimens). The ratio of bending strength to tensile strength can
be calculated using the following equation
OT/O8 - [X_/_] TM or
- [v_/v_] _ (6)
where P_. and V_ are effective surface area and effective volume,
respectively, and m is the Weibull modulus. Since the Weibull modulus
at _200 and 1300°C were not known, a value of m _ 10 was arbitrarily-
chosen. By assuming that failure Ss controlled by v_lume-assoclated
failure, and taking V_ - 11.28 mm and V¢_ - 62.5-.I based on the
fixture and specimen geometry, a value of or/o e - 0.786 is obtained.
This ratio of 0.786 is a reasonable estimate at 1200°C, but a poor one
at 1300°C since the ratios of the tensile fatigue strength to the bend
fatigue strength (dynamic or static) at _ - 1 s (assuming little
fatigue) are 0.7 and 0.4, respectively.
Using the experlmentaldata andthe appropriate equation and
assuming K_ = 5 MPa_m at 1200 to 1300"C, the fatigue parameter A was
calculated and tabulated in Table 2. By using the A value, the fatigue
llfe curve (Fig. 9) was converted into a crack velocity curve, Fig. i0,
where crack velocity is plotted, based on Eq. (i), as a function of
normalized stress intensity factor _/_c. The crack velocity curve
obtained at 1300°C from the uniaxlal tensile fatigue with Knoop indent
crack [18] was also included in the figure for comparison. As already
• o .'
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TABLE 2--Sunuaarv of fatigue parameters of NCX 34 silicon nitride _t
1200 and 1300"C in air under various loadin_.
Loading and
_eometr,/
Dynamic in
Bendln_
Static in
,Bendin_
S_atic in
Tension
Static in Tension
with Indents (_]
Temp ](°C)
1200
1300
i200
1390
1200
1300
1300
n
16.0
15.0
20.7
15.0
10.0
,,lo. s
5.2
14.702
10.269
11.148
11.697
16.242
11.126
A
(m/mtn)
0.194
0.300
0.191
0.262
0.319
0.417
0
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FIG. lO--Summary of crack velocity curves obtained from different
testing methods for NCX 34 silicon nicride at 1200 and 1300°C in air.
shown in the fatigue life curve (Fig. 9), there is reasonably good
agreement between the dynamic and static fatigue in bending, but a large
discrepancy between the uniaxlal tension and bend fatigue data. Fig. i0
also shows chat in unlaxlal tensile loading the fatigue susceptibility
of the indent cracks was much greater than that of the smooth (as-
machined) specimens, as observed previously for the GN-10 silicon
nitride material at 1200°C [_].
34 silicon nltrl_ _
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The difference in fatigue susceptibility of smooth and Knoop
precracked specimens may be due to the nature-of the cracks used or the
method of parameter est_matlon: The dynamic and static methods determine
arameters empirically from stress and tlme-to-failure data that results
tom inherent defects that develop into cracks, grow and cause failure;
whereas fracture mechanics methods, such as the Knoop indent, attempt to
directly observe and track the length of an Inltlally sharp, well
developed crack.
These results indicate that there is no unique fatigue testing
methodology, implying that a variety of fatigue loading cycles, specimen
configurations and flaw systems should be used to thoroughly
characterize fatigue behavior of ceramic components that will have
multiaxlal stresses. An Important result obtained from this fatigue
testing study is that the dog-bone-shaped tensile specimens that have
been used primarily in creep studies of ceramics can be applied to high-
temperature tensile fatigue llfe (stress rupture) testing.
CONCLUSIONS
(1). The high-temperature fatigue parameters for this material
determined from dynamic and static fatigue bend data are in good
agreement. Fatigue parameters were n - 15 to 20.
(2). A discrepancy exists between bend (dynamic or static) fatigue and
uniaxial tensile fatigue, resulting in more fatigue susceptibility for
uniaxlal tension. The discrepancy is presumably due to creep associated
mechanism, different in bending and tension primarily attributed to
neutral axis shift occurring in the bend specimens.
(3). Creep-associated failure became dominant as applied stress or
stressing rate decreased. In this case, neutral axis shift via
asymmetric creep deformation may have affected the stress distribution
of flexure specimens, and presumably changed the fatigue parameters,
which were based on an elastic stress solution. The use of tensile
specimens is thus strongly preferable in this case.
(4). Fatigue behavior should be evaluated with a variety of stress
states, loading cycles and flaw (inherent or artificial) configurations
to ensure accurate llfe prediction parameters.
ACKNOWLEDGEMENTS
This research was sponsored In part by the Ceramic Technology
Project, DOE Office of Transportation Technologies, under contract DE-
AC05-84OR21400 with Martin Marietta Energy Systems, Inc. The authors
are grateful to R. Pawllk at NASA Lewis for his experimental and gEM
work.
REFERENCES
[i] Ritter, J. E., "Engineering Design and Fatigue Failure of Brittle
Materials," pp 661-686 in Fracture Mechanics of Ceramics, Vol. 4,
Bradt, R. C., Hasselman, D. P. H., and Lange, F. F. Eds., Plenum
Publishing Co., NY, 1978.
[_] Tranclna, G. G., "Strength and Life Prediction for Hot-Pressed
Silicon Nitrlde," Journal of American Ceramic Soc_etv, Vol. 62,
1979, pp 377-380.
[_] Govila, R. K., "Uniaxial Tensile and Flexural Stress Rupture
110 CERAMICMATERIALS
Strength of Hoe-Pressed SI3N4," Journal of Amerlcan Ceramic
__q_, Vol. 65, 1982, pp 15-21.
[4] Qulnn, G. D., and Quinn, J. B., "Slow Crack Growth in Hot-Pressed
Silicon Nlcrlde," pp 603-636 in Fracture Mechanics of Ceramics,"
Vol. 6, Bradt, R. C., et al. Eds., Plenum Press, NY, 1983.
[_] Chol, S. R.I and Salem, J. A., =Comparison of Dynamlc Fatigue
Behavior Between SiC Whlsker-Relnforced Composite and Monolithic
Silicon Nitrldes," NASA TM i03707, NASA Lewis Research Center,
Cleveland, OH, 1991.
if] Chuck, L., McCullu=, D. E., Hecht, N. L., and Goodrich, S. M.,
=High-Temperature Tenslon-Tenslon Cyclic Fatigue for a Hipped
Silicon Nitride," Ceramic En_ineerln_ and Science Proceedln_s,
Vol. 12, 1991, pp 1509-1523.
[_I Evans, A. G., and Wiederhorn, S. M., "Crack Propagation and Failure
Prediction in Silicon Nitrlde at Elevated Temperatures," 3ournal
of Material Science Vol. 9, 1974, pp 270-278.
[_] Wiederhorn, S. M., and Tighe, N. J., "Structural Reliability of
Yttrla Doped Hot Pressed Silicon Nitrlde at Elevated
Temperatures," Journal of American Ceramic Socletv, Vol. 66, 1983,
pp 884-889.
[_] Qulnn, G. D., "Characterization of Turbine Ceramics After Long Term
Environmental Exposure," U.S. Army Tech. Report TR 80-15, U.S Army
Materials and Mechanics Research Center, Watertown, MA, 1980.
[i0] Easler, T.E., Bradt, R. C., and Tressler, R. E., "Effect of
Oxidation and Oxidation Under Load on Strength Distribution of
Silicon Nitride," Journal of Amerlcan Ceramic Socletv, Vol. 65,
1982, pp 317-319.
[ii] Chol, S. R. and Salem, J. A., Bimonthly Progress Report, Ceramic
Technology for Advanced Heat Engines Project, W.B.S. Element
3.2.1.7., November-December/1991, Oak Ridge National Laboratory,
Oak Ridge, TN, 1991.
[12] Sanders, W. A., unpublished work, NASA Lewis Research Center.
[13] Wiederhorn, S. M., Roberts, D. E., Chuang, T.-Z., and Chuck, L.,
"Damage-Enhanced Creep in a Sillconized Silicon Carbide:
Phen_menology," Journal of American Ceramic Socletv, Vol. 71,
1988, pp 602-608.
[14] Carroll, D. F., Wiederhorn, S. M., and Roberts, D. E., "Technique
for Tensile Creep Testing of Ceramics," Journal of American Ceramic
Socletv, Vol. 72, 1989, pp 1610-1614.
[15] Bathe, K. J., _inlte Element Procedures in Englneerin¢ Analvsls,
Prentlce-Hall, Englewood Cliffs, N3, 1982.
[16] Evans, A. G., "Slow Crack Growth in Brittle Materials under Dynamic
Loading Conditions," Zn_#rnatlonal Journal of Fracture, Vol. i0,
1974, pp 1699-1705.
[17] Jakus, K., Co)me, D. C., and Ritter, J. E., "Analysis of Fatigue
Data for Lifetime Prediction for Ceramic Materials," Journal of
Materials Science, Vol. 13, 1978, pp 2071-2080.
[18] Davidge, R. W., McLaren, J. R., and Tappln, G., "Strength-
Probabillty-Time (SPT) Relationship in Ceramics," $Ou_ual of
CHOI ET AL. ON COMPARISON OF TENSION AND FLEXURE 1 1 1
)f American Ceramic
tck Growth in Hot-Pressed
_echanics of Ceramics,
I Press, NY, 1983.
,n of Dynamic Fatigue
:omposite and Monolithic
Lewis Research Center,
and Goodrich, S. M.,
Fatigue for a Hipped
_d Science Proceedln_s,
ck Propagation and Failure
Temperatures," Journal
,-278.
ructural Reliability of
at Elevated
:Ic Society, Vol. 66, 1983,
• Ceramics After Long Term
Report TR 80-15, U.S Army
_atertown, MA, 1980.
R. E., =Effect of
ength Distribution of
ramlc Society, Vol. 65,
rogress Report, Ceramic
ect, W.B.S. Element
8e National Laboratory,
wis Research Center.
, T.-Z., and Chuck, L.,
llcon Carbide:
mic Society, Vol. 71,
berts, D. E., =Technique
ournal of American Cerejai¢
tn En2fneerln_ Analysis,
[e Materials under Dynamic
iI of Fracture, Vol. I0,
., "Analysis of Fatigue
4aterlals," Journal of
-2080.
_, G., "Strength-
camlcs, = Journal o5
M_cerials Science, Vol. 8, 1973, pp 1699-1705.
[19] Larsen, D. C., and Adams, J. W., "Property Screening and Evaluation
of Ceramic Turbine Materials," AF_AL-TR* 83-4141, Wrlght
Aeronautical Laboratories, Wrlght-Patterson AFB, OH, 1984.
[20] Chuang, T.-J., and Wiederhorn, S. M., "Damage-Enhanced Creep in a
Sillconlzed Silicon Carbide: Mechanics of Deformation, =
American Ceramic Society, Vol. 71, 1988, pp 595-601.
[21] Hena_er, C. H., and Jones, R. H. "Envlronmental Effects on Slow
Crack Growth in Silicon Nitrlde, _ Ceramic En_i_rin_ and Scienc ee
PJLg__, Vol. 9, 1988, pp 1525_1530.
[22] Salem, J. A., and Chol, S. R., Ceramic Technology Project
Semiannual Progress Report for April 1991 through September 1991,
pp 305-319, ORNL/TM-II984, Oak Ridge National Laboratory, ua¢
Ridge, TN, 1992.
L. A. Jan0sik
N&_ LewisResez_'ct_Center,
Cleveland.OH44135
S. F. Duffy
ClevelandStaleUniversilL
Clevelan0,OH44115
A ViscoplasticConstitutive
Theory for Monolithic
Ceramics--I
Thispaper,whichisthefirstofhen ina series,providesan overviewofa viscoplaxtic
con.c_mivemodelthataccountxfordme-dependem materiald_formation(e.g..creep.
srr_srelaxation,etc.)inmonolithicceromic._UsingcontinuumprincipIsjofengi.
neering mtchanic_, the compl¢te theory is derived from a xcalar dissipative potential
funcffon fir_ proposed by Robinson (1978), and later utilized by Duffy (1988).
Dcefvmioas based on a flow potemial funcrion provide an assurance that the inelasr/c
boundary, value probl¢m is weU posed, and solutions obtained are unique. The specific
[ormuZa_n _ed herefor thethresholdfunction(a componentoftheflowpotent!
funcffon)was oris_11yproposedby WRlam and Warnke (1975) inorderroformu.
late constitutive equations for timE.indepcndenz cla_ical plaxticL'y behavior observ¢.d
in cement and unreinforced concrete. Here coeurtitativ¢ equations formulated for the
flow law (strain rate) and evolutionary law employ _rrexx im_zriansxto define the
functional depend_u:e on the Cauchy srreJs and a Wnsorial xtate variable. Thb
panicuJar for_lation of the vizcoplaztic model exhibits a sensitivity to hydrostatic
stress, and allows different b_tmvior in tension and compression.
Introduction
with increasinguse of ceramic materials in high-temperature
applicalious, the need arisesto predict thermomeclumical be-
havioraccurately. This paper will focuson inelastic deformation
behavior associated with these service conditions. A number of
constitutive theories for matexials thaz exhibit sensitivity to the"
hydrostatic component of _ have been proposed that charac-
terize deformation using fia_-inde_ndent classical plasticity
as a foundation. Corapcioglu and Uz (1978) reviewed several
of these theories by focusing on the proposed form of the indi.
vidu_ yield function. The review include_ the works of Kuhn
and Downey (197I). Shima and Oyar¢ (1976) and Green
(1972). Not included is the work by Gurson (1977) who not
only developed yield criteria and a flow rule, bm alsodiscussed
the role of void nuclenfion. Subsequent work by Meat and
Hutchinson (1985) extended Gunon's work to include kine-
matic hardening Of _ yield _n'fac_. AJthough the t_viously
mendoncd d_ories admit • _ on the hydrostatic com-
ponent of stress, none of _ th_ri<_ allow diffemm behavior
in tension and co_o_ Wilbun and Warnk¢ (1975) pro-
posed a yield criterion for concrete that admits • dependence
on the hydrostatic component of stress and explicitly allows
differem mnterlzl responsesin tension and compression. _-verai
formul•dons of their model exist, i.e., • three-parame_" formu-
lation and • five-pazamemr formulation. For simplicity the work
printed here builds on the three-paranmmr formulation.
The aforemendened theories ate somewhat lacking in that
they are unable to capture creep, relaxation, and rate-sensitive
phenomena exb.i_ted by ceIPamic materials at high tempctanm:.
A noted exception is the recent work by Ding et aL (1994). as
well as the work by White and Hazin_ (1995). Another excR_-
don is a paper by Lie _ al. (1997). which is an extension of
the work presented by Ding and co-workers. As these authors
point out, when subjected to elevated service temperatures, ce-
r=mdc maun'ials exhibit complex thermomechanical behavior
that is inhe.rendy time dependent, and hereditary in the sense
that carrcnt behavior dqg-nds not only on current conditions,
but also on thermom¢chanical history. This paper presents the
formulation of a macroscopic condnunm dainty tha_ captures
these dine-dependent phenomena. SpacificalJy. the overview
contained in this paper focuses on the complete mulfiaxial deri-
vation of the constitutive model, and examines the atmnding
geometric implicafious when the Wil]am-Wamke (1975) yield
function is utilized as • scalar threshold fixnction. A second
paper,which will appear shortly, examines specific dine-depen-
dent sn'ess-strain behavior that can be modeled with the consti-
tutive relationship presentedin this article. No a_emig is made
here to assess the _ccura_ of the model in coml_'_on to exper-
imenL A qmmdtadve assessmcm is reserved for • latex date.
the material constantshave been suitably c_zed for
• specific ceramic mat_aI. The quantitative assessment could
easilydovetail with the nascentefforts of White and co-wor_ers.
Flow Potential
Early work ia the field of metal plasdcfly indicated that in-
elastic deformations are essentially unaffecr_l by hydrostadc
stress. This is notthecaseforcetamic-ba_l material systems,
unlessthe ceramicisfullydense.The theorypresentedhere
allows for fully dense maun'ial behavior as a limiting case. In
addition, as Chuang and Duff'y (1994) point ouL cenu_c rnnte-
rials exhibit diffm-ent tim¢-<Lependent behavior in tension and
compression. Thus inelastic deformation models for ceramics
must be co_ in • fashion that admits s,_asifivi_ to hydr_
$_,atics_-essand differing behavior in tension and comla_ssion.
This will be accomplished here by developing an extension of
• J_ model first proposed by Robinson (I978) and lat_ ex-
tended to sinmred powder metals by Duffy (1988). Although
the viscoplasdc model presented by Duff'y (1988) admitted a
sensitivity to hydrostatic sm:ss, it did hoe allow for different
material behavior in tension and compression.
The complete theory is derivable from • scalar dissipative
potem_l function identified hor¢ as CLUnder isothermal condi-
tions this function is d=pr.ndcnt upon the applied stress (or)
and internal state variable (%), i.e..
f_ - f_¢+, %) (1)
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The stxe_ dependence fora /: plasticitymodel of a 12vis-
coplasticitymodel isusuallystipulatedintermsofthedeviatoric
components of theaFpliedstress, Le.,
Sv = _'v - (1/3)_,_v
and a deviatodcstate variable
(2)
av * a,j- (I/3)a_v (3)
For the viscoplasticitymodel presentedbere thesedeviatoric
tensorsareincorporated,alongwith theeffectivestress
(4)Y]# ----- O'9 -- tl#
and an effective deviatoric stress, identified as
2;_ = S_ - a_ (5)
Both tensors, i.e.. rh, and _-,/. are utilized for notational conve-
nience.
The potential nature of f2 is exhibited by the manner in which
the flow and evolutionary laws are derived. The flow law is
derived from $2by taking the partial derivative with respect to
the appliedstress, i.e.,
Of2
_ = Ocr"-'_ (6)
The adoption of a flow potential and the concept of normality,
as expressed in Eq. (6), were introduced by Rice (1970). In
his work the relationship above wasestablished using thermody-
namic arguments. The authors wish to point out that Eq. (6)
holds for each individual inelastic state.
The evolutionary law is similarly derived from the flow po-
tential. The rate of change of the internal stress is expressedas
a_ = -h on (7)
o_0
where h is a scalar function of the inelastic state variable (i.e.,
the internal stress) only. Using arguments similar to Rice's.
Ponter and Leckie (1976) have demonstrated the appropriate-
ness of this type of evolutionary law.
To give the flow potentiala specific form. the following
integralformatproposed by Robinson (1978)isadopted:
where _, R,/I".and K atematerial constants.Inthisformula-
tion/_isa viscosityconstant,H isa hardeningconstant,n
and m areunitlessexponents,and R isassociatedwithrecov-
ery.The octahedral thresholdshearstressK appearinginEq.
(8) isgenerallyconsidereda scalarstatevariablethatac-
countsforisotropichardening(orsoflening).However, since
isotropichardening isoftennegligibleat high homologous
temperatures(=-0.5),toa ftrstapproximationK istakento
be a constantformetals.This assumptionwillbe adoptedin
the present work regarding ceramicmaterials. The readeris
directedto the work by Janosik(1998) forspecificdetails
regardingthe experimentaltestmatrixneededtocharacterize
theseparameters.
Several of the quantities identified as material constants in
the theory are strongly temperature dependent in a noniso-
thermal environment. However, for simplicity, the present
work is restricted to isothermal conditions. A paper by Rob-
inson and Swindeman (1982) provides the approach by
which an extension can be made to nonisothermal conditions.
The present article concentrates on representing the complex-
ities associated with establishing an inelastic constitutive
model thatwillsatisfythe assumptionsstipulatedhereinfor
ceramic materials.
The dependence upon the effective stress T,I and the devia-
todc internal stress a,, are introduced through the scalar func-
tions
F = F(Z#. r/_) (9)
and
G = G(o#, no) (10)
Inclusion of % and av will account for sensitivity to hydrostatic
stress.The conceptof a thresholdfunctionwas introducedby
Bingharn (1922) and latergeneralizedby Hohenemser and
Prager(1932). Correspondingly,F willbe referredm as a
I,.J:,J3=
'fl, h, h-
K=
,t,'_0 _,I m
Nomenclature
a_ = deviamric component of the
state variable tensor
B - constant(in general polylrto--
mini form of F)
C = coefficientused to simplify
expressionsforflowand
evolutionarylaws
F = Bingham-Prager threshold
function
G = scalar state function
H -- hardening constant
h = scalar hardening function
dependenton the inelastic
statevariable
invariantsassociatedwith
the Willam-Wamke thresh-
old functionF
invariants associated with
the scalarfunctionG
octabedraldweshold shear
unitlessexponents
R = recoveTyconstant
r = positionvectorinI'I-planer pre-
sentingdeviatoriccomponent ofa
stresstat_
S_j= deviatoric component of applied
Stress tensor
u, u= component of position vector r
Y = normalized thresholdstress
a# = internalstatevariabletensor
dz,,= state variable evolutionarylaw
&/= K,mnecker a,.lta
% = flow law (inelastic swain rate)
fly= effective strumstensor
8 = angle of similitude measured in
the rl-plane
k = scalarfunction in general polyno-
mial form of F; dependent on J3
through the angleof similitude 0
/.t= viscosity constant
FI = plane perpendicular to the hydro-
static suess linein the Haigh-
Westergaard stress space ( i.e.. the
l'l-plane )
= 3.14159 ...
p = Willam-Warnke hydrostatic
threshold parameter
Z_ = effective deviatoric stress ten-
sot
o"= thresholdstress
cr,j = applied Cauchy stress tensor
fl = scalar dissipative potential
function
= denotes parameters associated
withscalarfunctionF
= denotesparameters associated
withscalarfunctionG
rate
Subscripts
bc - equal biaxial compressive
c = compressive
i. j. k = tonsorial con'q>onents
m, n = tensorial components
q, u, u= tonsorial components
t = tensile
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_m_
Bingham-Praser _cshold function, lne_tic deformation oc-
curt only for those stz_ states when:
F(_. r_v) > 0 (IX)
For frame indiffexcnc¢, the scalar functions F and G (and
hence fl) must be form invariant under alJ proper orttmgonal
transformations. Thil condition is ensured if the functions de-
pend only on the principal invariants of %_, a_, rlo, and a u, that
is
r = F(/,. J_. J,) (12)
and
where
G - G(._,, 7:, _)
and
•9, = a, (17)
7, - (½)a,a_ (IS)
= (_)a¢_,ah (19)
These scalarquantitiesareelementsofwhat isknown ininvari-
anttheoryasan integritybasisfor thefunctionsF and G.
A three _rmneter flow criterionproposed by Willam and
Wmtke (1975) wi!l serve as the Bingham-Prager threshold
function. F. The Willam-Warnke criterion uses the previously
mentioned stress invariants w define the fimcdonal depondence-
ou the Canchy stress (_,¢) and intcrnal state variable (ae). In
general, thisflow criterion can be construcu:dfrom thefollow-
ing general polynomial:
sign wlum the direction of a sa_ss component is reversed. The
p characterizes the tensile hydrostatic threshold flow
mess. This pm-ametcr will also be conddered in more detail in
the next u:_on.
A similar f_mcdonal form is adop_ for the scalar state func-
tion G, i.e.,
G( ,,. _, ._) " o"__ + 3po'----_ (24)
The funcdon G stipulated in the expression above is implicidy
dependent on 7, through a second angle of similitude, _), which
is defined by the expression
(13)
cos(3_) = (3_)____
2(_)_,: (25)
(14) This formulation assumes a threshold does not exist for the
(15) scalar function G. and follows the framework of previously
proposed constitutive models based on Robinson's(1978) vis-
coplasdc law.
Threshold Parameters
For the Willarn-Warnke three-parameter formulation, the
model parameters include o,, the tensilc uniaxial threshold
stress, u_,the compressive uniaxial threshold su'ess, ar,d cr,_.
the equal biuial compressive threshold stress. The function
r(_) appearing in Eq. (22) and the functionr(_) appearing in
Eq.-(24) depend implicitly on theseparameters.This is demon-
strated later in this section.
To explore the nature of the potential hmction, level surfaces
offlareprojected onto variousstressubspacesforthe virgin
inelastic state. Restricting our view to the virgin inelastic state
impliessurfacesof fl - con.starealsosurfacesofF = COasL
AS no_ed previously,F playstheroleof a Bingham-Prager
threshold function. Since there arc aninfiv.itc family of surfaces
F = con_ each associated with a particular ma_imde of the
ineLa_c _ rate, we restrict the scope of this discussion to
_'¢shold surfaces to gain an m_-_anding of the physical ns-
(_j:) (_) rareofthecurreinmodel.F = X + B - 1 (20) The parameters _, and or, are depicted in Fig. 1 where athreshold surface (F - 0) has been projected onto the crl:-u,
stress subspace. For illustration, a set of threshold flow suess
inwhere o, is the uniaxial threshold flow sl]'ess compression
and B isa constant determined by consideringhomogeneously
a¢ - 0 (21)
Note that a threshold flow sUressis similar in aaa_ to a yield _ _" _/i
stressin classical plasticity. In addition, k is a function depen- ..._...,.._-------_- _..._
dettt on the invariant ]] and other threshold stress parameters
that arc defined momentarily. The specific details in deriving 4 /_ -2 -L.I -I ,_S -0_01 0J
the final form of the function F can be found from Willam and
Warnke (1975). and this final formulation is stated here as
forbrevity.The _on F isimplicitlydependenton ]_through
the function r, which is character_ in the next section. This
function is _,dependent on the angleof similitude which is
defined, by the expression
cos _3_}'= (3_/3)1_
• , _ (23)
.l
The invariant I, in Eq. (221 admits a sensitivity to hydrosutdc 4
st_ss. The invariant ]_ in Eq. (23) accounts for different behav-
ior in tension and compression, siacc rids invariant changes Fkl.1 Ir_nmtm4df_tkm _ _ ew _,,-e,= m
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valu_ has bee,, adolxed max toughly coneapo,_ to val_es
anticipated for tsoeopk monolithic certain. S_, the
comp_asive ,niaxtd threshold mess value is _rt ,, ZOO MPa,
The tensile tmiaxial threshold stress value is a, - 0.20 MPa,
and the equal biaxial compressive threshold stn_ vim= is ok
•, 2.32 MPa. Using these slress threshold values, the flow func-
tion in Fig. 1 defines a smooth Itow surface for any combination
Of f_resses. States otrredresslying within the tiow surface depicted
in this 8gut= represent elastic sgages of stress. Inelastic flow
occurs when any load Ftth reaches this surface, or other surfaces
beyond (i,e., surfaces where F > 0). It is readily discerned
fi_m this figure that the constitutive model allows different flow
behavior in tension and compression.
The threshold parameter cr_ can be seen when a cutting plane
is passed through the flow surface (F = 0) in the Haigh-
Westerganrd stress space, Specifically the cutting plane contains
the hydrostatic stress line and it intersects the conic surface (F
= 0) along two Lines (see Fig. 2). By convention, these Lines
of interjection are termed meridians. The relative position of
each meridian is defined by the angle of similitude g (whlch
is depicted in Fig, 3). For the teosi]e meridian _) = 0, and for
the compressive meridian _i ,. ".. The _nsile and co_slve
meridians, depicted in Fig. 2, are linear for the _pantme_er
W'dlam-WamJke criterion. Meridiaos are nonHoe_ for the lye-
parameter formulation. In Fig. 2 all three panmete_, i.e., ¢,.
a,. and _r_ are visible. These parameters are defined by the
intersection of load paths with the flow surface. This character°
ization of the threshold flow stresses is described ia detail by
Palko (1992). ALso note that this formulation of the Bingham-
Prager flow funcdon introd_'es a depend_tce on the hydrostatic
component of the stress smra. Combining views from Figs. 2
and 3 in the Haigh-Westergaard stress space yields a flow
surface in the shape of a pyramid with a triangular base. As a
reference, typical Jz plasticity modeis have yield surfaces that
are right_-_d_ cylinders in the Hai&b-Westerpard sm=s
space.
In lieu of the previously mentioned three threshold s;znss
panmeters, the threshold parameters
Y_E (26)
r, - 2Y** + Y, (27)
and
rc = 3Y,J, + Y,. -
le_. l _ na_ _._m def_ t_ ttm _ aed =_
m._dt,m
are utilized in order m simplify the expression presented htter
for the function r. These alternative threshold sn'ess parameters
are dependent on the parameters o', _. and o'_. SpecificaUy.
the normafized threshold stresses
Y, - _--' (29)
O"c
and
¥_ - ¢-._-_ (30)
are inm3duced to simplify Eqs. (26)- (28). DetaiLs of d_edeft-
rations for the parameters appea.-ing in Eqs. (26) -(28) can be
found from either Palko (1992) or Chert (-1982).
The parameter p is depicted graphically in Fig. 2- As nou:d
earlier, this parameter is the tensile threshold hydrostatic flow
stress. WUlam and Warnke postulated that a single sector (- _rl
3 =; 0 -= .'/3) of the flow surface in the H-plane could be
represented as • segment of an ellipse, The major and minor
axes of the ellipse are formulated as functions of the intercepts
rr and r, (see Fig. 3). The minor axis of the ellipse is assumed
to co/ncide with • tensile axis. However, the center of _ ellipse
does nm necessarily coincide with the bydrosr_c axis. either
for • material in the virgin state, or for • martial that has been
subjected to a _*rvice history. The reader should co_ul! Palko
([992) for the complete derivation. With the function r(_)
defined flow sin-facecan be completely mapped in • l'[-plane,
as depicted in Fig. 3.
For either 0 or _ the function r(O) is defined ts
r(a) = "(0--2 (3[)
u(O)
where
u(O) = 2r,(r:, - r=,) cos (8) ÷ r_(2r_ - r,.)[4(r_ - r, z)
X COS" (0) + _;r_ -- 4r_] uz (32)
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and
v(O) = 4(r_ - r:,) cos2 (9) + (r_ - 2r,) _ (33)
For the definRions expressed in Eqs. (31 ) - (33)
_" 7r
- - s 9 s - (34)
3 3
Physically.r(_)representsthedeviatodccomponent ofastress
state,sin_ thisvectorliesinthe n-plane.No_: thatEq. (31)
yieldsr(_) = r,forthe specialcaseof# = 0.Si_larly,r(_)
" rc for $ = r/3.
Flow Surfaces: Interpretation
As in Robinson's original theory, the current model is clo,sely
tied to the conccpu of • potential fimcdon and normality. It
is this potential-normality su'ucmre that provides • consistent
framework. According to the stability postal•to of Drucker
(1959), the concepts of normality and convexity are important
requirements, which must be imposed on the development of a
flow or yield surface. Constitutive relationships developed on
the basis of these requirements assure that the ineI_mic bound-
my-value problem is well posed, and solutions obtained are
unique. Experimental work by Robinson and Ellis (1985) has
demons_tcd the validity of the potential-normalcy smacture
relative to an isotropic Jz alloy (i.e.. type 316 stainless stccl).
With this sma:mreo the direction of the inelastic strain rate
vector for each stress point on • l_ven surface is directed normal
to tim flow surface F = coast (see Fig. 4). Without experimental
evidence to the contrary, it is postulated that this sumcmre is
similarly valid for isotropic monolithic ceramic materials.
For constitutive models based on Robinson's (1978) original
framework/low surfaces generated by nonzero values of F are
associated with different inelastic strain rates. Figure 4 i11us-
a typical family of level surfaces generated by monotoni-
r.ally increasing the magmitode of F (a# = 0). The family is
projected onto the o',l-¢,, stress plane. Large values of F =
const correspond to flow surfaces that evcomally cluster, form-
ins a limiting surface. This implies large changes in inelastic
strain rate for only small stress changes, analogous to the yield
condition of classical plasticity. This feature was pointed out
originally by Rice (1970) for constitutive models based on Eq.
(6).
I=lg. 4 Irk_w m mmodstsd w_ a _ _ value
_ mG/kaw hm_km P
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Fig. S Ftow turfao_ as a ftmcCam of _te ratJo rdr,
The convexity of the proposed flow surface assures stable
manorial behavior, i.e., positive dissipation of inelastic work,
which is based on thermodynamic principles. The convexity
requirement also implies thax level surfaces of a function are
closed surfaces, since an open region of the flow surface allows
the existence of a load path along which failure will never
occur. For the Willam-Wamkc model convexity is assur_ if
the ratio of the interccpu in the H-plane sadsfies the condition
1.0 > r,lr, > 0.5. The family of surfaces shown in Fig,. 5
illustralcs the concept of convexity for surfaces having various
r,lr¢ ratios. H_e the values of the ratio vary from 0.726 to
0.487. Notice thesurfaces identified as "'e'" and "'f'" violate
the convexity condition.
Finally, the Willam-Wandm flow criterion ( and the constitu-
"fivetheorypresentedhercin) degenerates to simpler models
under special limiting conditions, For the case of r_ = r, - r.,
where r. is the same for any angle _, the model degema-ates to
a two-parameter formalation, i.e., the Drucger-Prag_r flow cri-
terion. When projected onto the e.-o= stress planeund_ these
conditions, the flow surface depicted in Fig. 1 degencra:cs to
aa ellipse (see Fig. 6). Note that the major axis of this ellipse
FIg. e F3ow _r/_ f_ me Dmcker-PraO_ formult_a
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isalignedwiththebisectorof tl_ first and third qu_L_an_
the interceptsalong the u,_ and u,, axes representun/axial
temil©and _mt_m_ thresholdstressesthatarenocequalh_
magnitude, even though the flow surface degenerates to a circle
in the H-plane. The Drucker-Prager formulation yields differ-
ent tensile and cmnpressive threshold stresses became the for-
mulafion produces a right circular cone in the three-dimensional
Ha/gh-Wcs_rgaard s_ss space.For thespecialcasewherer,
= r, = r. and p =, "_, the Willam-Waruke model reduces to
the single-parameter Von Mises criterion. For this case, the flow
surface de_.nerates m a circle in the H-plane (a right circular
cylinder in the three-dimensional Haigh-Westergaard stress
space) and an ellipse in o,, - o.._ suress space, which is depicted
in Fig. 7.
Stress-Strain Relationship
Employing the chain rule for differentiation and taking the
partial derivative of f_ with respect to a'#. as indicated in Eq.
(6), yields
( ori_FoFor,_ + o_,o_ az. os.
_' " t-_ / L_,, _ oG'7,os,.oz. os. o_,,
+ 0]_ Or_,, OS_ 0_ J (35)
where Eq. (8) has been utilized co define fL
Evaluarlng the paniaJ derivative terms in Eq. (35) yields the
following expression for the flow law
,¢ - Co[ CL6u ÷ C.Z¢ ÷ C,( T.,_T., - _-_I ] (36)
where the magnitudes of the coefficients Co. C,, C._. and Cj are
dependent on the invariams defined in Eqs. (14)-(16) (i.e..
_, ]z. and ]3). the three threshold parameters (i.e., o', ¢=. and
o,¢). tad the flow potential pazameters utilized in Eq. (8) (i.e..
/i, K, and n). The first coefficient is defined by the expression
K:F"
Co = _ (37)
• 2/_
The remaining three coefficients are defined as
l
C, - -- (38)
3p _=
r i IF21"-'
c,-L_(--_o,jk_ J
IF z l'F2J,l'"ra,-(_})l
-;_L_(-EJLTJ L-_T/J(39)
and
, ]'c" = - o'-_L"TJ L-"o"A-,J (4O)
Note that the partial derivatives of r(_) appearing in Eqs. (39)
and (40) are defined as
--_'., - _ - _,.(-_ --_-
x 121:[4(_'=P - 27(]_)=]'rzJ (41)
and
- t LTJ -
x (42)
where
du(_._.._) 2r,(r_ - r_) sin (_)
4r,.(2r, - G)(r _, - r_) sin (_) cos (8)
"4
[4(r_ - r,_) cos z (_) + 5r, - 4r, r¢]""
and
(43)
du(_) = 8(r, _ _ r_) sin (_) cos (_) (44)
Similarly. utilizing the chain rule for differentiation and tak-
ing the l_u_nl derivative of f] with respect to the imemal s_'ess
¢_#as indicated in Eq. (7) yields
OF _a# ÷ OG
F_ 7 Flow _ for _e Von Mi_es f_muls_on
\ o,="/ LO[,on. 8=,
or o_; or. o=.
+
01: aT.. Oa,. Oa,,
+ aS,OZ. On..a_+J + \ /-O'GLO'#,On,;
+ O_ Oa._a# O_ Oa. OaeJJ (45)
Evaluatingthe partial derivative terms in Eq. (43) yields t_
following expression for the evolutionary law:
a,_- h{ ,.- C.[ C,6,#+ C,a,,+ Cs( a_a. - _--_ ) ] } (46)
when: _v is given in Eq. (36). The magnit_s of the coeffi-
cients C4. Cs. and C, are dependent on the invariants defined
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in Eqs. (17)-(19) (i.e., ¢_, ]z, and ]_). the three threshold
p_ (i.e.. o,, o'¢. and ok). and the flow potential
mrs utilized in equation (8) (i.e., R. H, K. and m). The fir_
coefficient is defined-by the expression
K2RG"
C4==_
H
The remaining two coefficients are defined as
r , lr 1 ,,,
¢' = [_]lS"_J
(47)
' r'
- _'-_L,-"_J L]"J L"_"J (48)
and
' ]'
- o7LTj L-_- J (49)
Note that the partial derivatives of r(_) appearing in Eqs. (48)
and (49) are defined as
{ 1 rd.o)]o--'E"" v-'_ L-'3T'J - _ L'-'2T j j
*{ <,o>
and
-E-" - (,-TEL-7J
:_ _ (51)
× {[4(_)' - 27(7_)21'"J
Equations (36) and (46) constitute a multiaxial statement of
a constitutive theory for isotropic rrmterials. In the present and
subsequent developments, it will serve as an inelastic deforma-
tion model for ceramic materials.
Summary and Condesions
A mulfiaxial continuum theory was presented for predicting
the inelastic response of isot_opic monolithic ceramic materials.
The viscoplasde constitutive model was derived from a single
scalar dissipative function, which has similar geometric inter-
pretations (e.g., convexity and normality) to the yield function
encountered in classical plasticity. By adopdng a flow potential
to derive the theory, certain required continuum properties can
be demonstrated, thereby ensuring that the resulting inelastic
boundary value problem is well-posed, and solutions obtained
are unique.
Constitutive equations for the flow law (strain rate) and evo-
lutionary law are formulated based on a threshold f_netion.
which exhibits a sensitivity to hydrostatic stress and allows
different behavior in tens/on and compression. Fm_er, inelastic
deformation is u_ated as inherently time dependent. A tam of
inelastic strain is associated with every state of stress. As a
result, creep, _ relaxation, and rate sensitivity are phenom-
ena resadting from applied boundary conditions and are no_
treated separately in an ad hoc fashion.
The overview presented in this paper has provided a qualita-
tive assessment of the capabilities of this viscoplastic model in
capn,u'ing the complex thermomechanical behavior exhibited by
ceramic materials at elevated service temperatures. Incorporat-
ing this model into a nonlinear finite element code would pro-
vide industry the means to numerically simulate the inherendy
time-dependent and hereditary phenomena exhibited by these
materials in service.
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Design with Brittle Materials
Stephen F. Duffy, Cleveland State University
Lesley A. Janosik, NASA Lewis Research Center
BRrlq'LE MATERIALS (e.g., ceramics, inter-
metallics, and graphites) are increasingly being
used in the fabrication of lightweight compo-
nents. From a design engineer's perspective, brit-
tle materials often exhibit attracdve high-strength
properties at service temperatures that are well
beyond use temperatures of conventional ductile
materials. For advanced diesel and turbine en-
gines, ceramic components have already demon-
strated functional abilities at temperatures reach-
ing 1370 °C (2500 OF), which is well beyond the
operational limits of most conventional metal al-
Ioys.-However, a penalty is paid in that these
materials typically exhibit low fracture tough-
hess, which is usually defined by a critical stress
intensity factor, and typically quantified by/t'lc.
This inherent undesirable property must be con-
sidered when designing components. Lack of
ductility (i.e., lack of fracture toughness) leads to
low strain tolerance and large variations in ob-
served fracture strength. When a load is applied,
the absence of significant plastic deformation or
microcracking causes large stress concentrations
to occur at microscopic flaws. These flaws are
unavoidably present as a result of fabrication or
in-service environmental factors. Note that non-
destructive evaluation (NDE) inspection pro-
grams cannot be successfully implemented dur-
ing fabrication. The combination of high strength
and low fracture toughness leads to relatively
small critical defect sizes that cannot be detected
by current NDE methods. As a result, compo-
nents with a distribution ofdefects (characterized
by various sizes and orientations) are produced,
which leads to an observed scatter in component
strength. Catastrophic crack growth for brittle
materials occurs when the crack driving force or
energy release rate reaches a critical value and the
resulting component failure proceeds in a cata-
strophic manner.
The emphasis in this article is placed on design
methodologies and characterization of certain
material properties. Of particular interest to the
design engineer is the inherent scatter in strength
noted above. Accounting for this phenomenon
requires a change in philosophy on the design
engineer's part that leads to a reduced focus on
the use of safety factors in favor of reliability
analyses. If a brittle material with an obvious
scatter in tensile strength is selected for its high-
strength attributes, or inert behavior, then compo-
nents should be designed using an appropriate
design methodology rooted in statistical analysis.
However, the reliability approach presented in
this chapter demands that the design engineer
must tolerate a finite risk of unacceptable per-
formance. This risk of unacceptable performance
is identified as the probability of failure of a
component (or alternatively, component reliabil-
ity). The primary concern of the engineer is mini-
miring this risk in an economical manner.
• This article presents fundamental conc_epts and
models associated with performing time-inde-
pendent and time-dependent reliability analyses
for brittle materials exhibiting scatter in ultimate
strength. However, the discussion contained
within this article is not limited to materials ex-
posed to elevated service temperatures. The con-
cepts can be easily extended to more mundane
applications where britde materials such _ glass
or cements are used. Specific applications that
have utilized ceramic materials at near-ambient
temperatures include wear parts (nozzles, valves,
seals, etc.), cutting tools, grinding wheels, bear-
ings, coatings, electronics, and human prosthe-
ses. Other brittle materials, such as glass and
graphite materials, have been used in the fabrica-
tion of infrared transmission windows, glass sky-
scraper panels, television cathode ray tubes
(CRTs), and high-temperature graphite beatings.
Thus, in this article the design methodologies
used to analyze these types of components, as
well as components exposed to elevated service
temperatures, are presented. Reliability algo-
rithms are outlined, and several applications are
presented to further illustrate the utilization of
these reliability algorithms in structural applica-
tions. For further background material on statisti-
cal methods, see the article "Statistical Aspects of
Design" in this Volume.
Time-Independent
Reliability Analyses
An engineer is trained to quantify component
failure through the use of a safety factor. By
definition, the safety factor for a component sub-
jected to a single load L is given by the ratio:
Safety factor =R (Eq l)
where R is the resistance (or strength) of the material
from which the component is fabricated. Making
use of the concept of a safety factor, the probability
of failure (Pt) for the component where a single load
is applied is given by the expression:
Pt = PmbabiliP/IR > 1) (Eq2)
In making the transition from a deterministic safety
factor for a component to a probability of failure, for
the most general case, the assuml_ion is made that
both R and L are random variables. Under this
assumption Pf isthe pnxloct of twO finite prob-
abilities summed over all possible outcomes, Both
-probabilities are associated with an event and a
random variable.
The first event is defined by the random vari-
able L taking on a value in the range:
The probability associated with this event is the area
under the probability density function (PDF) for the
load random variable (ft,) over this interval, i.e.,
P, =ft _x)de (Eq 4)
The second event is associated with the probability
that the random variable R is lessthan or equal to x.
This is the area under the probability density func-
tion for the resistance ra,,_m variable (/'R)from- **
(or an appropriate lower limit defined by the range
of theresistance random variable)tox.Thissecond
probability is given by the cumulative distribution
function (CDF) for the resistance raac_m variable
(FR) evaluated at x, that is:
P, = F_ (x) (Eq 5)
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With the probability of failure defined as the product
of these two probabilities, summed over all possible
values ofx, then:
÷u
Pr = PI P.. = f Fa (-'_)fL (x)dx (FA6)
To interpret this integral expression, consider
the graphs in Fig. I. In this figure, the graph of an
arbitrary PDF for the resistance random variable
is superimposed on the graph of an arbitrary PDF
for the load random variable. Note that R and L
must have the same dimensional units (e.g.. force
or stress) to superimpose their graphs in the same
figure. A common misconception is that Pf is the
area of overlap encompassed by the two prob-
ability density functions. Scrutiny of F.,q 6 leads
to the appropriate conclusion that the probability
of failure is really the area under the composite
function:
which is aim illustrated in Fig. i.
Next, consider the situation where the load
random variable has very litde scatter relative to
the resistance random variable. For example, ifa
number of test specimens were fabricated from a
brittle material (a monolithic ceramic), the ulti-
mate tensile strength can easily vary by more than
100%. That is, the highest strength value in the
group tested can easily be twice as large as the
lowest value. Variations of this magnitude are not
typical for the load design variable, and the engi-
neer could easily conclude that load is a determi-
nistic design variable while strength is a random
design variable. This assumption can be accom-
modated in this development by allowing the
PDF for the load random variable to be defined
by the expression:
[L (x)= 8 (x -.r,,) (Eq 8)
Here 8 is the Dirac delta funcdon defined as:
f
(Eq9)
[u X _ x o
Note that the Dirac delta function sadsfies the deft-
nition for a PDF; that is, the area under the curve is
l
tt
Fig. 1
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Composite
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Loa_resistance
Inte_erence 0lot for load and re_lstJncerandom
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equal to I, and the function is greater than or equal
to 0 for all values of .r. The Dirac delta function
represents the scenario where the standarddeviation
of a random variable approaches 0 in the limit, and
the random variable takes on a single value, that is.
the central value identified here as xo. Because the
Dirac delta function is being used to represent the
load random variable, then x o represent_ the deter-
ministic magnitude of the applied load. Keep in
mind that the applied load can have units of rome or
st_ss. However, load and resistance are commonly
represented with units of stress. Thus x o is replaced
with G, an applied stress, and the probability' of
failure is given by the expression:
÷_
Pf = f FR(x)5(x - o)d.x (FAt0_
However, with the Dirac delta function embedded
in the integral expression, the probability of failure
simplifies to:
Pf=FR(a) (Eqli)
Thus the probability of failure is equal to the CDF
of the resistance random variable evaluated at the
applied load, G. The use of the Dirac delta function
in representing the load design variable provides
justification for the use of the Weibull CDF (or a
similarly skewed distribution) in quantifying the
probability of failure for components fabricated
from ceramics or glass.
System Reliability
A unique property of most brittle, materials is an
apparent decrease in tensile strength as the size of
the component increases. This is the so-called
size effect. As an example, consider a simple
component such as a uniaxial tensile specimen.
Now suppose that two groups of these simple
components have been fabricated. Each group is
identical with the exception that the size of the
specimens in the first group is uniformly smaller
than the specimens in the second group. The
mean sample strength from the first group would
be consistently and distinctly larger in a manner
that cannot be accounted for by randomness.
Thus Eq I I must be transformed in some manner
to admit a size dependence. This is accomplished
through the use of system reliability concepts.
(See the article "Reliability in Design" in this
Volume for details on formulating the basic equa-
tions for system reliability.) After the following
discussion the reader should be cognizant that the
expression given in Eq I1 represents the prob-
ability of failure for a specified set of boundary
conditions, If the boundary conditions are modi-
fied in any way, Eq l l is no longer valid. To
account for size effects and to deal with the prob-
ability of failure for a component in a general
manner, the component should be treated as a
system, and the focus must be directed on the
probability of failure of the system.
The typical approach to designing structural
components with varying stress fields involves
discretizing the component in order to charac-
terize the stress field using finite element mc
ods. Because component failure may initiate
any of the discrete elements, it is convenien
consider a component as a system and uti!
system reliability theories. A component is a
des system if it fails when one discrete elerr
fails. This type of failure can be modeled u_
weakest-link reliability theories. A componer
a parallel system when failure of a single elen
does not cause the component to fail. In this c.
the remaining elements sustain load through
distribution. This type of failure can be mod_
with what has been referred to in the literatur
"bundle theories." Weakest-link theories
bundle theories representthe extremes of fai"
behavior modeled by reliability analysis. "I
suggest more complex systems such as "rot
n" systems. Here a component (system)
elements functions if at least r elements have
failed. This type of system model has not f{
widespread application in structural reliat
analysis. The assumption in this article is tha
failure behavior of the brittle materials is su,
• and catastrophic. This type of behavior fits w
the description of a series system, thus a wen
link reliability system is adopted.
Now the probability of failure of a dis
element must be related to the overall proba:
of failure of the component. If the failure,
individual element is considered a stall
event, and if these event, are independent,
the probability of failure of a discredzed co
nent that acts as a series system is given b
expression:
N
Pf= I -H(I -p,)
t=l
where N is the number of finite elements for a
component analysis. Here Pi is the prohabi
failure of the ith discrete element.
In the next section an expression is spt
for the probability of failure (or alternative
reliability) of the ith discrete element for a.,
fled state of stress, that is, a uniaxial tensile
This expression allows the introduction ,
scaling. Once size-scaling relationships are
lished for a simple state of stress, the re
ships are extended to multiaxial states of_
Two-Parameter Weibull
Distribution and Size Effects
in the ceramic and glass industry the
distribution is universally accepted as tht
button of choice in representing the unc
PDF for tensile strength. A two-parameter
lation and a three-parameter formulat
available for the Weibul] distribution. H
the two-parameter formulation usually le
more conservative estimate for the cot
probability of failure. The two-parameter
PDF for a continuous random strength '
denoted as Z. is given by the expression
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Fig. 2
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Specimengagevolumeplowedasa functionof[ailurestress
r ] (E4 13)
foro>0, and
/z(0)=0 (Eq14)
foro < 0.The cumulativedistributionsgivenby
theexpression:
Fz(a)= l - expL - (F.q15)
forG> 0, and
F%(o)=0 (F_.q16)
for o < 0. Here oc(a scatter_arameter, or Weibull
modulus)and {_ (a centrallocation paran_ter, or
typically refined to asthe Weibull scaleparameter)
are disaibutionparameters_ define ti_ Weibull
distributionin muchthe sameway as the mean(a
cenwal locationparameter)and standarddeviation
(a scaaerparamet_) are parameters that define the
Ganssian (normal) distribution. Note that in the
cla'amics and glass literature when the two-parame-
terWeibullformulationisadoptedthen"in"isused
for the WeibuU modulus oc,and either oq or oe (see
the discussion in the parameter estimauon section
regarding the difference between oo and oo) is used
for the Weibull scale parameter. In this article, the
(_. i5)notationisusedexclusivelyandreference is
made tothetypicalnotationadoptedintheceramics
literature.The reasonforthisisthetendencyto
overusethe"o" symbol(e.g.,Oo,G0'a:failure
observation,andol-thresholdstress,etc.).Through-
outthisdiscussionthesymbol"o"impliesapplied
stress.
If the random variable representing uniaxial
tensile strength of an advanced ceramic is charac-
terized by a two-parameter Weibull diswibution,
that is, the random strength parameter is gov-
erned by Eq 13 and 14, then the probability that
a uniaxial test specimen fabricated from an ad-
vanced ceramic will fail can be expressed by the
CDF:
(F_..,qi7)
Note that o,m is the maximum normal stress in the
component When used in the context of charac-
terizing the strength of ceramics and glasses, the
cenu"alocationparameterisreferredtoas the
Weibullcharacteristic suength (lSo).Inthe ceramic
literature,this parameter can either be identified as
the Weibull characteristic strengthor the Weibull
scale parameter.Because tensile strength is the ran-
dora variableof interest,this parameteris referredto
as a strength parameter throughout the lest of this
article. The characteristic strength is dependent on
the uniaxial t_t specimen (tensile, flexural, pressur-
ized ring, etc.) used to generate the failure data. For
a givenmaterial,thisparameterwillchange in mag-
nitudewithspecimengeomeay (the so-calledsize
effectalludedtoearlier).The Weibullcharacteristic
slzengthtypicallyhasunitsofslress.The scatter
parameterc_isdimensionless.
Withthetensilestrengthcharacterizedby the
two-parameter Weibull distribution, the discus-
sion returns to the weakest-link expression for
component probability of failure defined by Eq
12. Let c_i represent the reliability of the ith
continuum element where:
_i= I -p, (Eq 18)
The reliabilityof thiscontinuumelementisthen
governedbythefollowingexpression:
(Eq19)
whereo is the principal tensile suessapplied to the
continuum element. The volumeof this arbiWary
continuum element is identified by AV. In this ex-
pression _ is the Weibull material scale parameter
and can be described as the Weibuil characteristic
strength of a specimen with unit volume loaded in
uniform uniaxial tension. This is a material specific
parmneter that is utilized in the component reliabil-
ity analyses that follow. The dimensions of this
parameter are saess x (volume) u=.
The requisite size scaling discussed earlier is
introduced by Eq 19. To demonstrate this, take
the natural logarithm of Eq 19 twice, that is:
(_20)
Manipulation of Eq 20 yields:
In (AV)ffi-a In(O'}+ In In(_,) + a In (-_o) (Eq21)
with
y = In(AV) (Eq22)
x =In (o) (Eq23)
m= ---o. (Eq24)
and
b = InIn(_i) + a In(-flo) (Eq 25)
then it is apparent that Eq 21 has the form of a
sWaight line, that is, y = mx+ b.
Once againconsiderthe two groupsof test
specimensfabricatedfrom the same material
mentionedatthe beginningof thesectionon
system reliability. Recall that the specimens in
each group are identical with each other, but the
two groups have different gage sections such that
AV (which is now identified as the gage section
volume) is different for each group. Estimate
Weibull parameters c_and _ from the failure data
obtained from either group (parameter estimation
is discussed in detail in a following section). After
the Weibull parameters are estimated the straight
line in Fig. 2 is located by setting 9_iequal to 0.5
(i.e., the 50th percentile) in Eq 2 I. This value for
_i should establish a line that correlates well with
the median values in each group.
Now return to the data sets mentioned above
and establish the stress value associated with the
median in each group. Plot the gage volumes
(AV) of each group as a function of the median
stress values in Fig. 2. If no size effect is present,
the median failure strengths of the groups will fall
close to a horizontal line. This would indicate no
correlation between gage volume and the median
strength value. Keep in mind that the discussion
here could proceed using any percentile value,
not just the 50th percentile. A systematic vari-
ation away4'rom a horizontal l'me indicates a size
effect exists that must be considered in engineer-
ing design. If the median values for each group
follows the trend indicated by the solid line in
Fig. 2 the design engineer should have no appre-
hensions using Weibuli analysis with size scal-
ing. Figures I and 3 in Ref I are two excellent
examples of these types of graphs with actual
data.
The ability to account for size effects of indi-
vidual elements is introduced through the expres-
sion for _i given by Eq 19. A rational approach
for justifying this expression is outlined above.
Now a general expression for the probability of
failure for a component (i.e., a general form for
Eq 17) is derived based on Eq 19. Under the
assumptions that the component consists of an
infinite number of elements (i.e.. the continuum
a_sumption) and that the component is best rep-
resented by a seriessystem, then:
(F.q26)
Substituting lor c_,yields:
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(F.q27)
Here AV once again represents _ volume of an
element. The limit insi_ the bracket is a Riemann
sum. Thus:
,,.,-,xp[-f ,vIJ
Weibufl (Ref 2) first proposed this integral repre-
sentation for the probability of failure. The expres-
sion is integrated over atl tensile regions of the
specimen volume if the stn:ngth-conwolSng flaws
an:randomly distributed through the volume of the
material, or over all tensile regions of flu: specimen
areaif flaws are resaicted to the specimen surface.
For failurescausedby surfacedefects,theprob.
abil/_ of failure isgivenby the expression:
,,=,_ox,L-j J (F.q 29)
which is derived in a manner similar m Eq 28. The
segregation of defect populations into volume and
sur/ace<listributedflawshintsat the possibilityof
multiple defect populations. Reference 3 presents an
in-dep_ u'ea_nent of this topic as it relates to ce-
ramic n'_erials.
The Weibull material scale parameter _3o has
units of stress x (volume) I/a. If the strength..con-
trolling flaws are restricted to the surface of the
specimens in a sample, then the Weibull material
scale parameter has units of stress x (area)tta. For
a given specimen geometry. Eq ! 7 and 28 can be
equated, yielding an expression relating 13oand
130-Methods for converting 130to an equivalent 13o
value are addressed in ASTM Standard Practice
C 1239-95.
Three-Parameter Weibull Distribution
The _tree-parameter Weibull PDF for a con-
tinuous random strength variable, denoted as 7..,is
given by the expression:
- Z o-v (°-' f ]
,Eq30>.
foro > y, and
Sz(o)=o (Eq31)
for o<'/. In Eq 30 a is once again the WeibuH
modulus (or the shape parameter), 13is the Weibull
scale paran_ter, and yis a threshold parameter. The
cumulative distribution is given by the expression
Fz (o) = I - exp ! - I°_---Y/a I (Eq32)
foro > ¥,and
Fz (o)=0 {Eq33)
forO _ 7.The same reasoning presented in the pre-
vious section on size scaling utilizing a two-parame-
ter formulation can bc applied using the
three-parameter formulation. The resulting expres-
sion for the probability of failure of a component
subjected to a single applied sh'ess O is:
Pf = I - exp - dV [
J
(Eq34)
if the defect population is spatially distributed
throughout the volume. A similar expression exists
forfailurescausedbyareadefects.The focusofthe
discussion in the next section turns to accommodat-
ing mull/axialstress states in Eq 28 and Eq 34. This
involves the development of multiaxial reliability
modeh.
The approach outlined in this section and pre-
vious sectionsto account forthescatter in failure
strength and the size effect of brinle materials
was first introduced by Weibull (Ref2 and 4). The
concepts were based on the principles of weak-
est-link theory presented earlier. A number of
authors including Pierce (Ref5), Kontorova (Ref
6), as well as Frenkel and Kontorova (RefT) have
made contributions in this area. In fact, Pierce
fast proposed the weakest-link concept while
modeling yarn failure. However, Pierce assumed
a Gaussian distribution for the su'ength random
variable of yarn, and Weibull developed the
unique PDF for his work that now hears his name.
Flu (Ref 8) explored the difficulties associated
with parameter estimation when a Gaussian or
log normal distribution is adopted for the strength
random variable. Shih (Ref9) has shown that the
three-parameter Weibull distribution is a more
accurate approximation of brittle material behav-
ior (specifically monolithic ceramics) than the
Gaussian or other distributions. However. most
analyses incorporate a two-parameter Weibull
PDF where thethresholdstress(thevalue of
applied stress below which the failure probability
is 0) is taken as 0. The reliability predictions
obtained using the two-parameter function are
more conservative than those obtained with the
three-parameter model.
Multiaxial Reliability Models
Over the years a number of reliability models
have been presented that extend the uniaxial for-
mat of Eq 28 and 34 to multiaxial states of stress.
Only models associated with isotropic brittle ma-
terials are presented here. Anisou'opic reliability
models are beyond the scope of this a.qicle. Ref-
erences 10 and 1! contain information pertaining
to reliability models for brittle composites. The
monolithic models highlighted here include the
principle of independent action (PIA) model, the
normal stress averaging (NSA) model, and Bat-
dorf's model. A brief discussion is presented for
each. A detailed development is omitted for the
sake of brevity. In order to simplify the present:
tion of each model, recast Eq 28 as:
Pf= I-exp[-_dV l (F.q3._
where ¥ is identified as a failure function per un
volume. What remains is the specification of if,
failure function ¥ for each reSability model.
Phenomenological Models (NSA and PIAI
To predict thetime-inc_ndent (also referredt
as fast-fracture) material response undermul
daxialstresstatesWeibull(Ref2)proposedc_
culatinga failurefunctionper unitvolum
(Weibullidentifiedthe functionas theriske
rapture)by averagingthetensilenormalstrew,
raised to an exponent in all directions over th
area of a unit radius sphere for volume flaws. Th_
is known as the NSA model where:
_rf
_/=ko. (Eq3_
where
-a L °_dA
o_ =_ fEqY
and
k= (2a+ I)
(_)a (Eq3
The areaintegration inEq 37isperformedovertl
regionofaunitspherewhereon(theC.auchynorm
sm_s) is tensile. The reader is disr_ted to Ref12f
an in-depth explanation of the constants appearis
in the equations above. Gross (Ref13) demo
sWated that for surface flaws this same aver'a#,
technique can he executed over the contour of
circle with a unit radius. Although the surface fi.,,
technique is intuitively plausible for the NS
model the approach issomewhat arbitrary. In ack
don, it lacks a closed-form solution, and ttgcefo
requin:s computationally intensive numerical mo
cling.
Barnett et at. (Ref 14) and Freudenthal (Ref 1
proposed an alternative approach usually refer'r,
to as the PIA model. Here:
¥: L ojk o) (Eq_
where o t, 02. and o 3arc the three principal sues.,
at a given point. The PIA model is the probabilis
equivalent to the deterministic maximum s_'css f[
ure theory.
The NSA model, and in particular the .P
model, have been widely applied in brittle ma
rial design. The reader is directed to Ref 16 to
for a more in-depth development and discussi
of the merits of these two models. Historica!
the NSA and the PIA models have been popu
methods for multiaxial stress state analysis. Ho
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ever,the NSA and PIA models are in essence
phenomenological and do not specifythe nature
of the defect causing failure. As a consequence,
no foundation exists for extrapolating predictions
made by these models to conditions different
from the original test conditions. Other models
that are rooted in the principles of fracture me-
chanics are discussed in the next section.
Batdod's Theory--Mechanistic Model. The
concepts proposed by Batdorf (Ref 21), and later
refined by Batdorf and Crose (Ref 22), am impor-
tant in that the approach incorporates a mechanis-
tic basis for the effect of multiaxial states of stress
into the weakest-link theory. Here material de-
fects distributed throughout the volume (and/or
over the surface) am assumed to have a random
orientation. [n addition, the defects are assumed
to be noninteracting discontinuities (cracks) with
an assumed regular geometry, Failure is assumed
to occur when a far-field effective stress associ-
ated with the weakest flaw reaches a critical level.
The effective stress is a predefined combination
of the far-fieldnormal stress and the far-field
shear stress. It is also a function of the assumed
crack configuration, the existing stress state, and
the fracture criterion employed (hence the claim
that the approach captures the physics of frac-
ture), Accountitig for the presence of a far-field
shear stress reduces the far-field normal stress
needed for fracture. This model is identified by
taking:
_=otka I {°¢}rmm0 (T"crcr) a-I
0 . 4X (_cr d(_ct (Eq 40)
where • is a solid angle that is dependent on the
fracture criterion selected, the crack configuradon,
and the applied stress state. The maximum effective
stress (<_e)max is defined as an equivalent mode I
fracture stress for mixed-mode loading. The crack-
density coefficient k s is obtained from the following
expression:
_, (%)
ka =_ (Eq41)
(%)u
Here ctcr is defined as the critical far-field normal
stress for a given crack configuration under mode I
loading. Once again Ref 12 can provide a detailed
interpretation of the parameters appearing in Eq 40.
For the most part, the Batdorf model yields more
accurate reliability analysesthanthoseptxxlucedby
either the NSA or PIA models.
Numerous authors have discussed the stress
distribution around cracks of rations types under
different loading conditions and proposed nu-
merous criteria to describe impending fracture.
Specifically, investigators such as Giovan and
Sines (Ref 23), Batdorf _.Ref 21), Stout and
Petrovic _Ref 24). as well as Petrovic and Stout
(Ref 25) have compared results from the most
widely accepted mixed-mode fracture criteria
with each other and with selected experimental
data. The semiempirical equation developed by
Palaniswamy and Knauss (Ref 26) and Shetty
(Ref 27) sccmingly provides enough flexibility
to fit to experimental data. In addition, Shetty's
criterion can account for the out-of-plane crack
growth that is observed under mixed-mode Ioad-
ings. However, several issues must be noted. No
prevailing consensus has emerged regarding a
best probabilistic fracture theory. Most of the
available criteria predict somewhat similar re-
sults, despite the divergence of initial assump-
tions. Moreover, one must approach the mecha-
nistic models with some caution. The reliability
models based on fracture mechanics incorporate
the assumptions made in developing the fracture
models on which they are based. One of the
fundamental assumptions made in the derivation
of fracture mechanics criteria is that the crack
length is much larger than the characteristic length
of the microstructure. This is sometimes referred
to as the continuum principle in engineering me-
chanics. For the brittle materials discussed here,
that characteristic length is the grain size (or di-
ameter), if one contemplates the fact that most
brittle materials are high strength with an attend-
ing low fracture toughness, then the critical defect
size can be quite small. If the critical defect size
approaches the grain size of the material, then the
phenomeno[ogical models discussed above may
be mote appropriate than the mechanistic models.
Parameter Estimation
As indicated earlier, the distribution of choice
for characterizing the tensile strength of brittle
materials is the Weibull distribution. One funda-
mental reason for this choice goes beyond the fact
that the Weibull distribution usually provides a
good fit to the data. While the log-normal distri-
bution often provides an adequate fit, it precludes
any accounting of size effects. Reference 8 pro-
vides a detailed discussion on this matter. As it
turns out, once a conscious choice is made to
utilize the Weibul[ distribution, Eq 17 provides a
convenient formulation for parameter estimation.
However. one cannot extract the fundamental
distribution parameters needed for general corn-
portent analysis from this expression, unless the
test specimen has the same geometry and applied
loads as the component. The fundamental distri-
bution parameters (identified previously as mate-
rial specific parameters) were embedded in Eq
28. Thus, together Eq 1"7 and 28 provide a con-
venient method for extracting material specific
parameters from failure data.
Tensile strength measurements am taken for
one of two reasons: either for a comparison of the
relative quality of two materials or for the predic-
tion of the failure probability for a structural
component. The latter is the focus of this article,
although the analytical details provided here al-
low for either. To obtain point estimates of the
unknown Weibull distribution parameters, well-
defined functions are utilized that incorporate the
failure data and specimen geometry. These func-
lions are referred to as estimators, it is desirable
that an estimator be consistent and efficient. In
addition, the estimator should produce unique.
unbiased estimates of the distribution parameters.
Different types of estimators exist, including:
moment estimators, least squares estimators, and
maximum likelihood estimators. This discussion
initially focuses on maximum likelihood estima-
tors (MLE) due to the efficiency and the ease of
application when censored failure populations
are encountered. The likelihood estimators are
used to compute parameters from failure popula-
tions characterized by a two-parameter Weibull
distribution. Alternatively, nonlinear regression
estimators (discussed later) are utilized to calcu-
late unknown distribution parametersfor a three-
parameter Weibull distribution.
Many factors affect the estimates of the distri-
bution parameters. The total number of test speci-
mens plays a significant role. Initially, the uncer- •
tainty associated with parameter estimates
decreases significandy as the number of test
specimens increases. However. a point ofdimin-
isking returns occurs when the cost associated
with performing additional strength tests may not
be justified by improvements in the estimated
values of the distribution parameters. This sug-
gests that a practical number of strength tests
should be performed to obtain a desired level of
confidence associated with a parameter estimate.
This point cannot be overemphasized. However,
quite often 30 specimens (a widely cited rule-of-
thumb) is deemed a sufficient quantity of test
specimens when estimating Weibull parameters.
One should immediately ask why 29 specimens
would not suffice. Or more importantly, why is
30 specimens sufficient? The answer to this is
addressed in ASTM Standard Practice C 1239-95
where the details of computing confidence
bounds for the maximum likelihood estimates
(these bounds are directly related to the precision
of the estimate) are presented. Duffy et at. (Ref
28) discusses the reasons why these same confi-
dence bounds are not available for the nonlinear
recession estimators.
Tensile and flexural specimens am the most
commonly used test configurations in determin-
ing ultimate strength values for brittle materials.
However, as noted earlier, most brittle material
systems exhibit a decreasing trend in material
strength as the test specimen geometry is in-
creased. Thus. the observed strength values are
dependent on specimen size and geometry. Pa-
rameter estimates can be computed based on a
given specimen geometry: however, the parame-
ter estimates should be transformed and utilized
in a component reliability analysis as material-
specific parameters. The procedure for trans-
forming parameter estimates for the typical speci-
men geometries just cited is outlined in ASTM
Standard Practice C 1239-95. The reader should
be aware that the parameters estimated using
nonlinear regression estimators are material-spe-'
cific parameters. Therefore, no transformation is
necessary after these parameters have been esti-
mated.
Brittle materials can easily contain two or more
active flaw distributions (e.g., failures due to in-
clusions or machining damage) and each will
have its own strength distribution parameters.
The censoring techniques for the two-parameter
Weibull distribution require positive confirma-
tion of multiple-flaw distributions, which neces-
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Table 1 Alumina fracture stress data
Specimea S_rem. Slle_lmen Siix,_ Slx_ilwm S4r_r_
No. Mihl No. - MPll _ MPI
1 307 13 347 25 376
2 308 J4 3.50 26 376
3 322 15 352 27 381
4 328 16 353 28 385
5 32g 17 355 29 3_8
6 329 18 356 30 395
7 331 19 357 31 402
8 332 _ 364 32 411
9 335 21 37l 33 413
I0 337 22 373 34 415
It 343 23 374 35 4.56
12 345 24 375
sitates fractographic examination to characterize
the fracture origin in each specimen. Multiple-
flaw distributions may also be indicated by a
deviation from the iinearity of the data from a
single Weibull distribution (see Fig. 3). However,
observations of approximately linear behavior
should not be considered a sufficient reason to
conclude a single flaw distribution is active. The
.reader is strongly encouraged to integrate me-
chanical failure data and fractographic analysis.
As was just noted, discrete fracture origins are
quite often grouped by flaw distributions. The
data for each flaw distribution can also be
screened for outliers. An outlying observation is
one that deviates significantly from other obser-
vations in the sample. However, an apparent out-
lying observation may be an extreme manifesta-
tion of the variability in strength. If this is the
case, the data point should be retained and treated
as any other observation in the failure sample. Yet
the out/ying observation can be the result of a
gross deviation from prescribed experimental
procedure, or possibly an error in calculating or
recording the numerical value of the data point in
question. When the experimentalist is clearly
aware that either of these situations has occurred.
the outlying observation may be discarded, un-
less the observation (i.e., the strength value) can
be corrected in a rational manner. For the sake of
brevio', this discussion omits any discussion on
the performance of fractographic analyses and
omits any discussion concerning outlier tests.
Two-Parameter MLFs. With the above discus-
sion serving as background, attention is now fo-
cused on obtaining estimated values of the
Weibull parameters ct and 130. This discussion
focuses on MLEs because of their efficiency and
ease of application when censored failure popu-
lations are encountered. When a sample contain-
ing ultimate strength observations yields two or
more distinct flaw distributions, the sample is
said to contain censored data. The maximum like-
lihood methodology accounts for censored data
in a rational, straightforward manner. Other esti-
mation techniques (specifically linear regression
estimators) must appeal to ad hoc reranking
schemes in the presence of censored data.
Johnson and Tucker (Ref I ), as well as others,
have shown that the MLE method is more effi-
cient in estimating parameters. Here, efficiency is
measured through the use of confidence bounds.
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For an equivalent confidence level, the authors of
these works have demonstrated that the confi-
dence bounds for an MLE is always smaller than
the confidence bound obtained using linear re-
gression. For this _ason the likelihood estimators
should be used to compute parameters from fail-
ure populations characterized by a two-parameter
Weibull distribution.
The parameter estimates obtained using the
maximum likelihood technique are unique (for a
two-parameter Weibull distribution), arid as the
size of the sample increases, the estimates statis-
tically approach the expected values of the true
population parameter. Let o 1, o"2..... o'jv repre-
sent realizations of the ultimate tensile strength (a
random variable) in a given sample, where it is
assumed that the ultimate tensile strength is char-
acterized by the two-parameter Weibull distribu-
tion. The likelihood function associated with this
sample is the joint probability density of the N
random variables and thus is a function of t
unknown Weibull distribution parameters (¢L 13
The likelihood function for an uncensored sa_
pie under these assumptions is given by the e
pression:
i iio, ]
-, t Jt J Lt '.j (Eq,
The parameter _timates (the WeibuU modulus
and the characteristic strength 130)ace _.m'mined
taking the partial derivatives of the Io._aritlmj of
likelihood function with respect to a and 130, "_
equating the resulting expressions to O. Note that
tildes distinguish a parameter estimate from its c
responding mae value. The system of equafi_
obtained by differentiating the log likelihood fu
rion for a censored sample is given by:
N
(ci,)_ In (o,)
/=1
A/
(0,) 5
biI
N
=(o,>--:0(Z
bit
(4
and
)4_= E(o,) _El"'
Equation 43 is solved numerically, becaus
closed-form solution for _ cannot be obtained f
this expression. Once _is determined this valt _
inserted into Eq 44 and _e is calculated disectly.
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Fig. 4 Alumina failure data (see Table l ) and probability of failure curves based on esdrnate.d paramelets for Ihe tw
Ihre_-p.irameler We_bull distributions
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reader is once again direc_:l to ASTM Standard
Practice C 1239-95 for the expressions correspond-
ing to samples with censored data.
Three-Parameter Linear Regression. To date,
most reliability analyses performed on structural
components fabricated from ceramic materials
have utilized the two-parameter form of the
Weibull distribution. The use of a two-parameter
Weibull distribution to characterize the random
nature of material strength implies a nonzero
probability of failure for the full range of applied
tensile stress. This represents a conservative de-
sign assumption when analyzing structural corn-
portents. The three-parameter form of the Weibull
distribution was presented earlier in Eq 30 and
31. The additional parameter is a threshold stress
(_ that allows for zero probability of failure when
the applied stress is at or below the threshold
value. Certain monolithic ceramics have exhib-
ited threshold behavior. The reader is directed to
an extensive database assembled in Ref 29, the
silicon nitride data in Ref30, as well as data (with
supporting fractography) presented in Ref31 that
was analyzed later in Ref 28.
When strength data indicates the existence of a
threshold stress, a three-parameter We_bull distri-
bution should be employed in the stochastic fail-
ure analysis of structural components. By em-
ploying the concept of a threshold stress, an
engineer can effectively tailor the design of a
component to optimize_structural reliability. To
illustrate the approach, Duffy et ai. (Ref 28) em-
bedded the three-parameter Weibull distribution
in a reliability model that utilized PIA. Analysis
of a space-shuttle main engine (SSME) tur-
hopump blade predicted a substantial improve-
ment in component reliability when the three-pa-
rameter Weibull distribution was utilized in place
of the two-parameter Weibull distribution. Note
that the three-parameter form of the Weibull dis-
tribufion can easily be extended to Batdorf's (Ref
21, 22) model, reliability models proposed for
ceramic composites by Duffy et at. (Ref 32), or
Thomas and Wetherhold (Ref 33), as well as the
interactive reliability models proposed by Palko
(Ref 34).
The nonlinear regression method presented
here was first proposed by Margetson and Cooper
(Ref 35). However, these estimators maintain
certain disadvantages relative to bias and invari-
ance, and these issues were explored numerically
in Ref 28. The Monte Carlo simulations in Ref28
demonstrated that the functions proposed in Ref
35 are neither invariant nor unbiased. However,
they are asymptotically well behaved in that bias
decreases and confidence intervals contract as the
sample size increases. Thus. even though bias
and confidence bounds may never be quantified
using these nonlinear regression techniques, the
user is guaranteed that estimated values improve
as the sample size is increased.
Regression analysis postulates a relationship
between two variables. In an experiment typi-
cally one variable can be controlled (,the inde-
pendent variable), while the response variable (or
dependcnt variable) is not. In simple failure ex-
periments the material dictates the strength at
failure, indicating that the failure stress is the
response variable. The ranked probability of fail-
ure (Pi) can be controlled by the experimentalist,
because it is functionally dependent on the sam-
ple size (?7). After arranging the observed failure
stresses (0 l, 02. 03 ..... o_v) in ascending order,
and specifying:
(i- 0.5)
Pi = N (Eq45)
then clearly the ranked probability of failure for a
given stress level can be influenced by increasing or
decressing the sample size. The procedure proposed
in Ref35 adopts this philosophy. They assume that
the specimen failure stress is the dependent variable,
and the associated ranked probability of failure be-
comes the independent variable.
Using the three-parameter version of Eq 34, an
expression can be obtained relating the ranked
probability of failure (P_, to an estimate of the
failure strength (°i)" Assuming uniaxial stress
conditions in a test specimen with a unit volume,
Eq 34 yields:
(Eq46)
where _ _0' and _ are estimatesof the shape pa-
rameter(or),thescaleparameter(lID),and threshold
parameter (7),respectively.Expressions for the
evaluationof thesepm-arnetersfora testspecimen
subjectedto pure bending are found in Ref 28.
Definingtheresidualas:
8i = O_- Oi (F.q47)
where °i is the ith ranked failure stress obtained
from actual test data, then the sum of the squa_
residuals is expressed as:
N N
X<8,)"=X
_11 h=l
(F_.q48)
Here the notation of Ref35 hasbeen adopted where:
(F_.q49)
Note that the forms ofoi and Wi change with six, t-
•men geometry. This is discussed in more detail in
Ref 28.
It should be apparent that the objective of this
method is to obtain parameter estimates that mini-
mize the sum of the squared residuals. Setting the
partial derivatives of the sum of the squared re-
siduals with respect to ct. ]30, and y equal to zero
yields the following three expressions:
F" ifit 1N X.,(wy 'o - go,
L"' J U" JL_'' J
i. if. I ,o,= (w. _ X (w"" X<wY'="
_-t U" JU" J
r. it 1t
JL_'t J
-
" L"' JL_'' J
and
N N
y__,(w_)'/atn(w_)- _y. o, (wDva_ (wD
_-i b=l
N
-- _0 _ o, (Wi) ''a In (ll D S r_oe, fEq52)
in terms of the parameter estirnates. The solution of
this system of equations is iterative, where the third
expression is used to check convergence of an itera-
tionL The initial solution vector for this system is
determined after assuming a convenient value for
& say _ = 1. Then [3o is computed from Eq 50 and
is calculated from Eq 51. The values of
parameter estimat= a_ then insmed into Eq 52 to
determine iftheconvergencecriterionissatisfied to
within some predetermined tolerance (gcmv)- H'this
expression is not satisfied, _ is updated and a new
iteration is conducted. This procedure continues
until a set of parameter estimates is determined that
_fy _ 52.
The estimators perform reasonably well in
comparison to estimates of the two-parameter
Weibull distribution for the alumina data found
in Table 1. Figure 4 is a plot of probability of
failure versus failure stress for this data. The
straight line representsthe two-parameter fit to
the data where _= 143.2. [30 = 395_(_a 0) using
values from Ref 29 forthe shape and scale pa-
rameters. The nonlinear curve represents the
L_wee-parameter fit to the data where _ = 1.22,
[30= 389, and _= 298. Note that the three-pa-
rameter distribution appears more efficient in
predicting the failure data in the high-reliability
region of the graph. This is a quafitative assess-
ment. Goodness-of-fit statistics such as the Koi-
mogorov-Smirnov statistic, the Anderson-Dar-
ling statistic, and likelihood ratio tests could
provide quantitative measures to establish which
form of the Weibull distribution would best fit the
experimental data. These statistics are utilized in
conjunction with hypothesis testing to assess the
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significance level at which the null hypothesis
can be rejected. Comparisons can then be made
based on the value of the significance level.
Time-Independent
Reliability Algorithms
After a reliability model has been adopted and
the failure function _ has been specified, the
primary task is the evaluation of the integral
given in Eq 35. Closed-form solutions exist for
only the simplest of component geometries and
boundary conditions. Therefore, integrated com-
puter algorithms have been developed that enable
the design engineer to predict the time-inde-
pendent (fast-fracture) reliability of components
subjected to thermomechanical loading. Two at.
gorithms are discussed here. One algorithm has
been developed at the NASA Lewis Research
Center and has been given the acronym CARES
(Ceramics Analysis and Reliability Evaluation of
Structures). This algorithm is widely discussed in
Ref 12 and 36 to 38. The second computer algo-
rithm, given the acronym ERICA. was developed
by AlliedSignal (Ref 39, 40) with funding pro-
vided by the U.S. Department of Energy. Both
algorithms are discussed briefly, and design ex-
amples are illustrated.
CARES Algorithm. The NASA Lewis Re-
search Center CARES algorithm couples com-
mercially available finite element programs, such
as MSC/NASTRAN, ANSYS, or ABAQUS,
with the probabilistic design models discussed
previously. The algorithm contains three software
modules that:
• Perform parameter estimation using experi-
mental data obtained from standard laboratory
specimens
• Generate a neutral database from MSC/NAS-
TRAN, ABAQUS, and ANSYS finite element
results files
• Evaluate the reliability of thermomechanically
loaded components
Heat-transfer and linear-elastic finite element analy-
ses are used to determine the temperature field and
stress field. The component reliability analysis
module of CARES uses the thermoelastic or iso-
thermal elastostatic results to calculate the time-in-
dependent reliability for each element using a
specified reliability model. Each element can be
made arbitrarily small, such that the stress field in an
element can be approximated as constant through-
out the element (or subelement). The algorithm is
compatible with most (but not all) two-dimensional
elements, three-dimensional elements, axisymmet-
Fig. 5 c_am+c automotive turbocharger wheel Coo,'.
te'sy ol'AlliedSignal Turbocharging and TruCk Brake
Systems
ric elements, and shell elements for the corru'nercial
finite element algorithms mentioned above. Reli-
ability calculations are performed at the Gaussian
integration points of the element or. optionall), at the
element centroid. Using the element integration
points enables the element to be divided into subele-
merits, where integration point subvolumes,
subareas, and subtemperatures are calculated. The
location of the Gaussian integration point in the
finite elemem and the corresponding weight func-
tions are considered when the subelement volume
and/or area is calculated. The number of subele-
menus in each element depends on the integration
order chosen and the element type. ff the probability
of survival for each element is assumed to be a
mutually exclusive event, the overall component
reliability is the product of all the calculated element
(or suhelement) survival probabilities. The CARES
algorithm produces an optional PATRAN file con-
raining risk-of-rupture intensities (a local measure
of reliability) for graphical rendering of the critical
regions of the structure.
ERICA Algorithm. Unlike CARES. the Allied-
Signal algorithm ERICA has a software _chitec-
ture with a single module. Currently, only one
finite element program interface exists for the
algorithm, that is, an interface with the ANSYS
finite element program. Once again stress and
temperature information from the solution of a
discretized component are used in conjunction
with a specified reliability model to assess com-
ponent reliability. ERICA admits multiple flaw
distributions that can be spatially distributed
through the volume, along the surface, and along
the edges of a component. Both isotropic material
behavior, and to a limited extent, anisotropic ma-
terial behavior (for surface calculations) are taken
into account. This anisotropic surface option al-
lows the user to account for various types of
surface finish on a component (e.g., ground, as
fu'ed, etc.). The ER ICA-algorithm can function on
any platform that supports ANSYS. A limited
number of element types are supported that offer
the user some flexibility in modeling a compo-
nent. Note that neither CARES nor ERICA sup-
port a full suite of elements for any of the com-
mercial finite element algorithms.
Fig. 6 Autornot,ve v,dves and i-nB,nt, cornt_onents Cour-
leSy of TRW Aulomohv_' V,_I_(' l)q_l_,+on
Time-Independent Design Examples
Reliabilil:, analyses are typically segreg
into two categories: time-independent and ti
dependent. This classification is rooted bot
the historic development of the reliability mo
presented here and also in a practical approac
the analysis of a component. Yet in man_
stances, a component must perform in an
quate fashion over a predetermined service
To accomplish this design goal. the compo
must survive the initial load cycle. Thus,
calculated time-independent reliability valu
used as a screening criterion and can also be
as an initial value for the time-dependent anal
discussed later, A fundamental premise of p
abilistic analysis dictates that if the reliabilir
a component varies with time then it should n
exceed the initial value (unless there exists s
physical mechanism such as flaw healing tha
account for this phenomenon). Typically, m_
als deteriorate with time, and this assumpti,
incorporated throughout this chapter. From
torical perspective, the authors simply poin
that the time-independent models were d,
oped first (hence they are presented first herr
addition, the time-independent approach
been rigorously exercised over the years. E
sive design experience and databases have
established prior to proposal of the timt
pendent modeling efforts outlined later ir
chapter.
Both the CARES and ERICA reliability
rithms have been used in the design and an:
of numerous structural components. Of the
the NASA CARES algorithm has been
widely utilized for proprietary reasons.
CARES reliability algorithm has been us
design glass and ceramic parts for a wide rat
applications. These include hot section co
nents for turbine and internal combustio
gines, bearings, laser windows on test rig
domes, radiant heater tubes, spacecraft actb
valves and platforms, CRTs. rocket lau
tubes, and ceramic packaging for mierop_
sots. Illustrated below are some typical c
and analysis applications that have utliz_
CARES software. In the interest of bre_
complete example problem cannot be inclu
/
I_|o 7 rh,.I.trg_-_.l knosvn ln_'wlntluw n,.,nu[.,(
I]d_l)ur_ ( )l+ht ,d 5,,_ll'IH_
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this article. For a complete step-by-step proce-
dure on conducting a time-independent compo-
nent reliability analysis, the reader is directed to
Ref 12.
The CARES algorithm has been successfully
used in the development of ceramic turbocharger
wheels (Ref 4 I). Specifically. the CARE, S algo-
rithm was utilized to design the C'TN7301 silicon
nitride turbocharger rotor, depicted in Fig. 5,
which was implemented in the Caterpillar 3406E
diesel engine. The reduced rotational inertia of
the silicon nitride ceramic rotor compared to a
metallic rotor significantly enhanced the turbo-
charger transient performance and reduced emis-
sions. Note that this was a joint effort involving
AlliedSignal and Caterpillar and represents the
first design and large-scale deployment of ce-
ramic turbochargers in the United States. More
than 1700 units have been supplied to Caterpillar
Tractor Company for on-highway truck engines.
These units together have accumulated a total of
over 120 million miles of service.
Extensive work has been performed to analyze
graphite and ceramic structural components such
as high-temperature valves, test fixtures, and tur-
bine wheels using CARES. A silicon nitride tur-
bine wheel has been designed as a retrofit to
replace components fabricated from Waspaloy in
a military cartridge-mode air turbine starter (Ref
42). The silicon nitride component reduced cost
and weight while increasing resistance to tem-
perature, erosion, and corrosion.
The CARES algorithm has been used to ana-
lyze a ceramic-to-metal brazed joint for automo-
tive gas turbine engines (Ref 43, 44). A major
design hurdle in ceramic-to-metal joining is the
thermal expansion mismatch between the two
different materials. This results in high residual
stresses that increase the likelihood of ceramic
failure. One of the goals of this work was to
improve the capability of the metal shaft to trans-
mit power by reducing concentrated-tensile
stresses. The results conf'm'ned the importance of
probabilistic failure analysis for assessing the
performance of various brazed joint designs.
A monolithic graphite spacecraft activation
valve was designed (Ref 45) to direct reaction
control gases for fine tuning the trajectory of a
high-performance kinetic energy kill vehicle dur-
ing the last 9 s of flight. Utilizing the CARES
software, the valve was designed to withstand a
gas pressure of il.4 MPa (1.6 ksi) at 1930 oC
(3506 °F').
A design study (Ref 46) demonstrated the vi-
ability of an uncooled silicon nitride combustor
for commercial application in a 300 kW engine
with a turbine inlet temperature of 1370 *C (2498
*F). Using the CARES algorithm, an analysis
identified the most severe transient thermal stress
in an emergency shutdown. The most critical area
was found to be around the dilution port.
Ceramic poppet valves for spark ignition en-
gines have been designed (Ref 47). These parts.
depicted with other engine components in Fig. 6,
have been field tested in passenger cars with
excellent results. Potential advantages offered by
these valves include reduced seat insert and valve
guide wear, improved valve train dynamics, in-
creased engine output, and reduced friction loss
using lower spring loads.
The largest known zinc-selenide (ZnSe) con-
tainment window (depicted in Fig. 7) was de-
signed using the CARES algorithm. The window
formed a pressure barrier between a cryogenic
vacuum chamber containing optical equipment
and a sensor chamber. The window measured 79
cm (31 in.) in diameter by 2.5 cm (1 in.) thick and
was used in a test facility for long-range infrared
sensors.
The previous examples cited successful appli-
cations of the reliability algorithms in the design
and analysis of commercial applications. In many
cases, the algorithms have been an integral com-
ponent of research and development efforts in
government-supported programs. A specific ex-
ample of this is the use of the CARES algorithm
by participating organizations in the Advanced
Turbine Technology Applications Program (AT-
TAP) to determine the reliability of structural
component designs. The AT'rAP program (Rel
48) is intended to advance the technological
readiness of the ceramic automotive gas turbine
engine• Structural ceramic components represent
the greatest technical challenge facing the com-
mercialization of such an engine and are thus the
prime project focus. Cooperative efforts have
been developed between industry, key national
facilities, and academia to capitalize on the
unique capabilities and facilities developed for
ceramic materials characterization and process-
ing technology. Figure 8 depicts engine compo-
nents, including structural, combustion, regen-
eration, and insulation applications designed
using the NASA-developed CARES software.
Life Prediction Using
Reliability Analyses
The discussions in the previous secdons as-
sumed all failures were independent of time and
history of previous thermomechanical loadings.
However, as design protocols emerge for brittle
material systems, designers must be aware of
several innate characteristics exhibited by these
materials. When subjected to elevated service
temperatures, they exhibit complex ther-
momechanical behavior that is both inherently
time dependent and hereditary in the sense that
current behavior depends not only on current
conditions, but also on therrnomechanical his-
tory. The design engineer must also be cognizant
that the ability of a component to sustain load
degrades over time due to a variety of effects such
as oxidation, creep, stress corrosion, and cyclic
fatigue• Stress corrosion and cyclic fatigue result
STRUCTURAL CERAMICS REGENE RAroR
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Fig. 8 cas turbgne eng*ne and corr,l:x)nents. Scroll and rotor are made (tom structural cecamics. Courtesy of Allison Engine Company
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in a phenomenon called subcridcal crack growth
(SCG). This failure mechanism initiates at a
preexisting flaw and continues until a critical
length is attained.At that point, the crack grows
in an unstable fashion leading to catastrophic
failure.The SCG failure mechanism is a time-de-
pendent, load-induced phenomenon. Time-de-
pendent crack growth can also be a function of
chemical reaction,environment, debriswedging
near the crack tip, and deterioration of bridging
ligaments.Fracture mechanismmaps,suchasthe
one developed for ceramic materials (Ref 49)
depictedin Fig. 9, help illusmatethe relative con-
_bution of variousfailure modes asa function of
temperatureand slress.
Inaddition to the determination of the Weibuli
•shapeand scaleparametersdiscussedpreviously,
analysis of time-dependent reliability in brittle
materials necessitates accurate stress field infor-
mation, as well as evaluation of distinct parame-
ters reflecting material, microstructural, and/or
environmental conditions. Predicted lifetime reli-
ability of brittle material components depends on
Weibull and fatigue parameters estimated from
rupture data obtained from widely used tests in-
volving flexural or tensile specimens. Fatigue
parameter esdmates are obtainedfrom naturally
flawed specimensruptured under static (creep),
cyclic, or dynamic (constantstressrate) loading.
For other specimengeomeu'ies,a finite element
model of the specimen is also required when
estimating these parameters.For a moredetailed
discussionof time-dependent parameter estima-
tion, the reader is directed to the CARES/Life
(CARES/LJfe Prediction Program) Users and
Programmers Manual (RefS0). This information
can then be combined with stochastic modeling
approaches and incorporated into integrated de-
sign algorithms (computer software) in a manner
simil_ to that presented previously for time-inde-
pendent models. The theoretical concepts upon
which these time-dependent algorithms have
been constructed and the effects of time-depend-
-ent.mcchanisms, most no4ably subcfitical crack
growth and creep, are addressed in the remaining
sections of this article.
Although it is not discussed in detail here, one
approach to improve the confidence in compo-
nent reliability predictions is to subject the com-
ponent to proof testing prior to placing it in serv-
ice. Ideally, the boundary conditions applied to a
component under proof testing simulate those
conditions the component would be subjected to
in service, and the proof test loads are appropri-
ately greater in magnitude over a fixed time inter-
val. This form of testing eliminates the weakest
components and, thus, truncates the tail of the
strength distribution curve. After proof testing,
surviving components can be placed in service
with greater confidence in their integrity and a
predictable minimum service life.
Need for Correct Stress State
With increasing use ofbrinle materials in high-
temperature structural applications, the need
arises to accurately predict thermomechanical be-
havior. Most current analytical methods for both
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subcritical crack growth and creep models use
elastic stress fields in predicting the time-depend-
ent reliability response of components subjected
to elevated service temperatures. Inelastic re-
sponse at high temperature has been well docu-
mented in the materials science literature for
these material systems, but this issue has been
ignored by the engineering design community.
However, the authors wish to emphasize that ac-
curate predictions of time-dependent reliability
demand accurate stress-field information. From a
design engineer's perspective, it is imperative
that the inaccuracies of making time-dependent
reliability predictions based on elastic stress
fields are taken into consideration. This section
addresses this issue by presenting a recent formu-
lation of a viscoplastic constitutive theory to
model the inelastic deformation behavior of brit-
tle materials at high temperatures.
Early work in the field of metal plasticity indi-
cated that inelastic deformations are essentially
unaffected by hydrostatic stress. This is not the
case for brittle (e.g., ceramic-based) material sys-
tems, unless the material is fully dense. The the-
ory presented here allows for fully dense material
behavior as a limiting case. In addition, as
pointed out in Ref 51, these materials exhibit
different time-dependent behavior in tension and
compression. Thus, inelastic deformation models
for these materials must be constructed in a man-
ner that admits sensitivity to hydrostatic stress
and differing behavior in tension and compres-
sion.
A number of constitutive theories for materials
that exhibit sensitivity to the hydrostatic compo-
nent of stress have been proposed that charac-
terize deformation using time-independem clas-
sical plasticity as a foundation. Corapcioglu and
Uz (Ref 52) reviewed several of these theories b)
focusing on the proposedform of the iadividua
yield function. The review includes the works o:
Kuhn and Downey (Ref 53), Shima and Oyanc
(Ref 54), and Green (Ref 55). Not included is tht
work by Gurson (Ref 56), who not only devel
opeda yield criteria and flow rule. but also dis
cussed the role of void nucleation. Subsequen
work by Meat and Hutchinson (Ref57) extendec
Gurson's work to include kinematic hardening o
the yield surfaces.
Although the previously mentioned theorie
admit a dependence on the hydrostatic compo
nent of stress, none of these theories allows dil
ferent behavior, in tension and compression_ iJ
addition, the aforementioned theories are some
what lacking in that they are unable to captur
creep, relaxation, and rate-sensitive phenomen
exhibited by brittle materials at high temperatun
Noted exceptions are the recent work by Ding
al. (Ref 58) and the work by White and Hazim
(Ref 59). Another exception is an article by Liu
al. (Ref 60), which is an extension of the wor
presented by Ding and coworkers. As the.,
authors point out, when subjected to elevate
service temperatures, brittle materials exhib
complex thermomechanical behavior that is i_
herenfly time dependent and hereditary in tt
sense that current behavior depends not only c
current conditions, but also on thermomechanic.
history.
The macroscopic continuum theory formulate
in the remainder of this section captures the
dine-dependent phenomena by developing an e
tension of a "/2plasticity model first proposedI
Robinson (Ref 61) and later extended to sinter_
powder metals by Duffy (Ref 62). Although t_
viscoplastic model presented by Duffy (Ref 6
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admitted a sensitivity to hydrostatic stress, it did
not allow for different material behavior in ten-
sion and compression.
Wiilarn and Warnge (Ref 63).proposed a yield
criterion for concrete that admits a dependence
on the hydrostatic component of stress and ex-
plicitly allows different material responses in ten-
sion and compression. Several formulations of
their model exist, that is, a three-parameter for-
mulation and a five-parameter formulation. For
s_mplicity, the overview of the multiaxial deriva-
tion of the viscoplastic constitutive model pre-
tented here builds on the three-parameter formu-
lation. The attending geometrical implications
have been presented elsewhere (Ref 64. 65). A
quantitative assessment has yet to be conducted
because the material constants have not been suit-
ably characterized for a specific material. The
quantitative assessment could easily dovetail
with the nascent efforts of White and coworkers
(Ref 59).
The complete theory is derivable from a scalar
" _ipative potential function "klentified here as
fL Under isothermal conditions, this function is
dependent on the applied stress o/j and internal
state variable ccij:
= Q(o#. a 0) (Eq 53)
The stress dependence for a./2 plasticity model or a
•/2 viscoplasticity model is usually stipulated in
terms of the deviatoHc components of the applied
stre_ Su = Oa- (I/3) Okkgu. and a deviatoric state
 ar ble:  ='%- ('/3) o. v coplastic-
ity model W_6nted here, _ deviatoric tensors
are incorporated along with the effective stress, rlij
= o...- cx¢ and an effective deviatoric stress, idend-
f_as Xii = So - %, Both ransom, that is, q0 and Xo,
are utilb_ for no_onal convenience. - -
The potential nature of t'2 is exhibited by the
manner in which the flow and evolutionary laws
arc derived. The flow law is derived from f2 by
taking the partial derivative with respect to the
applied stress:
• .. -- (Eq54)
ee" _o#
The adoption of a flow potential and the concept of
normality, as expressed in Eq 54, were introduced
by Rice (Ref 66). In his work. the above relationship
was established using thermodynamic arguments.
The authors wish to point out that Eq 54 holds for
each individual inelastic state.
The evolutionary law issimilarlyderived from
the flow potential.The rateof change of the
internal stress is expressed as:
all
':'o = -h aa""_ (Eq55)
where h is a scalar funcdon of the inelastic state
variable (i.e.. the internal stress) only. Using argu-
ments similar to Rice's, Pontes. and Leckie (Ref67)
have demonstrated the appropriateness of this type
of evolutionary law.
To give the flow potential a specific form, the
following integral format proposed by Robinson
(Ref 6 I) is adopted:
(Eq56)
where p., £ H, and K am material constants. In this
formulation I.[is a viscosity constant. H is a harden-
ing constant, n and m arc unitless exponents, and R
is associated with recovery. The octahedral thresh-
old shear stress K appearing in Eq 56 is generally
considered a scalar state variable that accounts for
isotropic hardening (or softening). However, be-
cause isotrnpic hardening is often negligible at high
homologous temperatures (T/T m _ 0.5), to a first
approximation K is taken to be a constant for metals.
This assumption is adopted in the present work for
brittle materials. The reader is directed to Ref68 for
specific details regarding the experimental test ma-
trix needed to characterize these parameters.
The dependence on the effective stress _i] and
the deviatoric internal stress a i. is introduced
through the scalar functions F -2F (Xij, "qi) and
G = G (a vav). Inclusion of rli; and oti. wtll ac-
count for sensiuvtty to hydrostatic stress. The
concept of a threshold function was introduced
by Bingham (Ref 69) and later generalized by
Hohenemser and Prager (Ref 70). Correspond-
ingly, F is referred to as a Bingham-Prager
threshold function. Inelastic deformation occurs
only for those stress. states where F ('_,..4,rl.v")> 0.
For frame indifference, the scalar func-
tions Fund G (and hence fl) must be form invari-
ant under all proper orthogonal transforma-
tions. This condition is ensured if the functions
depend only on the principal invariants of X
_j rli? and (x//: that is, F = F (I_, J,, J3), where
= ?, : z:z, and
G = G (7'v'7 v J3)' v_he're / t = ai? J2 = (%)aijaii"
J, = (VD ai.a.tc a_ These scalar quantities are
-* _ J ." . . .
elements of what is known m mvanant theory as
an integrity basis for the functions F and G.
A three-parameter flow criterion proposed by
Wiilam and Warnge (Ref 63) serves as the Bing-
ham-Prager threshold function, F. The William-
Warnke criterion uses the previously mentioned
stress invariants to define the functional depend-
ence on the Cauchy stress (o0) and internal state
variable (cci.). In general, thig flow criterion can
be constructed from the following general poly-
nomial:
(Eq57)
where o c is the uniaxial threshold flow stress in
compression and 8 is a constant determined by
considering homogeneously stressed elements in
the virgin inelastic state ct = 0q -
Note that a threshold flow stress is similar in
nature to a yield stress in classical plasticity. In
addition. _. is a function dependent on the invari-
ant "/3 and other threshold stress parameters that
are defined momentarily. The specific details in
deriving the final form of the function F can be
found in Willam and Warnke (Ref 63), and this
final formulation is stated here as:
r - _1:2 -ir i 1,2J,!
F(/_,J,,Jg=--I.---_.II--'-_I + /_ -! (EqS8)
- o< L,_U}jL 5 J 3p%
for brevity. The invariant l't in Eq 58 admits a
sensitivity to hydrostatic slress. The function F is
implicidy dependent on J3 through the function
r(_), where the angle of similitude, 0. is defined by
the expression:
cos(30)=-- (Eq59)
2(._9 3'z
The invariant "_3accounts for different behavior in
tension and compression, because this invariant
changes sign when the direction 9f a stress COmlX_ .....
nent is reversed. The parameter fl characterizes the
tensile hydrostatic threshold flow stress. For the
Willam-Warnke three-parameter formulation, the
model parameters include o t. the tensile uniaxial
threshold stress, o c, the compressive uniaxial
threshold stress, and Obc. the equal biaxial compres-
sive threshold stress.
A similar functional form is adopted for the
scalar state function G. However, this formula-
tion assumes-a threshold does not exist for the
scalar function G and follows the framework of
previously proposed constitutive models based
on Robinson's viscoplastic law (Ref 61).
Employing the chain rule for differentiation
and evaluating the partial derivative of _ with re-
spect to o.. and then with respect to cz.., as
. tl" q
indicated m Eq 54 and 55. yields the flow law arid
the evolutionary law. respectively. These expres-
sions are del_endept on tl2e principal invariants
(i.e., Tt .7,, S 3. ?,. _,, and_ 3) the threeW'dlam-
Warnkc ihr_hold pa_amete_ (Le., o I. o c. and o_),
and the flow potential parameters utilized in Eq
56 (i.e., I.t.R./'L K, n, and m). These expres-
sions constitute a multiaxial statement of a
constitutive theory for isotropic materials and
serve as an inelastic deformation model for
ceramic materials.
The overview presented in this section is in-
tended to provide a qualitative assessment of the
capabilities of this viscoplastic model in captur-
ing the complex thermomechanical behavior ex-
hibited by brittle materials at elevated service
temperatures. Constitutive equations for the flow
law (strain rate) and evolutionary law have been
formulated based on a threshold function that
exhibits a sensitivity to hydrostatic stress and
allows different behavior in tension and compres-
sion. Furthermore. inelastic deformation is
treated as inherently time dependent. A rate of
inelastic strain is associated with every state of
stress. As a result, creep, stress relaxation, and
rate sensitivity are phenomena resulting from ap-
plied boundary conditions and are not treated
separately in an ad _x fashion. Incorporating this
model into a nonlinear finite element code would
provide a tool for the design engineer to simulate
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numerically the inherently time-dependent and
hereditary phenomena exhibited by these materi-
als in service.
Life Prediction Reliability Models
Using a time-dependent reliability model such
as those discussed in the following section, and
the results obtained from a finite element analy-
sis, the life of a component with complex geome-
try and loading can be predicted. This life is
interpreted as the reliability of a component as a
function of time. When the component reliability
falls below a predetermined value, the associated
point in time at which this occurs is assigned the
life of the component. This design methodology
presented herein combines the statistical nature
of strength-controlling flaws with the mechanics
of crack growth to allow for multiaxial stress
states, concurrent (simultaneously occurring)
flaw populations, and scaling effects. With this
type of integrated design tool, a design engineer
can make appropriate design changes until an
acceptable time to failure has been reached. In the
sections that follow, only creep rupture and fa-
tigue failure mechanisms are discussed. Although
models that account for subcritical crack growth
and creep rupture are presented, the reader is
cautioned that currently available creep models
for advanced ceramics have limited applicability
because of the phenomenological nature of the
models. There is a considerable need to develop
models incorporating both the ceramic material
behavior and mierostructural events.
Subcritical Crack Growth. A wide variety of
brittle materials, including ceramics and glasses,
exhibit the phenomenon of delayed fracture or
fatigue. Under the application of a loading func-
tion of magnitude smaller than that which in-
duces short-term failure, there is a regime where
subcritical crack growth occurs and this can lead
to eventual component failure in service. Sub-
critical crack growth is a complex process involv-
ing a combination of simultaneous and synergis-
.... tic failure mechanisfns. These can be grouped
into two categories: (1) crack growth due to cor-
rosion and (2) crack growth due to mechanical
effects arising from cyclic loading. Stress corro-
sion reflects a stress-dependent chemical interac-
tion between the material and its environment.
Water, for example, has a pronounced deleterious
effect on the strength of glass and alumina, in
addition, higher temperatures also tend to accel-
erate this process. Mechanically induced cyclic
fatigue is dependent only on the number of load
cycles and not on the duration of the cycle. This
phenomenon can be caused by a variety of ef-
fects, such as debris wedging or the degradation
of bridging ligaments, but essentially it is based
on the accumulation of some type of irreversible
damage that tends to enhance crack growth. Serv-
ice environment, material composition, and ma-
terial microstructure determine if a brittle mate-
rial will display some combination of these
fatigue mechanisms.
Lifetime reliability analysis accounting for
SCG under cyclic and/or sustained loads is essen-
tial for the safe and efficient utilization of brittle
materials in structural design. Because of the
complex nature of SCG, models that have been
developed tend to be semiempirical and approxi-
mate the behavior of SCG phenomenologically.
Theoretical and experimental work in this area
has demonstrated that lifetime failure charac-
teristics can be described by consideration of the
crack growth rate versus the stress intensity factor
(or the range in the stress intensity factor). This is
graphically depicted (see Fig. 10) as the loga-
rithm of crack growth rate versus the logarithm of
the mode I stress intensity factor. Curves of ex-
perimental data show three distinct regimes or
regions of growth. The first region (denoted by I
in Fig. 10) indicates threshold behavior of the
crack, where below a certain value of stress inten-
sity the crack growth is zero. The second region
(denoted by II in Fig. 10) shows an approxi-
mately linear relationship of stable crack growth.
The third region (denoted by !II in Fig. 10) indi-
cates unstable crack growth as the materials criti-
cal stress intensity factor is approached. For the
stress-corrosion failure mechanism, these curves
are material and environment sensitive. This
SCG model, using conventional fracture mechan-
ics relationships, satisfactorily describes the fail-
ure mechanisms in materials where at high tem-
peratures, plastic deformations and creep behave
in a linear viscoelastic manner (Ref 71). In gen-
eral, at high temperatures and low levels of stress,
failure is best described by creep rupture, which
generates new cracks (Ref72). The creep rupture
process is discussed further in the next section.
The most-often-cited models in the literature
regarding SCG are based on power-law formula-
tions. Other theories, most notably Wiederhorn's
(Ref 73), have not achieved such widespread
usage, although they may also have a reasonable
physical foundation. Power-law formulations are
used to model both the stress-corrosion phe-
nomenon and the cyclic fatigue phenomenon.
This modeling flexibility, coupled with their
widespread acceptance, make these formulations
the most attractive candidates to incorporate into
a design methodology. A power-law formulation
is obtained by assuming the second crack growth
region is linear and that it dominates the other
i
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i
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Fig.10 Schernahc dlustrdl,ng Ihre.e d,ifefenl reg,rne.s of
crack gro_...,Ih
regions. Three power-law formulations are u._
for modeling brittle materials: the power lay,
Paris law, and the Walker equation. The p(
law (Ref 71,74) describes the crack velocity
function of the stress intensity factor and iml
that the crack growth is due to stress corror
For cyclic fatigue, either the Paris law (Ref7:
Walker's (Ref 76, 77) modified formulatio
the Paris law is used to model the SCG. The t
law describes the crack growth per load cyc!
a function of the range in the stress inter
factor. The Walker equation relates the c
growth per load cycle to both the range in
crack tip stress intensity factor and the maxir.
applied crack tip stress intensity factor. It is u:
for predicting the effect of the R-ratio (the rat
the minimum cyclic stress to the maximum c,
stress) on the material strength degradation.
Expressions for time-dependent reliabilit)
usually formulated based on the mode ! eqt
lent stress distribution transformed to its eqt
lent stress distribution at time t = 0. Inves
tions of mode I crack extension (Ref 78) ;
resulted in the following relationship for
equivalent mode I stress intensity factor.
K_ ('1', t) = aL,,4 (u/, t) g "_ (E
where _1_ (t£, t) is the equivalent mode I strer
the crack, Yis a funcdon of crack geometry, a (
is the appropriate crack length, and W represe
spatial location within the body and the orient
of the crack. In some models (such as the pl-
menological Weibull NSA and the PIA model
represents a location only. Y is a function of c
geome_'; however, herein it is assumed co_
with subcritical crack growth. Crack growth
function of the equivalent mode I stress inte
Fig. 11 Stress conlour plol of first-stage silicon
turbine rotor blade for a natural-gas-fired
trial turbine engine lot cogenerat_on. The blade is rot.
] 4,950 torn Cour'le'_y o_ Solar Turbmt-_ Inc
--" II I III I '" I I I
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(a) (b)
Fig.12 (a)ceramic turbine wheelandnozzle foradvancedauxiliarypower unit. (b)Ceramiccomponentsforsmallex-
oenclableturbojet. Courtesyo4"SunclstrandAerospaceCorporation
factor is assumed to follow a power-law relation-
ship:
da ('F,0
=A r_ iv,t) (_6i)dt
where A and N are material/environmentalcon-
stants.The transformationof the equivalentstress
distribudon at the time of failure, t = tr to its critical
effective stress distribution at time t = 0 is expressed
(Ref79, 80):
l(N-21. t) dt
(Eq62)
where
B = 2 (Eq 63)
A Y" n-zKk: (N-2)
isa material/environmentalfatigueparameter,K k is
the crifcal stress intensity factor, and o_q (_P, tt) is
the equivalent suess dislribution in the component
at time t = tt. The dimensionless fatigue parameter
N is independent of fracture criterion. B is adjusted
to satisfy the requirement that for a uniaxial stress
state, all models produce the same probability of
failure. The parameter B has units of stress" x time.
Because SCG assumes flaws exist in a mate-
rial, the weakest-link statistical theories dis-
cussed previously are required to predict the
time-dependentlifetimereliabilityforbrittlema-
terials.An SCG model (e.g.,the previouslydis-
cussed power law,Pads law,orWalker equation)
iscombined witheitherthetwo-or three-parame-
ter Weibull cumulative distributionfunction to
characterizethe component failureprobabilityas
a functionof servicelifetime.The effectsofmul-
tiaxial stresses are considered by using the PIA
model, the Weibull NSA method, or the Batdorf
theory. These multiaxial reliability expressions
were outlined in the previous section on time-in-
dependent reliability analysis models, and, for
brevity, are not repeated here. The reader is di-
rected to see the previous section or,for more
complete details, to consult Ref 50.
Creep Rupture. For brittle materials, the term
creep can infer two different issues. The f'wst
crostructural phenomena reflecting nucleation.
growth, and coalescence of microdefects that in
many instances interact. This approach is difficult
even under strongly simplifying assumptions. In
this respect, Leckie (Ref 84) points out that the
difference between the materials scientists and
the engineer is one of scale. He notes the materi-
als scientist is interested in mechanisms of defor-
mation and failure at the microstructural level
and the engineer focuses on theseissuesat the
component level.Thus, the former designsthe
materialand the laverdesigns the component.
Here, the engineer'sviewpoint isadopted,and
readersshould note from the outsetthatcontin-
uum damage mechanics does not focusattention
on microstructuralevents,yet thislogicalrust
approach does provide a practicalmodel, which
macroscopicallycapturesthechanges inducedby
theevolutionof voidsand defects.
relates to catastrophic failure of a component This method uses a continuum-damage ap-
from a defect that has been nucleated and propa proach where a continuity function, 0:, is coupled
- " ' .... with Weibull theory to redder a time-dependent
gates to critical Size. This is known as creep
rupture to the design engineer. Here, it is assumed
that failure does not occur from a defect in the
original flaw population. Unlike SCG, which is
assumed to begin at preexisting flaws in a com-
ponent and continue until the crack reaches a
critical length, creep rupture typically entails the
nucleation, growth, and coalescence of voids
which eventually form macrocracks, which then
propagate to failure. The second issue related to
creep reflects back on SCG as well as creep
rupture, that is, creep deformation. This section
focuses on the former, while the latter (i.e., creep
deformation) is discussed in a previous section.
Currently, most approaches to predict brittle
material component lifetime due to creep rupture
employ deterministic methodologies. Stochastic
methodologies for predicting creep life in brittle
material components have not reached a level of
maturity comparable to those developed for pre-
dicting fast-fracture and SCG reliability. One
such theory is based on the premise that both
creep and SCG failure modes act simultaneously
(Ref 81). Another alternative method for charac-
terizing creep rupture in ceramics was developed
by Dully and Gyekenyesi, (Ref 82), who devel-
oped a time-dependent reliability model that inte-
grates continuum damage mechanics principles
and Weibull analysis. This particular approach
assumes that the failure processes for SCG and
creep are distinct and separable mechanisms.
The remainder of this section outlines this ap-
proach, highlighting creep rupture with the intent
to provide the design engineer with a method to
determine an allowable stress for a given compo-
nent lifetime and reliability. This is accomplished
by coupling Weibull theory with the principles of
continuum damage mechanics, which was origi-
nally developed by Kachanov (Ref 83) to account
for tertiary creep and creep fracture of ductile
metal alloys.
Ideally, any theory that predicts the behavior of
a material should incorporate parameters that are
relevant to its microstructure (grain size, void
spacing, etc). However, this would require a de-
terTnination of volume-averaged effects of mi-
damage model for ceramic materials. The conti-
nuity function is given by the expression:
¢_= [ I - b (o'o)" (m + t)tl(l/fm_'l)) (Eq64)
where b and m are material constants, o o is the
applied uniaxial stress on a unit volume, and t is
time. From this, an expression for a time to failure,
if, can be obtained by noting that when t = tf, q_= 0.
This results in the following:
i (Eq 65)
it= b too)"(m + I)
which leads to the simplification of_ as follows:
¢ = [1 - (dtt)]"_''+t)) (Eq 66)
The above equations am then coupled with an ex-
pression for reliability to develop thetime-depend-
ent model. The expression for reliabilityfor a
urdaxialspecimen is:
R = exp [ -V(O/_) a] (Eq67)
where V is the volume of the specimen, a is the
Weibull shape parameter, and 1_is the Weibull scale
parameter. Incorporating the continuity function
into the reliability equation and assuming a unit
volume yields:
R = exp [ -(oo/_13)a] (Eq 68)
Substituting for _ in terms of the time to failure
results in the time-dependent expression for reliabil-
ity:
R a _ Lq_t_,,_t) } (Eq69)
This model has been presented in a qualitative
fashion, intending to provide the design engineer
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with a reliability theory that incorporates the ex-
pected lifetime of a brittle matcrial component
undergoing damage in the creep rupture regime•
The predictive capability of this approach de-
pends on how well the macroscopic state variable
0 captures the growth of grain-boundary mi-
crodefects. Finally, note that the kinetics of dam-
age also depend significantly on the direction of
the applied stress. In the development described
previously, it was expedient from a theoretical
and computational standpoint to use a scalar state
variable for damage because only uniaxial load-
ing conditions were considered. The incorpora-
tion of a continuum-damage approach within a
multiaxial Weibull analysis necessitates the de-
scription of oriented damage by a second-order
tensor.
Life-Prediction Reliability Algorithms
The NASA-developed computer program
CARES Life (Ceramics Analysis and Reliability
Evaluation of Structures/Life-Prediction pro-
gram) and the AIliedSignal algorithm ERICA
have the capability to evaluate the time-depend-
ent reliability" of monolithic ceramic components
subjected to thermomechanical and/or proof test
loading. The reader is directed to Ref39 and Ref
40 for a detailed discussion of the life-prediction
capabilities of the ERICA algorithm. The
CARES/Life program is an extension of the pre-
viously discussed CARES program, which pre-
dicted the fast-fracture (time-independent) reli-
ability of monolithic ceramic components.
CARES/Life retains all of the fast-fracture capa-
bilities of the CARES program and also includes
the ability to perform time-dependent reliability
analysis due to SCG. CARES/Life accounts for
the phenomenon of SCG by utilizing the power
law, Paris law, or Walker equation. The Weibull
cumulative distribution function is used to char-
acterize the variation in component strength• The
probabilistic nature of material strength and the
effects of muhiaxial stresses are modeled using
either the PIA, the Weibull NSA, or the Batdorf
theory. Parameter estimation routines are avail-
able for obtaining inert strength and fatigue pa-
rameter_ from rupture strength data of naturally
flawed specimens loaded in static, dynamic, or
cyclic fatigue. Fatigue parameters can be calcu-
lated using either the median value technique
(Ref 85), a least squares regression technique, or
a median deviation regression method that is
somewhat similar to trivariant regression (Ref
85). In addition, CARES Life can predict the ef-
fect of proof testing on component service
probability of failure. Creep and material heal-
ing mechanisms are not addressed in the
CA RES/Life code.
Life-Prediction Design Examples
Once again, because of the propneta_ nature
of the ERICA algorithm, the life-prediction ex-
amples presented in this section are all based on
design applications where the NASA
CARES/Life algorithm was utiltzed Either algo-
rithm should predict the same re:,ult_, cited here
I-toy, ever. at this point in Imm comparative stud-
Fig. 1 3 Stress plot of an evacuated 68 cm (27 m.) diago-
nal CRT.The probability o( failure calculated
with CARES/Lifewas less than 5.0 x 10-j. Counes'y of
Phili_ Display ComponentsCompare,
ies utilizing both algorithms for the same analysis
are not available in the open literature. The pri-
mary thrust behind CARES Life is the support
and development of advanced heat engines and
related ceramics technology infrastructure. This
U.S. Department of Energy (DOE), and Oak
Ridge National Laboratory (ORNL) have several
ongoing programs such as the Advanced Turbine
Technology Applications Project (ATTAP) (Ref
48, 86) for automotive gas turbine development,
the Heavy Duty Transport Program for low-heat-
rejection heavy-duty diesel engine development.
and the Ceramic Stationary Gas Turbine (CSGT)
program for electric power cogeneration. Both
CARES/Life and the previously discussed
CARES program are used in these project_ to
design stationary and rotating equipment, includ-
ing turbine rotors, vanes, scrolls, combustors, in-
sulating rings, and seals. These programs are also
integrated with the DOEIORNL Ceramic Tech-
nology Project (CTP) {Ref 87) characterization
and life prediction efforts (Ref 88, 89).
The CARES/Life program has been used to
design hot-section turbine parts for the CSGT
development program (Ref 90) sponsored by the
DOE Office of Industrial Technology. This pro-
ject seeks to replace metallic hot-section parts
with uncooled ceramic components in an existing
design for a natural-gas-fired industrial turbine
engine operating at a turbine rotor inlet tempera-
lure of 1120 °C (2048 °F). At least one stage of
blades (Fig I 1) and vanes, as well as the combus-
tor liner, will be replaced with ceramic parts.
Ultimately, demonstration of the technology will
be proved with a 4000 h engine field test.
Ceramic pistons for a constant-speed drive are
being developed Constant-speed drives are used
to convert variable engine speed to a constant
output speed for aircraft electrical generators
The calculated probability of failure of the piston
is less than 02 x 10 .8 under the mo_,t severe
limit h)ad condition Thi_ prugram is sponsored
Fig. 14 Stressconlour plot o[ ceramicdentalcrow,
suiting from a BOON biting force.Courle
Universi_ of FloridaCollegeof Denti_
by the U.S. Navy and ARPA (Advanced Rese
Projects Agency, formerly DARPA, Defense
ranted Research Projects Agency)• As depi
in Fig. 12, ceramic components have been
signed for a number of other applications,
notably for aircraft auxiliary power units.
Glass components behave in a similar ma
as ceramics and must be designed using reli
ity evaluation techniques. The possibility c
kali strontium silicate glass CRTs spontane(
imploding has been analyzed (Ref 91). Cat
ray tubes are under a constant static load d
the pressure forces placed on the outside c
evacuated tube. A 68 cm (27 in.) diagonal
was analyzed with and without an implosior
tection band. The implosion protection bar
duces the overall stresses in the tube and, i
event of an implosion, also contains the
particles within the enclosure. Stress an
(Fig. 13) showed compressive stresses o
front face and tensile stresses on the sides,
tube. The implosion band reduced the max
principal stress by 20%. Reliability analysi
CARES/Life showed that the implosion p
lion band significantly reduced the probabi
failure to about 5 x 10 -s.
The structural integrity of a silicon turbid
vection air heater for use in an advanced 1
generation system has been assessed by
and the NASA Lewis Research Center. T
sign used a finned tube arrangement 1.8 n
in.)in length with 2.5 cm (I in.) diem
Incoming air was to be heated from 390 to'
(734 to 1292 °F). The hot gas flow acn
tubes was at 980 °C (1796 °F;. Heat trans
stress analyses revealed that maximum sift
dients across the tube wall nearest the int
air would be the most likely source of fail
Probabilistic design techniques are be
plied to dental ceramic crowns, as illusu
Fig 14. Frequent failure of some ceramic
feg, 35% failure of molar crowns aftt
years), which occurs because of re_id_
636 / Properties versus Performance of Materials
functional stresses, necessitates design modifica-
tions and improvement of these restorations.
Thermal tempering treatment is being investi-
gated as a means of introducing compressive
stresses on the surface of dental ceramics to im-
prove the resistance to failure (Ref 92). Evalu-
ation of the risk of material failure must be con-
sidered not only for the service environment, but
also from the tempering process.
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